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Preface

This third edition of the well-known calculus review book by Frank Ayres,
Jr., has been thoroughly revised and includes many new features. Here are some
of the more significant changes:

1. Analytic geometry, knowledge of which was presupposed in the first two
editions, is now treated in detail from the beginning. Chapters 1 through
5 are completely new and introduce the reader to the basic ideas and
results.

2. Exponential and logarithmic functions are now treated in two places.
They are first discussed briefly in Chapter 14, in the classical manner of
earlier editions. Then, in Chapter 40, they are introduced and studied
rigorously as is now customary in calculus courses. A thorough treatment
of exponential growth and decay also is included in that chapter.

3. Terminology, notation, and standards of rigor have been brought up to
date. This is especially true in connection with limits, continuity, the
chain rule, and the derivative tests for extreme values.

4. Definitions of the trigonometric functions and information about the
important trigonometric identities have been provided.

5. The chapter on curve tracing has been thoroughly revised, with the
emphasis shifted from singular points to examples that occur more
frequently in current calculus courses.

The purpose and method of the original text have nonetheless been pre-
served. In particular, the direct and concise exposition typical of the Schaum
Outline Series has been retained. The basic aim is to offer to students a collection
of carefully solved problems that are representative of those they will encounter
in elementary calculus courses (generally, the first two or three semesters of a
calculus sequence). Moreover, since all fundamental concepts are defined and the
most important theorems are proved, this book may be used as a text for a
regular calculus course, in both colleges and secondary schools.

Each chapter begins with statements of definitions, principles, and theorems.
These are followed by the solved problems that form the core of the book. They
give step-by-step practice in applying the principles and provide derivations of
some of the theorems. In choosing these problems, we have attempted to
anticipate the difficulties that normally beset the beginner. Every chapter ends
with a carefully selected group of supplementary problems (with answers) whose
solution is essential to the effective use of this book.

ELLIOTT MENDELSON
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Chapter 1

Absolute Value; Linear Coordinate Systems;
Inequalities

THE SET OF REAL NUMBERS consists of the rational numbers (the fractions a/b, where a and b
are integers) and the irrational numbers (such as V2=1.4142 ... and 7 = 3.14159 . . ), which
are not ratios of integers. Imaginary numbers, of the form x + yV —1, will not be considered.
Since no confusion can result, the word number will always mean real number here.

THE ABSOLUTE VALUE |x| of a number x is defined as follows:

_ [ x if xis zero or a positive number
|« = —x if x is a negative number
For example, 3| =|—3[=3 and |0] =0.
In general, if x and y are any two numbers, then

—lx]=x=|x| (1.1)

|=x|=x| and |x-y[=]y-x (1.2)
|x|=|y| implies x = %y (1.3)
o=l |5 By #o (1.4)
|x + y|=|x| +|y| (Triangle inequality) (1.5)

A LINEAR COORDINATE SYSTEM is a graphical representation of the real numbers as the points
of a straight line. To each number corresponds one and only one point, and conversely.
To set up a linear coordinate system on a given line: (1) select any point of the line as the
origin (corresponding to 0); (2) choose a positive direction (indicated by an arrow); and (3)
choose a fixed distance as a unit of measure. If x is a positive number, find the point
corresponding to x by moving a distance of x units from the origin in the positive direction. If x
is negative, find the point corresponding to x by moving a distance of |x| units from the origin in
the negative direction. (See Fig. 1-1.)

! i | i i i i |
T T T ¥ T T

1
T T
—4 -3 —-5/2 -2 —3/2 —1 0o 1/2 1

-

4
[
o 4+
'eE
-

Fig. 1-1

The number assigned to a point on such a line is called the coordinate of that point. We
often will make no distinction between a point and its coordinate. Thus, we might refer to “‘the
point 3” rather than to ‘‘the point with coordinate 3.”

If points P, and P, on the line have coordinates x, and x, (as in Fig. 1-2), then

|x, — x,| = P, P, = distance between P, and P, (1.6)
As a special case, if x is the coordinate of a point P, then

|x| = distance between P and the origin (1.7)

1



ABSOLUTE VALUE; LINEAR COORDINATE SYSTEMS; INEQUALITIES [CHAP. 1

o
~

=4

Fig. 12

FINITE INTERVALS. Let a and b be two points such that a < b. By the open interval (a, b) we mean
the set of all points between a and b, that is, the set of all x such that a << x < b. By the closed
interval [a, b] we mean the set of all points between a and b or equal to a or b, that is, the set of

all x such that a =x=b. (See Fig. 1-3.) The points a and b are called the endpoints of the
intervals (a, b) and [a, b].

Y o S—

O -t L -9 >
a b a b
Open interval (a, b): a<x<b Closed interval [a, b}: a=x=b

Fig. 1-3

By a half-open interval we mean an open interval (a, b) together with one of its endpoints.

There are two such intervals: [a, b) is the set of all x such that @ < x < b, and (a, b] is the set of
all x such that a<x=0»b.

For any positive number c,

|x|=cif and only if —c=x=¢
lx| <cif and only if —c<x<c¢

(1.8)

(1.9)
See Fig. 1-4.

lx|=c lx|<e¢
e

x
J

Fig. 1-4

INFINITE INTERVALS. Let a be any number. The set of all points x such that a < x is denoted by
(a, =); the set of all points x such that a < x is denoted by [a, ). Similarly, (—=, b) denotes the
set of all points x such that x < b, and (—, b] denotes the set of all x such that x < b.

INEQUALITIES such as 2x —3>0 and 5 <3x + 10 = 16 define intervals on a line, with respect to a
given coordinate system.

EXAMPLE 1: Solve 2x —3>0.

2x=3>0
2x>3 (Adding 3)
x>3 (Dividing by 2)
Thus, the corresponding interval is (3, ©).
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EXAMPLE 2: Solve 5<3x +10=<16.

5<3x+10=16
-5< 3x =6
—-3<  x =2
Thus, the corresponding interval is (—5/3, 2].

(Subtracting 10)
(Dividing by 3)

EXAMPLE 3: Solve —2x+3<7.

—2x+3<7

—2x<4  (Subtracting 3)

x> —2 (Dividing by —2)

Note, in the last step, that division by a negative number reverses an inequality (as does multiplication by
a negative number).

Solved Problems

Describe and diagram the following intervals, and write their interval notation: (a) —3<
x<5(b)2=x=6;(c) " 4<x=0;(d)x>5 () x=2; (/) 3x—-4=8; (g 1<5-3x <11,
(a) All numbers greater than —3 and less than 5; the interval notation is (-3, 5):

n®,

O

ez )-
-3

S

(h) All numbers equal to or greater than 2 and less than or equal to 6; [2, 6]:

—
2

-

6

(c) ‘All numbers greater than —4 and less than or equal to 0; (—4,0]:

Y  —

L

-
—4

(d) All numbers greater than 5; (5, ®):

>
mam O

5

(e) All numbers less than or equal to 2; (—=,2]:

--—
2

(f)3x —4 =28 is equivalent to 3x =12 and, therefore, to x =4. Thus, we get (—x, 4]:

——.

4

(8) 1<5-3x<11
—4< —3x <6 (Subtracting 5)
-2< x <%

(Dividing by —3; note the reversal of inequalities)
Thus, we obtain (-2, %):

4/3



ABSOLUTE VALUE; LINEAR COORDINATE SYSTEMS; INEQUALITIES [CHAP. 1

Describe and diagram the intervals determined by the following inequalities: (a) |x} <2; (b)
x> 3; () [x = 3] <1 (d) |x — 2| <8, where 8 >0; (¢) |x +2|<3; (f) 0< |x — 4] < 5, where
8 <0.

(a) This is equivalent to —2 < x <2, defining the open interval (-2, 2):

Vo' L)
-~ ~r —
2

-2

(b) This is equivalent to x >3 or x < -3, defining the union of the infinite intervals (3,) and
(=, =3).

>
n®, -
3

-3

(¢) This is equivalent to saying that the distance between x and 3 is less than 1, or that 2 < x <4, which
defines the open interval (2, 4):

— > e Y
-~ Nt S
2 4

We can also note that |x — 3| <1 is equivalent to —1<x —3<1. Adding 3, we obtain 2 < x < 4.
(d) This is equivalent to saying that the distance between x and 2 is less than 8, or that 2 ~ § < x <2 + §,
which defines the open interval (2— 8,2+ 8). This interval is called the 8-neighborhood of 2:

L .

" o
A T
2-8 2 2+ 8

(e} |x +2| <3 is equivalent to —3 < x +2 < 3. Subtracting 2, we obtain —5 < x <1, which defines the
open interval (-5, 1):

et LS
S Tt
-5 l

(f) The inequality |x —4|<8& determines the interval 4 — 8 <x <4+ 8. The additional condition
0 <|x — 4] tells us that x 4. Thus, we get the union of the two intervals (4 — 8,4) and (4,4 + 5).
The result is called the deleted 8-neighborhood of 4:

™ y o . oy
~/ \J i
4

4+ 8

S
s

4-6

Describe and diagram the intervals determined by the following inequalities: (a) |5 — x| <3;
(b) 2x 3| <5; (o) 1 —4x| < 1.

(@) Since |5 — x| =|x — 5|, we have |x — 5| <3, which is equivalent to —3=x - 5=3. Adding 5, we get
2=<x =8, which defines the open interval (2, 8):

@ \ 4 -
2 8

(b) |2x — 3| <5 is equivalent to —5<2x —3<5. Adding 3, we have —2<2x <8; then dividing by 2
yields —1 < x <4, which defines the open interval (-1, 4):

iy . -
(¢) Since |1 —4x| = |4x — 1|, we have |4x — 1| < 1, which is equivalent to — } <4x — 1< !. Adding 1, we
get ; <4x < 3. Dividing by 4, we obtain § <x < 3, which defines the interval (%, 2):

O Vg
-~ "/ ol

1/8 3/8




CHAP. 1] ABSOLUTE VALUE; LINEAR COORDINATE SYSTEMS; INEQUALITIES 5

Solve the inequalities (a) 18x —3x* >0, (b) (x + 3)(x — 2)(x — 4) <0, and
(¢) (x +1)*(x —3)>0, and diagram the solutions.

(@) Set 18x — 3x* =3x(6 — x) = 0, obtaining x =0 and x = 6. We need to determine the sign of 18x — 3x’
on each of the intervals x <0, 0 <x <6, and x > 6, to determine where 18x — 3x% > 0. We note that
it is negative when x <0, and that it changes sign when we pass through 0 and 6. Hence, it is positive
when and only when 0 <x <6:

~O L —— —
20 O
0 6

(b) The crucial points are x = —3, x =2, and x =4. Note that (x +3)(x —2)(x —4) is negative for
x < =3 (since each of the factors is negative) and that it changes sign when we pass through each of
the crucial points. Hence, it is negative for x < -3 and for 2<x <4:

O O o) >
o — — -

-3 2 4

(c) Note that (x +1)° is always positive (except at x = —1, where it is 0). Hence (x +1)*(x —3)>0
when and only when x —3 >0, that is, for x >3:

3
Solve |3x — 7] =8.
In general, when ¢ =0, |u| = c if and only if u = c or u = —c. Thus, we need to solve 3x —7=8 and
3x — 7= —8, from which we get x=5 or x = —1.
2x + 1
Solve >3.
x+3

Case 1: x +3>0. Multiply by x + 3 to obtain 2x + 1>3x + 9, which reduces to —8> x. However,
since x +3 >0, it must be that x > —3. Thus, this case yields no solutions.

Case_2: x.+ 3.<0. Multiojv, by x + 3 to obtain 2x + 1 <3x + 9. (Note that the ineayalitv is reversed.
since we multiplied by a negative number.) This yields —8 < x. Since x + 3< U, we have x <—3.

Thus, the only solutions are —8<x < —3.

Solve

2
-—3’<5.
X

The given inequality is equivalent to —5 < % —3<5. Add 3 to obtain —2<2/x <8, and divide by 2
to get —1<1/x <4,

Case 1: x> 0. Multiply by x to get —x <1<4x. Then x > § and x > —1; these two inequalities are
equivalent to the single inequality x > ;.

Case 2: x < 0. Multiply by x to obtain —x > 1> 4x. (Note that the inequalities have been reversed,
since we multiplied by the negative number x.) Then x < ; and x < —1. These two inequalities are
equivalent to x < —1.

Thus, the solutions are x > } or x < —1, the union of the two infinite intervals (4, ) and (—o, —1).

Solve |2x —5|=3.

Let us first solve the negation |2x — 5] < 3. The latter is equivalent to —3<2x—5<3. Add 5 to
obtain 2 <2x <8, and divide by 2 to obtain 1 <x <4. Since this is the solution of the negation, the
original inequality has the solution x <1 or x =4,

Prove the triangle inequality, |x + y|<|x| +|y]|.
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Add the inequalities —|x| < x =<|x| and ~|y|=y =]y| to obtain
—(xl+yD=x+y=[x|+yt
Then, by (1.8), |x + y|=|x| +]yl.

Supplementary Problems

Describe and diagram the set determined by each of the following conditions:

(@) —=5<x<0 (b) x=0 (c) —2=x<3 d)x=1
(e) |x|<3 (f) x| =5 () |x—2|<z (h) lx+3]>1
(i) 0<|x—-2|<1 (Ho<|x+3|<} (k) |[x—2|=1.

Ans. (&) ~3<x<3;(f)x=Sorx=-5(g)}<x<3};(h)x>-2orx<-4()x#2and 1<x<3;
(J) " ¥<x<-4;(k)x=3orx=1

Describe and diagram the set determined by each of the following conditions:
(a) [3x —7] <2 ) Jax—1]=1 (©) ’3‘—2 =4

(d)‘%—zfg + (o) ’2+%‘>1 (f)‘j'—cl<3

Ans. (a)3<x<3;(b)xz=4orx=0;(c) -6=x=18;(d)x=—3 orx=1%;
(&)x>0orx<—-lor —i<x<0;(f)x>%orx<—4%

Describe and diagram the set determined by each of the following conditions:

(a) x(x—5)<0 b) (x—=2)(x—6)>0 (o) (x+1Dx—-2)<0

(d) x(x -2)(x+3)>0 () x+2)(x+3)(x+4)<0 () x—Dx+D(x-2)(x+3)>0
(&) (x—1)’(x+4)>0 (h) (x = 3)x +5)(x—4)’<0 () x=-2>0

(j) (x+1)°<0 (k) (x ~2)’(x+1)<0 O x—1D’x+1)<0

(m)(Bx —1)(2x+3)>0 (n) (x—4)(2x—-3)<0

Ans. (@) 0<x<5;(b)x>6o0rx<2;(c) —1<x<2;(d) x>2 or —3<x<0;
(e) —3<x<—-2orx<-4;(f)x>20r —1<x<lorx<-3;(g)x>-4andx#1;
(h) —5<x<3; () x>2; (jx<-1; (k) —1<x<2; (/) x<land x#—1;
(mx>lorx<—3;(n)3<x<4

Describe and diagram the set determined by each of the following conditions:

(a) x*<4 (b) x*=9 + () (x—2) =16 (d) 2x+ 17 >1
(€) X*+3x—4>0 (f)x*+6x+8=0 (g) X’ <5x+14 (h) 2x*>x+6
() 6x* +13x <5 »(f) x° +3x*>10x

Ans. (a) —2<x<2; (b)x=3 orx=-3;(c) -2=sx=<6;(d) x>0orx<—1;
()x>lorx<—4;(f) —4=x=-2;(g) —2<x<T; (W) x>2o0rx<—3;
() —3<x<i;(j) -5<x<0orx>2

2x — 1 X
: —4<l- T+
Solve: (a) —4<2-x<7 (b) —— <3 © ;57 <!
3x~-1 2x -1 X
- @) 5533 RN ‘>2 () x+2’S
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15.

16.

Ans. (@) —5<x<6;(b)x>0orx<—1;(c) x>-2;(d) — ¥ <x<—3;
(&)x<0or0<x<i;(flx=—-4orx=-1

Solve: (a) |[4x —5|=3 (b) |x+6|=2 (¢) 3x—4]=[2x+1|
(d) |x +1|=|x + 2| (e) [x+1}=3x—-1 + (H|lx+1]<3x -1
« (8) 3x —4|=2x + 1] :

Ans. (@) x=2o0rx=3;(b)x=—4orx=-8§ ()x=35orx=3;(d)x=-3;(e) x=1;
(f)x>1orx<0; (g x>50rx<3

Prove: (a) |xy|=|x|-|y| (p) % = II_))C’IT if y#0 (c) |x*|=|xI?
(d) Ix =yl =lx[+]y] (&) |x—yl=||x| |yl

(Hint: In (e), prove that |x — y| = |x| —|y| and |x — y|=|y| = |x].)



Chapter 2

The Rectangular Coordinate System

COORDINATE AXES. In any plane 2, choose a pair of perpendicular lines. Let one of the lines be
horizontal. Then the other line must be vertical. The horizontal line is called the x axis, and the
vertical line the y axis. (See Fig. 2-1.)

y
'P( b)
a,
- b= - — - — - — —— -+ —————
|
|
|
|
3 |
|
2r !
]
1} |
|
1 1 1 1 1 1 1 X
-2 -1 O 1 2 3 4 5 la
-1 :
|

Fig. 2-1

Now choose linear coordinate systems on the x axis and the y axis satisfying the following
conditions: The origin for each coordinate system is the point O at which the axes intersect.
The x axis is directed from left to right, and the y axis from bottom to top. The part of the x
axis with positive coordinates is called the positive x axis, and the part of the y axis with positive
coordinates is called the positive y axis.

We shall establish a correspondence between the points of the plane % and pairs of real
numbers.

COORDINATES. Consider any point P of the plane (Fig. 2-1). The vertical line through P
intersects the x axis at a unique point; let a be the coordinate of this point on the x axis. The
number « is called the x coordinate of P (or the abscissa of P). The horizontal line through P
intersects the y axis at a unique point; let b be the coordinate of this point on the y axis. The
number b is called the y coordinate of P (or the ordinate of P). In this way, every point P has a
unique pair (a, b) of real numbers associated with it. Conversely, every pair (a, b) of real
numbers is associated with a unique point in the plane.

The coordinates of several points are shown in Fig. 2-2. For the sake of simplicity, we have
limited them to integers.

EXAMPLE 1: In the coordinate system of Fig. 2-3, to find the point having coordinates (2, 3), start at
the origin, move two units to the right, and then three units upward.

To find the point with coordinates (—4, 2), start at the origin, move four units to the left, and then
two units upward.

To find the point with coordinates (—3, —1), start at the origin, move three units to the left, and then
one unit downward.

The order of these moves is not important. Hence, for example, the point (2, 3) can also be reached
by starting at the origin, moving three units upward, and then two units to the righs.

8
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y
8 t—
(-37e T
6 b—
=
s b ®(5.4)
3k ®(3.3)
(~4.2)® 2 -
i (6,0)
1111 PR Y N S N x
-4 -3 2 -1 0 1 2 3 4 5 6
,] —
-2
—3@-(0.-3)
(-3.-4) @ 4 ® (4. -4)
,5 b
Fig. 2-2
y
4
3+ (2,3)
|
{
e (-4,2) 2= |
‘ [}
|
| 1+ i
| |
1 ] 1 ] Lo 1 1 X
-4 -3 2 -1 0 1 2 3
(-3.-1)® -1}
_2 b
_3F—
Fig. 2-3

QUADRANTS. Assume that a coordinate system has been established in the plane %. Then the
whole plane 2, with the exception of the coordinate axes, can be divided into four equal parts,
called quadrants. All points with both coordinates positive form the first quadrant, called
quadrant I, in the upper right-hand corner. (See Fig. 2-4.) Quadrant 11 consists of all points

with negative x coordinate and positive y coordinate. Quadrants I1I and IV are also shown in
Fig. 2-4.
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y
II I
(- ) (+.+)
(-1,2)e¢ 2
| b ®(31)
1 i 1 i 1 x
-3 -2 -1 0 1 2 3
(-2,-1)e -1
-2 ®(2 -2)
I11 v
(-.7) (+,-)
Fig. 2-4

The points on the x axis have coordinates of the form (a,0). The y axis consists of the
points with coordinates of the form (0, b).

Given a coordinate system, it is customary to refer to the point with coordinates (a, b) as
“the point (a, b).” For example, one might say, “The point (0, 1) lics on the y axis.”

+ DISTANCE FORMULA. The distance P, P, between points P, and P, with coordinates (x,, y,) and
(x5, y,) 18

PP=V(x,—x,) + (¥, —.) N (2.1)

EXAMPLE 2: (a) The distance between (2,5) and (7,17) is
V=77 +(5-17) =V(=5) + (-12)’ = V25 + 144 = VT69 = 13
(b) The distance between (1, 4) and (5,2)
V-5 +(4-2) =V(=4) + 2 = V161 4=V20= V4 5=VE-V5=2V3

» MIDPOINT FORMULAS. The point M(x, y) that is the midpoint of the segment connecting the
points P/ (x,, y,) and P,(x,, y,} has coordinates

_Ah T _ Xty -
x === y== N\ (2.2)
The coordinates of the midpoint are the averages of the coordinates of the endpoints.

+ +3
EXAMPLE 3: (a) The midpoint of the segment connecting (2,9) and (4, 3) is (%Ei 2-2——) =(3.,6).

~5+1 1+4 5
(b) The point halfway between (—5,1) and (1,4) is ( 5 T) = (~2, 5)'

PROOFS OF GEOMETRIC THEOREMS can often be given more easily by use of coordinates than
by deduction from axioms and previously derived theorems. Proofs by means of coordinates are
calted analytic, in contrast to the so-called synthetic proofs from axioms.
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EXAMPLE 4: Let us prove analytically that the segment joining the midpoints of two sides of a triangle
is one-half the length of the third side. Construct a coordinate system so that the third side AB lies on the
positive x axis, A is the origin, and the third vertex C lies above the x axis. as in Fig. 2-5.

y

C(u,v)

(0,0) ' (b,0)

Fig. 2-5

Let b be the x coordinate of B. (In other words, let b = AB.) Let C have coordinates (u, v). Let M,

and M, be the midpoints of sides AC and BC, respectively. By the midpoint formulas (2.2), the
+b

coordinates of M, are (% %) and the coordinates of M, are (uT %> By the distance formula (2.1),

L R OO

which is half the length of side AB.

Solved Problems

Derive the distance formula (2.1).

Given points P, and P, in Fig. 2-6, let O be the point at which the vertical line through P, intersects

the horizontal line through P,. The x coordinate of Q is x,, the same as that of P,. The y coordinate of
Q is y,, the same as that of P,.

y

Voo — o — — — Py(x3, ¥,)
Y9 — — — 99 O(x,, ¥1)

Pl(xhyl)l 1

I

| |

! |

| |

Ay A, X
Xy LP)

Fig. 2-6
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By the Pythagorean theorem,

(P.P,)" =(P,Q)" + (P,QY’ (1)

If A, and A, are the projections of P, and P, on the x axis, then the segments P,Q and A A, are
opposite sides of a rectangle. Hence, P,Q = A A,. But A A, = |x, — x,| by (1.6). Therefore, P,Q =
|x, — x,|. By similar reasoning, P,Q = |y, — y,|. Hence, by (1),

P1P22 = le _hx2|2+l}’1_)’2|2=(x1 _x2)2+(Y1 _Y2)2

Taking square roots yields the distance formula (2.1).

Show that the distance between a point P(x, y) and the origin is Vx” + y°.

Since the origin has coordinates (0, 0), the distance formula yields V(x — 0)> + (y — 0)° = \/x% + y°

Prove the midpoint formulas (2.2).

We wish to find the coordinates (x, y) of the midpoint M of the segment P, P, in Fig. 2-7. Let A, B,
and C be the perpendicular projections of P,, M, and P, on the x axis.

Py(x2, y5)

Fig. 2-7

The x coordinates of A, B, and C are x, x, and x,, respectively. Since the lines P, A, MB, and P,C
are parallel, the ratios P, M / MP, and AB/BC are equal. (In general, if two lines are mtersected d by three
parallel lines, the ratios of correspondmg segments are equal.) But, P,M = MP,. Hence, AB = BC.
Since AB = x — x, and BC = x, — x, we obtain x — x, = x, — x, and therefore 2x = x, + x,. Dividing by
2, we get x =(x, +x,)/2. (We obtain the same result when P, is to the left of P,. In that case,
AB = x, — x and BC=x - x,.) A similar argument shows that y =(y, +y,)/2.

Is the triangle with vertices A(1,5), B(4,2), and C(5, 6) isosceles?

AB=V(1 -4 +(5-272=V(=32+(3)P*=V9+9=VI8
AC=V(A -5 +(5-61=V(-4)+ (-1 =VI6+1=VT7
BC=V(4-57+(2-67=V(-1)+ (-4’ =VI+16= V17

Since AC = BC, the triangle is isosceles.

Is the triangle with vertices A(—5, 6), B(2,3), and C(5, 10) a right triangle?
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AB=V(-5-2)+(6-3)=V(-7) +(3)’ =V& + 9= V38
AC=V(=5-5)"+(6-10) = \/(-10)* + (—4)’ = V100 + 16 = V116
BC=V(2-57+(3-10) = V(=3)" +(~77 = VI + 49 = V38

Since AC*=AB’+ BC’, the converse of the Pythagorean theorem tells us that AABC is a right
triangle, with right angle at B; in fact, since AB = BC, AABC is an isosceles right triangle.

6. Prove analytically that, if the medians to two sides of a triangle are equal, then those sides are
equal. (Recall that a median of a triangle is a line segment joining a vertex to the midpoint of
the opposite side.)

In AABC, let M, and M, be the midpoints of sides AC and BC, respectively. Construct a
coordinate system so that A is the origin, B lies on the positive x axis, and C lies above the x axis (see
Fig. 2-8). Assume that AM, = BM,. We must prove that AC = BC. Let b be the x coordinate of B, and

let C have coordinates (u, v). Then, by the midpoint formulas, M, has coordinates (g E), and M, has
. u+b v :
coordinates 5 3/ Hence,

A= (M) 0 (2) e mm = (En) + (1)

N

C(u, v)

Fig. 2-8

Since AM, = BM,

(“52) 4 (5) = (5-0) (3) - (4522) < (8)
2 2/ \2 2/ \ 2 2
+ b)Y v —2b)> v’
Hence, 3’5‘—-4—)— + UI _ w26y, ‘—;— and, therefore, (u + b)* = (u — 2b)>. So, u+ b= = (u ~2b). If
u+b=u—2b, then b =—2b, and therefore, b =0, which is impossible, since A # B. Hence, u + b =
—(u—2b)=—u+2b, whence 2u=b. Now BC=V(u-bY +v>=V(u—2u) + v’ =V(-u) + v’ =

Vu®+ v°, and AC =V u® + v’ Thus, AC = BC.

7. Find the coordinates (x, y) of the point Q on the line segment joining P,(1,2) and P,(6,7),
such that @ divides the segment in the ratio 2:3, that is, such that P,Q/QP, =2/3.

Let the projections of P, 0, and P, on the x axis be A,, Q’, and A,, with x coordinates 1, x, and 6,
respectively (see Fig. 2-9). Now A ,Q'/Q'A,=P,Q/QP,=2/3. (When two lines are cut by three
parallel lines, corresponding segments are in proportion.) But A,Q’=x -1, and Q'A,=6—x. So
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y
| P,(6,7)
I
B |
5k |
Q |
|
2. | |
- | :
- ' I ’
Ay 9 A x
1 x 6
Fig. 2-9
z:i =3 anc12 crozss-multiplying yields 3x —3=12-2x. Hence 5x =15, whence x =3. By similar
reasoning, Yoo 3 from which it follows that y = 4.

T—y

Supplementary Problems

In Fig. 2-10, find the coordinates of points A, B, C, D, E, and F.

y
aF Ee
3 Ce
2 o F
Awe 1+
| | 1 1 1 ] 1 L 1 1 i al x
-5 -4 -3 -2 -1 1 2 3 4 5 6 7
-1}
De -2 F
Fig. 2-10

Ans. A=(=2,1); B=(0,-1); C=(1,3); D=(~4,-2); E=(4,4); F=(7,2).

Draw a coordinate system and show the points having the following coordinates: (2, —3), (3, 3), (-1, 1)
(2,-2), (0,3), (3,0), (-2,3).

*

Find the distances between the following pairs of points:
(a) (3,4) and (3, 6) (b) (2,5) and (2, —2) (¢) (3,1) and (2,1)
(d) (2,3) and (5,7) (e) (—2,4) and (3,0) (f)(=2,3)and (4,-1)

Ans.  (a) 2; (b) 7; (c) 1; (d) 5; (e) VAT; (f) VT7
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11,

12.

r 13.

14.

15.

16.

+17.

18.

420.

»21.

422,

*23.

v 25.

Draw the triangle with vertices A(2, 5), B(2, —5), and C(-3,5), and find its area.

Ans. area=25

If (2,2), (2, —4), and (5, 2) are three vertices of a rectangle, find the fourth vertex.

Ans. (5, —4)

If the points (2,4) and (—1,3) are opposite vertices of a rectangle whose sides are parallel to the
coordinate axes (that is, the x and y axes), find the other two vertices.

Ans. (—1,4) and (2, 3)

Determine whether the following triples of points are the vertices of an isosceles triangle: (a) (4, 3},
(1,4), (3,10); (b) (=1.1), (3,3), (1, =1); (¢) (2,49), (5,2), (6,5).

Ans. (a) no; (b) yes; (c¢) no

Determine whether the following triples of points are the vertices of a right triangle. For those that are,

find the area of the right triangle: (a) (10, 6), (3, 3), (6, —4); (b) (3, 1), (1, =2), (=3, —1); (¢) (5, ~2),
0,3), (2,4).

Ans. (a) yes, area=29; (b) no; (c) yes, area= ¥

Find the perimeter of the triangle with vertices 4(4,9), B(—3, 2), and C(8, —5).
Ans.  TV2+ V170 +2V53

Find the value or values of y for which (6, y) is equidistant from (4, 2) and (9, 7).
Ans. 5

Find the midpoints of the line segments with the following endpoints: (@) (2, —3) and (7, 4); (b) (1,2)
and (4,1); (¢) (V3,0) and (1, 4).

0 (2o (030 (132)

Find the point (x, y) such that (2,4) is the midpoint of the line segment connecting (x, y) and (1, 5).
Ans. (3,3)

Determine the point that is equidistant from the points A(—-1,7), B(6,6), and C(5, —1).

Ans. (%.%)

Prove analytically that the midpoint of the hypotenuse of a right triangle is equidistant from the three
vertices. '

Show analytically that the sum of the squares of the distances of any point P from two opposite vertices
of a rectangle is equal to the sum of the squares of its distances from the other two vertices.

Prove analytically that the sum of the squares of the four sides of a parallelogram is equal to the sum of
the squares of the diagonals.

Prove analytically that the sum of the squares of the medians of a triangle is equal to three-fourths the
sum of the squares of the sides.

Prove analytically that the line segments joining the midpoints of opposite sides of a quadrilateral bisect
each other.
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Prove that the coordinates (x, y) of the point Q that divides the line segment from P,(x,, y,) to

ryX, ¥ rx, and y = ry,try, (Hint:

r,tr, r,+tr,

P,(x,, y,) in the ratio r,: r, are determined by the formulas x =

Use the reasoning of Problem 7.)

Find the coordinates of the point Q on the segment P, P, such that P,Q/QP,=2/17, if (e} P, =(0,0),
P,=(7,9): (b)) P,=(-1,0), P,=(0,7); (¢c) P, =(=7,-2), P,=(2,7); (d) P, =(1,3), P,=(4,2).

Ans. (a) (5,2);(b) (=5, %) (0) (=5, %) (d) (¥, %



Chapter 3

Lines

THE STEEPNESS OF A LINE is measured by a number called the slope of the line. Let ¥ be any
line, and let P,(x,, y,) and P,(x,, y,) be two points of £. The slope of £ is defined to be the
number m = iz_—i' The slope is the ratio of a change in the y coordinate to the correspond-

2 1
ing change in the x coordinate. (See Fig. 3-1.)

] X

Fig. 3-1

For the definition of the slope to make sense, it is necessary to check that the number m is
independent of the choice of the points P, and P,. If we choose another pair P,{x;, y;) and

P,(x,, y,), the same value of m must result. In Fig. 3-2, triangle P,P,T is similar to triangle
P,P,Q. Hence,

QP, TP,

iy or Y27 Y1 _YaT s
PO P,T —

Therefore, P, and P, determine the same slope as P, and P,.

P(x5, ¥3)
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2 4
EXAMPLE 1: The slope of the line joining the points (1, 2) and (4, 6) in Fig. 3-3 is 1~ 3 Hence, as

4 —
a point on the line moves 3 units to the right, it moves 4 units upward. Moreover, the slope is not affected
. . . . 2-6 -4 4 Yo7 Yo _ ¥V
= = . 1, = .
by the order in which the points are given —1- 3" 13 In genera PRE—
Y

Fig. 3-3

THE SIGN OF THE SLOPE has significance. Consider, for example, a line & that moves upward as

it moves to the right, as in Fig. 3-4(a). Since y, >y, and x, > x,, we have m = i;—zj_% >0. The
slope of £ is positive. ’ 1

Now consider a line £ that moves downward as it moves to the right, as in Fig. 3-4(b).
Here y, <y, while x, > x,; hence, m = H—' < 0. The slope of ¥ is negative.
2 1
Now let the line ¥ be horizontal, as in Fig. 3-4(c). Here y, =y,, so that y, —y, =0. In

addition, x, — x, #0. Hence, m =

. 0. The slope of &£ is zero.

2 1
Line &£ is vertical in Fig. 3-4(d), where we see that y, — y, >0 while x, — x, = 0. Thus, the
expression Ya— N is undefined. The slope is not defined for a vertical line £. (Sometimes we

Xy T Xy
describe this situation by saying that the slope of £ is “infinite.””)

y
y ¥

Pz(xz, P] (xlm

Pl(xly N(xz’yz)
- ’ \ x

4
(@) : (b)
Y
y
0PZ(‘xZ‘ yZ)
-’ - ¥
Pl('xls y,) Pz(xz,yz) .'Pl(xl’yl)
x x

d
© (d)

Fig. 3-4
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SLOPE AND STEEPNESS. Consider any line % with positive slope, passing through a point
P,(x,, y,); such a line is shown in Fig. 3-5. Choose the point P,(x,, y,) on Z such that
x, — x, = 1. Then the slope m of £ is equal to the distance AP,. As the steepness of the line
increases, AP, increases without limit, as shown in Fig. 3-6(a). Thus, the slope of . increases
without bound from 0 (when % is horizontal) to +% (when the line is vertical). By a similar
argument, using Fig. 3-6(b), we can show that as a negatively sloped line becomes steeper, the
slope steadily decreases from 0 (when the line is horizontal) to —o (when the line is vertical).

9] N ©
(b)

Fig. 3-6

EQUATIONS OF LINES. Let ¥ be a line that passes through a point P,(x,, y,) and has slope m, as
in Fig. 3-7(a). For any other point P(x, y) on the line, the slope m is, by definition, the ratio of
y —y, to x — x,. Thus, for any point (x, y) on %,

_Y=»
m=—21
X=X

(3.1)

i : il of the line PP, is
1

different from the slope m of £; hence (3.1) does not hold for points that are not on Z. Thus,

the line # consists of only those points (x, y) that satisfy (3.1). In such a case, we say that Zis

the graph of (3.1).

Conversely, if P(x, y) is not on line %, as in Fig. 3-7(b), then the slope
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Pl(xl’ yl)

/J Pilxe, yo)
/

(@ (b)
Fig. 3-7
A POINT-SLOPE EQUATION of the line £ is any equation of the form (3.1). If the slope m of Zis
ROUWIT, et Tallr PUIT 8, p1y oF 2 yidly @ punniediope squdGuir oF o2, e, irere are

infinitely many point-slope equations for .%.

EXAMPLE 2: (@) The line passing through the point (2,5) with slope 3 has a point-slope equation

-5 - (- 4
z 5= 3. (b) Let £ be the line through the points (3, —1) and (2, 3). Its slope is m = -37(—31—) ==
— 5 ar Z _
—4. Two point-slope equations of £ are i —3 = —4 and ,)VJTZ =—4,

SLOPE-INTERCEPT EQUATION. If we multiply (3.1) by x — x,, we obtain the equation y — y, =
m(x — x,), which can be reduced first to y — y; = mx — mx,, and then to y = mx + (y, — mx,).
Let b stand for the number y, — mx,. Then the equation for line £ becomes

y=mx+b (3.2)

Equation (3.2) yields the value y = b when x =0, so the point (0, b) lies on £. Thus, b is the y
coordinate of the intersection of £ and the y axis, as shown in Fig. 3-8. The number b is called
the y intercept of £, and (3.2) is called the slope-intercept equation for <.

(0, b)

pd ,
7

Fig. 3-8

EXAMPLE 3: The line through the points (2, 3) and (4, 9) has slope

Its slope-intercept equation has the form y =3x + b. Since the point (2, 3) lies on the line, (2, 3) must
satisfy this equation. Substitution yields 3 =3(2) + b, from which we find b= —3. Thus, the slope-
intercept equation is y =3x — 3.
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Another method for finding this equation is to write a point-slope equation of the line, say i 5= 3.
Then multiplying by x — 2 and adding 3 yield y =3x — 3.

PARALLEL LINES. Let ¥, and %, be parallel nonvertical lines, and let A, and A, be the points at
which %, and %, intersect the y axis, as in Fig. 3-9(a). Further, let B, be one unit to the right of
A, and B, one unit to the right of A,. Let C, and C, be the intersections of the verticals
through B, and B, with ¥, and %,. Now, triangle A B,C, is congruent to triangle A4,B,C, (by
the angle-side-angle congruence theorem). Hence, B,C, = B,C, and

_B,C _BC

22
1 1 = slope of %,

Thus, parallel lines have equal slopes.

(a) ()
Fig. 3-9

Conversely, assume that two different lines &, and %, are not parallel, and let them meet at
point P, as in Fig. 3-9(b). If %, and %, had the same slope, then they would have to be the same
line. Hence, %, and %, have different slopes.

Theorem 3.1: Two distinct nonvertical lines are parallel if and only if their slopes are equal.
EXAMPLE 4: Find the slope-intercept equation of the line &£ through (4, 1) and parallel to the lme M
having the equation 4x —2y =5.

By solving the latter equation for y, we see that .4 has the slope-intercept equation y =2x — 3.
Hence, /4 has slope 2. The slope of the parallel line £ also must be 2. So the slope-intercept equation of &

has the form y =2x + b. Since (4,1) lies on &, we can write 1=2(4)+ b. Hence, b = —7, and the
slope-intercept equation of Lis y =2x — 7.

PERPENDICULAR LINES. In Problem 5 we shall prove the following:
Theorem 3.2: Two nonvertical lines are perpendicular if and only if the product of their slopes is —1.
If m, and m, are the slopes of perpendicular lines, then m;m, = —1. This is equivalent to

1 . , . .
my==——=; hence, the slopes of perpendicular lines are negative reciprocals of each other.
1
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Solved Problems

Find the slope of the line having the equation 3x — 4y = 8. Draw the line. Do the points (6, 2)
and (12, 7) lie on the line?

Solving the equation for y yields y = §x — 2. This is the slope-intercept equation; the slope is Z and
the y intercept is —2.

Substituting 0 for x shows that the line passes through the point (0, —2). To draw the line, we need
another point. If we substitute 4 for x in the slope-intercept equation, we get y = 3(4) —2=1. So, (4, 1)
also lies on the line, which is drawn in Fig. 3-10. (We could have found other points on the line by
substituting numbers other than 4 for x.)

y
2 —
1+ “n
1 1 fi 1y
-1 0 2 3
_.1 -
-2
/ (0,-2)
Fig. 3-10

To test whether (6,2) is on the line, we substitute 6 for x and 2 for y in the original equation,
3x —4y = 8. The two sides turn out to be unequal; hence, (6, 2} is not on the line. The same procedure
shows that (12,7) lies on the line.

Line & is the perpendicular bisector of the line segment joining the points A(—1,2) and
B(3,4), as shown in Fig. 3-11. Find an equation for %.




CHAP. 3] LINES 23

Z passes through the midpoint M of segment AB. By the midpoint formulas (2.2), the coordinates

4-2 1
of M are (1, 3). The slope of the line through A and B is3_—(_15 =177 Let m be the slope of &. By
Theorem 3.2, im = —1, whence m = -2,
The slope-intercept equation for £ has the form y = —2x + b. Since M (1, 3) lies on £, we have
3=-2(1)+ b. Hence, b =35, and the slope-intercept equation of Lis y = —2x + 5.

3. Determine whether the points A(1, —1), B(3,2), and C(7, 8) are collinear, that is, lie on the
same line.

A, B, and C are collinear if and only if the line AB is identical with the line AC, which is equivalent

-(-1) 3
to the slope of AB being equal to the slope of AC. (Why?) The slopes of AB and AC are —23—(1——) =3
B—(-1) _9_3 . -
and F-1 6" Hence, A, B, and C are collinear.
4. Prove analytically that the figure obtained by joining the midpoints of consecutive sides of a

quadrilateral is a parallelogram.

Locate a quadrilateral with consecutive vertices A, B, C, and D on a coordinate system so that A is
the origin, B lies on the positive x axis, and C and D lie above the x axis. (See Fig. 3-12.) Let b be the x
coordinate of B, (u, v) the coordinates of C, and (x, y) the coordinates of D. Then, by the midpoint
formula (2.2), the midpoints M,, M,, M,, and M, of sides AB, BC, CD, and DA have coordinates

b u+b v (x+u y+u Xy . .

(5,0>, ( > 5), S T) and (E’ E)’ respectively. We must show that M, M,M., M, is a
parallelogram. To do this, it suffices to prove that lines M, M, and M, M, are parallel and that lines
M,M, and M M, are parallel. Let us calculate the slopes of these lines:

Y o v y_ytv v

2 2 v 2 2 2 v
Slope(M, M,) = u+b b u u slope(M;M,) = X x+u  u u

2 2 2 2 2 2

yrv_v Y Y o

2 2 2 y 7 y

Slope(M2M3)=x+u ey el ey SIOPC(M1M4)=m=x—b

2 2 2 272

Since slope(M,M,) = slope(M,M,), MM, and M. M, are parallel. Since slope(M,M,) = slope(M.M,),
M,M, and M, M, are parallel. Thus, M,M,M .M, is a parallelogram.

Fig. 3-12
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Prove Theorem 3.2.

First we assume %, and ¥, are perpendicular nonvertical lines with slopes m, and m,. We must
show that m,;m, = —1. Let 4, and ./, be the lines through the origin O that are parallel to £, and %,,
as shown in Fig. 3-13(a). Then the slope of #, is m,, and the slope of #, is m, (by Theorem I).
Moreover, A, and #, are perpendicular, since &, and £, are perpendicular.

y &4

() ()
Fig. 3-13

Now let A be the point on ., with x coordinate 1, and let B be the point on ., with x coordinate 1,
as in Fig. 3-13(b). The slope-intercept equation of /| is y = m,x; therefore, the y coordinate of A is m,,
since its x coordinate is 1. Similarly, the y coordinate of B is m,. By the distance formula (2.1),

OB=\V(1 -0 +(m, -0 =\V1+m’

O0A=\V(1-0)+(m, -0 =\V1+m’

BA=V(1-1)+ (m, -~ m)* =V(m, - m,)’
Then by the Pythagorean theorem for right triangle BOA,

BA’=0B®+ OA*®
or (my, —m)’=1+m3)+(1+m?)
mi—=2m,m, + m;=2+m;+m;
mym, = —1
Now, conversely, we assume that m,m, = —1, where m, and m, are the slopes of nonvertical lines
%, and ¥%,. Then &, is not parallel to %,. (Otherwise, by Theorem 3.1, m, = m, and, therefore,

4 z

\ A
72

Fig. 3-14
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m} = —1, which contradicts the fact that the square of a real number is never negative.) We must show
that &, and %, are perpendicular. Let P be the intersection of £, and %, (see Fig. 3-14). Let £, be the
line through P that is perpendicular to %,. If m; is the slope of %,, then, by the first part of the proof,
m,m, = —1 and, therefore, m;m, = m m,. Since mym, = —1, m  #0; therefore, m, = m,. Since ¥, and
Z, pass through the same point P and have the same slope, they must coincide. Since ¥, and %, are
perpendicular, £, and %, are also perpendicular.

Show that, if a and b are not both zero, then the equation ax + by = ¢ is the equation of a line
and, conversely, every line has an equation of that form.

Assume b #0. Then, if the equation ax + by = ¢ is solved for y, we obtain a slope-intercept
equation y =(—a/b)x + c/b of a line. If b =0, then a+#0, and the equation ax + by = ¢ reduces to
ax = c; this is equivalent to x = c/a, the equation of a vertical line.

Conversely, every nonvertical line has a slope-intercept equation y = mx + b, which is equivalent to
—mx + y = b, an equation of the desired form. A vertical line has an equation of the form x = ¢, which
is also an equation of the required form with a =1 and b =0.

Show that the line y = x makes an angle of 45° with the positive x axis (that is, that angle
BOA in Fig. 3-15 contains 45°).

A(1,1)

B

Fig. 3-15

Let A be the point on the line y = x with coordinates (1,1). Drop a perpendicular AB to the
positive x axis. Then AB =1 and OB = 1. Hence, angle OAB = angle BOA, since they are the base
angles of isosceles triangle BOA. Since angle OBA is a right angle,

Angle OAB + angle BOA = 180° — angle OBA = 180° — 90° = 90°
Since angle BOA = angle OAB, they each contain 45°,

Show that the distance d from a point P(x,, y,) to a line £ with equation ax + by = ¢ is given
lax + by — ¢|

Let # be the line through P that is perpendicular to &. Then / intersects & at some point Q with
coordinates (u, v), as in Fig. 3-16. Clearly, d is the length PQ, so if we can find 4 and v, we can compute
d with the distance formula. The slope of & is —a/b. Hence, by Theorem 3.2, the slope of ./ is b/a.
Y=

by the formula d =

Then a point-slope equation of / is
V=)
u—x

=7 Thus, u and v are the solutions of the pair of equations

au + bv = ¢ and = g. Tedious algebraic calculations yield the solution

1

uo + b, + aby, d bc — abx, + a’y,

=— an V= ——
a’+ b’ a’+ b’
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P(x;, y,)

Fig. 3-16

The distance formula, together with further calculations, yields

7‘ax1+b))1"c_‘

d=PO=\(x,—u)+(y, —v) = Varb

Supplementary Problems

Find a point-slope equation for the line through each of the following pairs of points: (a) (3, 6) and
(2, —4); (b) (8,5) and (4,0); (¢) (1,3) and the origin; (d) (2,4) and (-2, 4).
y—6 y=5 y=3 4

— 5 y —
Ans. (a);‘v—3=10,(b);—_—gxz,(c)xj:3,(d)}*_“—-0
Find the slope-intercept equation of each line:
(a) Through the points (4, —2) and (1, 7)
(b) Having slope 3 and y intercept 4
(c) Through the points (—1,0) and (0, 3)
(d) Through (2, —3) and parallel to the x axis
(e) Through (2, 3) and rising 4 units for every unit increase in x
(f) Through (—2,2) and falling 2 units for every unit increase in x
(g) Through (3, —4) and parallel to the line with equation 5x —2y =4
(#) Through the origin and parallel to the line with equation y =2
(i) Through (—2,5) and perpendicular to the line with equation 4x + 8y =3
(J) Through the origin and perpendicular to the line with equation 3x —2y =1
(k) Through (2, 1) and perpendicular to the line with equation x =2
({) Through the origin and bisecting the angle between the positive x axis and the positive y axis

Ans. (@) y=-3x+10; (b) y=3x+3; () y=3x+3, (d)y=-3; (e} y=4x—-5, () y=—-2x-2;
(y=3x-3F;M)y=0; () y=2x+% ()y=-3x(k)y=L () y=x

(a) Describe the lines having equations of the form x = a.
(b) Describe the lines having equations of the form y = b.
(c) Describe the line having the equation y = —x.

(a) Find the slopes and y intercepts of the lines that )lclave the following equations: (i) y =3x — 2; (ii)
265y =3 (iii) y=4x =3 (i) y= -3 M F+3 = 1.
(b) Find the coordinates of a point other than (0, b) on each of the lines of part (a).
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13.

14.

15,

16.

17.

18.

19.

20.

21.

22.

23.

Ans. (a) (i) m=3,b=-2; (ii)) m ,b=—3; (ili)m=4,b=-3; (ivym=0, b=-3;
(v)ym=—3,b=2.(b) (i) (1, 1) (11) (= 6 —3); (iii) (1,1); (iv) (1, =3); (v) (3,0)

If the point (3, k) lies on the line with slope m = —2 passing through the point (2, 5), find k.

Ans. k=3

Does the point (3, —2) lie on the line through the points (8,0) and (-7, —6)?

Ans. yes

Use slopes to determine whether the points (7, —1), (10,1), and (6,7) are the vertices of a right
triangle.

Ans. They are.

Use slopes to determine whether (8,0), (=1, -2), (=2,3), and (7,5) are the vertices of a paral-
lelogram.

Ans. They are.

Under what conditions are the points (i, v + w), (v, u + w), and (w, u + v) collinear?

Ans. always

Determine & so that the points A(7, 3), B(—1, 0), and C(k, —2) are the vertices of a right triangle with
right angle at B.

Ans. k=1

Determine whether the following pairs of lines are parallel, perpendicular, or neither:

(@) y=3x+2and y=3x-2 (b) y=2x-4and y=3x+5
(¢) 3x—2y=5and 2x +3y =4 (d)6x+3y=1and 4x +2y =3
() x=3and y=—4 (f)5xr+4y=1and 4x +5y =2

(g)x=-2and x=7.

Ans. (a) parallel; (b) neither; (c¢) perpendicular; (d) parallel; (e) perpendicular; ( f) neither;
(g) parallel

Draw the lines determined by the equation 2x + 5y = 10. Determine if the points (10,2) and (12, 3) lie
on this line.

For what values of k will the line kx — 3y = 4k have the following properties: (@) have slope 1; (b) have y
intercept 2; (c) pass through the point (2, 4); (d) be parallel to the line 2x — 4y = 1; (e) be perpendlcular
to the line x — 6y =27

Ans. (@) k=3, (b)k=-3;(c) k=—6;(d) k=12; (e) k=—18

Describe geometrically the families of lines (@) y = mx —~ 3 and (b) y =4x + b, where m and b are any
real numbers.

Ans. (a) lines with y intercept —3; (b) lines with slope 4

In the triangle with vertices A(0, 0), B(2,0), and C(3, 3), find equations for (@) the median from B to
the midpoint of the opposite side; (b) the perpendicular bisector of side BC; and (c) the altitude from B
to the opposite side.

Ans. (@) y=-3x+6; (b)) x+3y=7;(c)y=—-x+2
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26.

27.

28.

29.

30.

31.

32.

33.
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In the triangle with vertices A(2,0), B(1, 6), and C(3,9), find the slope-intercept equation of (a) the
median from B to the opposite side; (b) the perpendicular bisector of side AB; (¢) the altitude from A to
the opposite side.

Ans. (@ y=-x+7;(B)y=tx+4; () y=-

Wity

x +

wih

Temperature is usually measured in either Fahrenheit or Celsius degrees. Fahrenheit (F) and Celsius (C)
temperatures are related by a linear equation of the form F = aC + b. The freezing point of water is 0°C
and 32°F, and the boiling point of water is 100°C and 212°F. (a) Find the equation relating F and C. (b)
What temperature is the same in both scales?

Ans. (a) F=1%C+32; (b) —40°

The x intercept of a line &£ is defined to be the x coordinate of the unique point where % intersects the x

axis. It is the number a for which (a, 0) lies on Z.

(a) Which lines do not have x intercepts?

(b) Find the x intercepts of (i) 3x —4y =2; (ii) x + y =1; (iii) 12x ~ 13y =2; (iv) x =2; (v) y=0.

(c) If a and b are the x intercept and y intercept of a line, show that x/a + y/b =1 is an equation of the
line.

(d) If x/a + y/b =1 is an equation of a line, show that a and b are the x intercept and y intercept of the
line.

Ans. (a) horizontal lines. (b) (i) %; (ii) 1; (iii) £; (iv) 2; (v) none

Prove analytically that the diagonals of a rhombus (a parallelogram of which all sides are equal) are
perpendicular to each other.

(a) Prove analytically that the altitudes of a triangle meet at a point. [Hint: Let the vertices of the
triangle be (24, 0), (2b,0) and (0, 2¢).]

(b) Prove analytically that the medians of a triangle meet at a point (called the centroid).

(c) Prove analytically that the perpendicular bisectors of the sides of a triangle meet at a point.

(d) Prove that the three points in parts (a) to (c¢) are collinear.

Prove analytically that a parallelogram with perpendicular diagonals is a thombus.
Prove analytically that a quadrilateral with diagonals that bisect each other is a parallelogram.
Prove analytically that the line joining the midpoints of two sides of a triangle is parallel to the third side.

(a) If a line &£ has the equation 5x + 3y =4, prove that a point P(x, y) is above % if and only if
Sx+3y>4.

(b) If a line £ has the equation ax + by = ¢ and b > 0, prove that a point P(x, y) is above & if and only
if ax + by >c.

(c) If a line & has the equation ax + by = ¢ and b <0, prove that a point P(x, y) is above & if and only
if ax + by <c. :

Use two inequalities to describe the set of all points above the line 3x + 2y =7 and below the line
4x —2y =1. Draw a diagram showing the set.

Ans. 3x+2y>7;,4x-2y<1

Find the distance from the point (4,7) to the line 3x +4y =1.

Ans. %

Find the distance from the point (—1,2) to the line 8x — 15y = 3.
Ans.

IS
=

|

-
<
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37.

38.

39.

40.

41.

42.

43.

45.

47.

Find the area of the triangle with vertices A(0, 1), B(5, 3), and C(2, —2).
Ans.

e

Show that two equations ax + b,y =c¢, and a,x + b,y = ¢, determine parallel lines if and only if
a,b, = a,b,. (When neither a, nor b, is 0, this is equivalent to a,/a, = b,/b,.)

Show that two equations a,x + b,y = c, and a,x + b,y = c, determine the same line if and only if the
coefficients of one equation are proportional to those of the other, that is, there is a number r such that
a,=ra,, b,=rb,, and ¢, = rc,.

If ax + by = c is an equation of a line ¥ and ¢ =0, then the normal equation of ¥ is defined to be
a b c
2 x+ 2 2 y - 2 2
Va* +b Va* + b Va  + b

(@) Show that |c| /V a® + b is the distance from the origin to .
(b) Find the normal equation of the line 5x — 12y = 26 and compute the distance from the origin to the
line.

Ans. (b) Hx— 5y =2; distance =2

Find equations of the lines parallel to the line 3x + 4y =7 and at a perpendicular distance of 4 from it.

Ans. 3x+4y=-13;3x +4y =27

Show that a point-slope equation of the line passing through the points (x,, y,) and (x,, y,) is
YW _N™Y:
X—x, X, —x,

Find the values of k such that the distance from (—2, 3) to the line 7x — 24y = k is 3.
Ans. k=-11; k= —16l
Find equations for the families of lines (a) passing through (2,5); (b) having slope 3; (¢) having y

intercept 1; (d) having x intercept —2; (e) having y intercept three times the x intercept; (f) whose x
intercept and y intercept add up to 6.

Ans. (@ y-5=mx—-2); (b)y=3x+b;(c)y=mx+1;(d) y=m(x +2); () 3x+y =3a;
Dt

Find the value of k such that the line 3x — 4y = k determines, with the coordinate axes, a triangle of area
6.

Ans. k==x12

Find the point on the line 3x + y = —4 that is equidistant from (-5, 6) and (3, 2).

Ans. (—2,2)

Find the equation of the line that passes through the point of intersection of the lines 3x —2y =6 and
x + 3y =13 and whose distance from the origin is 5.

Ans. 4x+3y =25

Find the equations of the two lines that are the bisectors of the angles formed by the intersection of the

lines 3x +4y =2 and 5x — 12y =7. (Hint: Points on an angle bisector are equidistant from the two
sides.)

Ans. 14x+ 112y +9=0; 64x — 8y — 61 =0
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53.
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(a) Find the distance between the parallel lines 3x + 4y =2 and 6x + 8y = 1. (b) Find the equation of the
line midway between the lines of part (a).

Ans. (a) &; (b) 12x + 16y =5

What are the conditions on a, b, and ¢ so that the line ax + by = ¢ forms an isosceles triangle with the
coordinate axes?

Ans. |a|l=|b|

Show/that, if a, b, and c are nonzero, the area bounded by the line ax + by = ¢ and the coordinate axes
1.2
is 1c”/ |ab|.

Show that the lines ax + by = ¢, and bx — ay = c, are perpendicular.

Show that the area of the triangle with vertices A(x,, y,), B(x,, y,), and C(x,, y;) is
[0, — 2y, = ¥3) — (¥, — ¥,)(x, — x5)]. (Hint: The altitude from A to side BC is the distance from A
to the line through B and C.)

. . e ¢
Show that the distance between parallel lines ax + by = ¢, and ax + by = ¢, is W.
Prove that, if the lines a,x + b,y = ¢, and a,x + b,y = ¢, are nonparallel lines that intersect at point P,
then, for any number k, the equation (a,x + b,y — ¢,) + k(a,x + b,y — ¢,) =0 determines a line through
P. Conversely, any line through P other than a,x + b,y = ¢, is represented by such an equation for a
suitable value of k.

Of all the lines that pass through the intersection point of the two lines 2x —3y =5 and 4x + y = 2, find
an equation of the line that also passes through (1, 0).

Ans. 16x—3y=16



Chapter 4

Circles

EQUATIONS OF CIRCLES. For a point P(x, y) to lie on the circle with center C(a, b) and radius
r, the distance PC must be equal to r (see Fig. 4-1). By the distance formula (2.1),

PC=V\(x—a)’ +(y-b)

" ///’_\\\ P(X, y)
// \\
/ r \
{ \
] |
|\ C(a, b) |
\ /
\ /
\\ Y B
e ///
Fig. 4-1

Thus, P lies on the circle if and only if
(x—a)+(y—-b)¥=r 4.1)
Equation (4.1) is called the standard equation of the circle with center at (a, b) and radius .
EXAMPLE 1: (a) The circle with center (3,1) and radius 2 has the equation (x —3)* + (y — 1)* =4.
(b) The circle with center (2, —1) and radius 3 has the equation (x —2)* +(y + 1) =9.
(c) What is the set of points satisfying the equation (x — 4)> + (y — 5)* =25?
By (4.1), this is the equation of the circle with center at (4, 5) and radius 5. That circle is said to be

the graph of the given equation, that is, the set of points satisfying the equation.
(d) The graph of the equation (x +3)* + y* =2 is the circle with center at (—3,0) and radius V2.

THE STANDARD EQUATION OF A CIRCLE with center at the origin (0, 0) and radius r is’
x+ y2 =r 4.2)

For example, x> + y* =1 is the equation of the circle with center at the origin and radius 1. The
graph of x*> + y? =5 is the circle with center at the origin and radius V5.
The equation of a circle sometimes appears in a disguised form. For example, the equation

X +y*+8x—6y+21=0 (4.3)
turns out to be equivalent to
(x+4)Y+(y—3)’=4 (4.4)

Equation (4.4) is the standard equation of a circle with center at (—4, 3) and radius 2.

31
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Equation (4.4) is obtained from (4.3) by a process called completing the square. In general
terms, the process involves finding the nugnber that must be azdded to the sum x” + Ax to obtain

A A
a square. Here, we note that (x + E) =x*+ Ax + (—2—) Thus, in general, we must add

2 2
5) to x° + Ax to obtain the square (x + 5/ For example, to get a square from x” + 8x, we

add (8)% that is, 16. The result is x° + 8x + 16, which is (x +4)>. This is the process of
completing the square.

Consider the original (4.3): x> + y* + 8x — 6y + 21 = 0. To complete the square in x’ + 8x,
we add 16. To complete the square in y° — 6y, we add (— §)°, which is 9. Of course, since we
added 16 and 9 to the left side of the equation, we must also add them to the right side,
obtaining

(x*+8x+16)+(y*—6y+9)+21=16+9

This is equivalent to
(x+4)°+(y-3)Y+21=25
and subtraction of 21 from both sides yields (4.4).

EXAMPLE 2: Consider the equation x* + y* — 4x — 10y + 20 = 0. Completing the square yields

(x*—4x+4)+(y"—10y +25)+20=4+25
x=2Y+(y—-57°=9

Thus, the original equation is the equation of a circle with center at (2,5) and radius 3.

The process of completing the square can be applied to any equation of the form

X’ +y’+ Ax+By+ C=0 (4.5)
to obtain
A)Z ( B)Z -AZ BZ
<x+2+y+2 +C-—4+4
A)Z ( B)Z_A2+Bz—4C
or (x-l- > +{y+ ) = 2 (4.6)

There are three different cases, depending on whether A° + B® —4C is positive, zero, or
negative.
Case 1: A>+ B> —4C>0. In this case, (4.6) is the standard equation of a circle with

A B . VA’+B*-4C
center at (—- 5 E) and radius —

Case 2: A>+ B*—4C =0. A sum of the squares of two quantities is zero when and only
when each of the quantities is zero. Hence, (4.6) is equivalent to the conjunction of the
equations x + A/2=0 and y + B/2=0 in this case, and the only solution of (4.6) is the point
(=A/2,—B/2). Hence, the graph of (4.5) is a single point, which may be considered a
degenerate circle of radius 0.

Case 3: A+ B> —4C<0. A sum of two squares cannot be negative. So, in this case,
(4.5) has no solution at all.

We can show that any circle has an equation of the form (4.5). Suppose its center is (a, b)

and its radius is r; then its standard equation is

(x—al+(y—-by=r
Expanding yields x* — 2ax + a* + y* —2by + b* =r>, or
gy y
x*+y*—2ax —2by+ (@ +b>—r)=0
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Solved Problems

1.  Identify the graphs of (a) 2x* +2y° —4x+y+1=0; (b) X’ + y* =4y +7=0;
(c) X’ +y’ —6x—2y+10=0.

(a) First divide by 2, obtaining x* + y* —2x + 1y + 1 =0. Then complete the squares:

(FP-2x+ D+ (VP +iy+k)+i=1+%=

-1+ (y+i)y=H-3=

[ g 1y
O\|~J O\L-I

oe
—
)

Thus, the graph is the circle with center (1, —§) and radius 3.
(b) Complete the square:

X H(y=2Y+7=4
X’ +(y-2y=-3

Because the right side is negative, there are no points in the graph.
(c) Complete the square:

(x=3Y+(y-1Y+10=9+1
(x =3V +(y—-1)’=0

The only solution is the point (3, 1).

2. Find the standard equation of the circle with center at (2, 3) and passing through the point
P(—1,5).

The radius of the circle is the distance
CP=V(5-3) +(-1-2yY =V2°+ (-3 =Vad+9=V13

so the standard equation is (x —2)* + (y — 3)* =13,

3. Find the standard equation of the circle passing through the points P(3,8), Q(9,6), and
R(13, —2).

First method: The circle has an equation of the form x*+ y* + Ax + By + C =0. Substitute the
values of x and y at point P, to obtain 9+ 64+3A+8B+ C=0 or

3JA+8B+C=-T73 (1)

A similar procedure for points O and R yields the equations
9A+6B+C=-117 (2)
13A-2B+ C=—-173 (3)

Eliminate C from (1) and (2) by subtracting (2) from (1):
—-6A+2B=44 or -3A+B=22 (4)

Eliminate C from (1) and (3) by subtracting (3) from (1):
—104A+10B=100 or —-A+B=10 (5)

Eliminate B from (4) and (5) by subtracting (5) from (4), obtaining A = —6. Substitute this value in
(5) to find that B =4. Then solve for C in (1): C= —87.

Hence, the original equation for the circle is x* + y> — 6x + 4y — 87 = 0. Completing the squares
then yields

(x=3Y+(y+2)Y=87+9+4=100

Thus, the circle has center (3, —2) and radius 10.
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Second method: The perpendicular bisector of any chord of a circle passes through the center of the
circle. Hence, the perpendicular bisector £ of chord PQ will intersect the perpendicular bisector ./ of
chord QR at the center of the circle (see Fig. 4-2).

Y P(3,8) &

Q(9,6)

A\

R(13, -2)

7

Fig. 4-2

The slope of line PQ is — 1. So, by Theorem 3.2, the slope of £ is 3. Also, £ passes through the
midpoint (6,7) of segment PQ. Hence a point-slope equation of £ is Y

=3, and therefore its

slope-intercept equation is y = 3x — 11. Similarly, the slope of line QR is —2, and therefore the slope of
M is ;. Since A passes through the midpoint (11,2) of segment QR, it has a point-slope equation
y-2
x—11
of the circle satisfy the two equations y =3x — 11 and y =

¥ —

3x—11=1}

1 . . . . .
=3 which yields the slope-intercept equation y = 3x — ;. Hence, the coordinates of the center
x — 3, and we may write

from which we find that x = 3. Therefore,
y=3x—-11=33)-11=-2
So the center is at (3, —2). The radius is the distance between the center and the point (3, 8):
V(=2-8)+(3-3)*=V(-10)’ = V100 = 10
Thus, the standard equation of the circle is (x — 3)* + (y + 2)* = 100.

Find the center and radius of the circle that passes through P(1, 1) and is tangent to the line
y =2x — 3 at the point Q(3, 3). (See Fig. 4-3.)

The line & perpendicular to y =2x —3 at (3,3) must pass through the center of the circle. By
Theorem 3.2, the slope of & is —3. Therefore, the slope-intercept equation of £ has the form
y=—1x+b. Since (3,3) is on ¥, we have 3= —3(3) + b; hence, b= 3, and £ has the equation
y=—4x+3.

The perpendicular bisector J of chord PQ in Fig. 4-3 also passes through the center of the circle, so
the intersection of & and J will be the center of the circle. The slope of PQ is 1. Hence, by Theorem
3.2, the slope of #( is —1. So .# has the slope-intercept equation y = —x + b'. Since the midpoint (2, 2)
of chord PQ is a point on .#, we have 2= —(2) + b’; hence, b’ =4, and the equation of #Misy = —x + 4.
We must find the common solution of y=—x +4 and y = — ;x + 3. Setting

—x+4=—3x+3

yields x = —1. Therefore, y= —x +4=—(—1) +4 =5, and the center C of the circle is (—1,5). The

radius is the distance PC = \/(—1—3)* + (5 - 3)* = V16 + 4 = V20. The standard equation of the circle
is then (x + 1) + (y — 5)° = 20.
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Fig. 4-3

5. Find the standard equation of every circle that passes through the points P(1, —1) and Q(3, 1)
and is tangent to the line y = —3x.

Let C(c, d) be the center of one of the circles, and let A be the point of tangency (see Fig. 4-4).
Then, because CP = CQ, we have

CPP=CQ> or (c—1V+(d+1) =(c-3) +(d-1)
Expanding and simplifying, we obtain

c+d=2 (1)
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(o = = . — 3c+d o=y
In addition, CP = CA, and by the formula of Problem 8 in Chapter 3, CA = —i/? Setting CP> = CA

. ) :_ (Bc+d) o - V10 -y
thus yields (¢ —1)" + (d + 1)” = =—————_ Substituting (1) in the right-hand side and multiplying by 10

then vields 10
10[(c — 1)’ +(d +1)’]=(c+2)* from which 3¢ +5d°—14c+10d+8=0
By (1), we can replace d by 2 — ¢, obtaining
2¢—11c+12=0 or (2c¢=3)}c—4)=0
Hence, ¢ = 3 or ¢ =4. Then (1) gives us the two solutions ¢ =2, d =1 and c =4, d = —2. Since the

+ 10/2 V10 10
radius CA = 3c_\/i_0_d, these solutions produce radii of \(/)ﬁ = and = V10. Thus, there are two

2 V10
such circles, and their standard equations are

G-I+ -3P=1  ad 4P+ (y+27=10

Supplementary Problems

Find the standard equations of the circles satisfying the following conditions:

(a) center at (3,5) and radius 2 (b) center at (4, —1) and radius 1

(¢) center at (5,0) and radius V3 (d) center at (—2, —2) and radius 5V2
(e) center at (—2,3) and passing through (3, —2)

(f) center at (6, 1) and passing through the origin

Ans. (@) (=37 +(y=57=4 (b) ¢ =4 +(y+1’=1; () (=5 +y'=3;
(d) (x+2)7 +(y +2)° =505 (e) (x +2) +(y = 3)* =50; () (x = 6)° + (y — 1) =37

Identify the graphs of the following equations:
(@) x>+ y*+16x—12y+10=0 (b) x*+y —4x+5y+10=0 (¢c) X*+y*+x—-y=0
(d) 4x* +4y° +8y —3=0 (e) x¥*+y*—x—2y+3=0 (HX+y" +V2x—-2=0

Ans. (a) circle, center at (—8, 6), radius 3V 10; (b) circle, center at (2, — 3), radius 3; (c) circle, center
at (— 3%, 3), radius V2/2; (d) circle, center at (0, —1), radius ]; (e) empty graph; (f) circle,
center at (—V2/2,0), radius V5/2

Find the standard equations of the circles through (a) (-2, 1), (1, 4), and (-3, 2); (b) (0, 1), (2, 3), and
(17 1+ \/j)’ (C) (6! 1)’ (2’ _5)! and (13 _4)3 (d) (23 3)7 (_6’ —3)’ and (174)

Ans. (@) (x+ 1D+ (y=37=5(b) (x =2 +(y -1 =4; (c) (x —4)* + (y+2) =13;

(d) (x+2)°+y* =25
For what values of k does the circle (x + 2k)* + (y — 3k)? = 10 pass through the point (1, 0)?
Ans. k=Zork=-1

Find the standard equations of the circles of radius 2 that are tangent to both the lines x =1 and y = 3.

Ans. (x+1)+(y—1)7 =4 x+1)°+(y-5 =4 x -3V +(y—-1Y =4; (x -3)>+(y—-5°=4

Find the value of k so that x* + y* + 4x — 6y + k =0 is the equation of a circle of radius 5.
Ans. k=-12
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Find the standard equation of the circle having as a diameter the segment joining (2, —3) and (6. 5).
Ans. (x—4)’+(y-1’=20

Find the standard equation of every circle that passes through the origin, has radius 5, and is such that
the y coordinate of its center is —4.

Ans. (x=3) " +(y+4)Y=250r (x+3)°+(y+4)°=25

Find the standard equation of the circle that passes through the points (8, —5) and (—1, 4) and has its
center on the line 2x + 3y =3.

Ans. (x=-3Y+(y+1Y=41

Find the standard equation of the circle with center (3, 5) that is tangent to the line 12x — 5y +2=0.
Ans. (x=3)Y+(y—57=1

Find the standard equation of the circle that passes through the point (1,3 + V2) and is tangent to the
line x + y=2 at (2,0).

Ans. (x—=-57+(y=-3)°=18

Prove analytically that an angle inscribed in a semicircle is a right angle. (See Fig. 4-5.)

\

(6’ _2)

Fig. 4-5 Fig. 4-6

Find the length of a tangent from (6, —2) to the circle (x —1)° + (y —3)* = 1. (See Fig. 4-6.)

Ans. 7

Find the standard equations of the circles that pass through (2,3) and are tangent to both the lines
3x—4y=—1and 4x+3y=7.

Ans. (x—2)Y+(y—8)Y=25and (x—$)*+(y— )’ =1

Find the standard equations of the circles that have their centers on the line 4x + 3y = 8 and are tangent
to both the lines x + y=—2 and 7x — y = —6.

Ans. (x—2)"+y’=2and (x+4)°+(y-8)°'=18

Find the standard equation of the circle that is concentric with the circle x* + y* —2x —8y + 1 =0 and is
tangent to the line 2x —y =3.

Ans. (x—17+(y—-4)Y=5
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25.

26.

27.

28.

29.
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Find the standard equations of the circles that have radius 10 and are tangent to the circle x* + y* =25 at
the point (3, 4).

Ans.  (x=9)"+(y—12)"=100 and (x +3)> + (y +4)* =100

Find the longest and shortest distances from the point (7, 12) to the circle x* + y* +2x + 6y — 15=0.
Ans. 22 and 12
Let €, and %, be two intersecting circles determined by the equations x*> + y* + A x + B,y + C, =0 and
x> +y*+ A,x+ B,y + C,=0. For any number k  —1, show that
X+y*+ Ax+By+C +k(x*+y*+ A,x+ B,y +C,)=0

is the equation of a circle through the intersection points of €, and €,. Show, conversely, that every such
circle may be represented by such an equation for a suitable k.
Find the standard equation of the circle passing through the point (—3, 1) and containing the points of
intersection of the circles x* + y> +5x=1and x* + y> + y =17.
Ans. (x+3)+(y+ &) =18
Find the standard equations of the circles that have centers on the line Sx — 2y = —21 and are tangent to
both coordinate axes.
Ans. (x+7)+(y+7)°=49 and (x+3)*+(y -3’ =9
(a) If two circles x*+y*+ A x+ B,y+ C,=0 and x’+y>+ A,x + B,y + C,=0 intersect at two

points, find an equation of the line through their points of intersection.

(b) Prove that if two circles intersect at two points, then the line through their points of intersection is
perpendicular to the line through their centers.

Ans. (@) (A, — A, )x+(B,— B,)y+(C,-C,)=0

Find the points of intersection of the circles x* + y> + 8y — 64 =0 and x* + y* — 6x — 16 =0.
Ans.  (8,0) and (%, %

Find the equations of the lines through (4, 10) and tangent to the circle x* + y* — 4y — 36 =0.
Ans. y=-3x+22and x—3y+26=0



Chapter 5

Equations and Their Graphs

THE GRAPH OF AN EQUATION involving x and y as its only variables consists of all points (x, y)
satisfying the equation.

EXAMPLE 1: (a) What is the graph of the equation 2x — y =3?
The equation is equivalent to y =2x — 3, which we know is the slope-intercept equation of the line
with slope 2 and y intercept —3.
(b) What is the graph of the equation x” + y* —2x + 4y —4=0?
Completing the square shows that the given equation is equivalent to the equation
(x —1)*+(y +2)* =9. Hence, its graph is the circle with center (1, —2) and radius 3.

PARABOLAS. Consider the equation y = x’. If we substitute a few values for x and calculate the
associated values of y, we obtain the results tabulated in Fig. 5-1. We can plot the correspond-
ing points, as shown in the figure. These points suggest the heavy curve, which belongs to a
family of curves called parabolas. In particular, the graphs of equations of the form y = cx’,
where c is a nonzero constant, are parabolas, as are any other curves obtained from them by
translations and rotations.

Yy
- 10
X y L
3 9 (—x,y) - (x, y)
2 4 6
1 1 =
0 0 - 4
_1 1 -
-2 4 -2
-3 9 =
T R U | U O B N N x
3-2-1 Yo1 2 3
Fig. 5-1

In Fig. 5-1, we note that the graph of y = x* contains the origin (0, 0) but all its other points
lie above the x axis, since x” is positive except when x = 0. When x is positive and increasing, y
increases without bound. Hence, in the first quadrant, the graph moves up without bound as it
moves right. Since (—x)* = x? it follows that, if any point (x, y) lies on the graph in the first
quadrant, then the point (—x, y) also lies on the graph in the second quadrant. Thus, the graph
is symmetric with respect to the y axis. The y axis is called the axis of symmetry of this
parabola.

2 2
ELLIPSES. To construct the graph of the equation X4 X[l_ =1, we again compute a few values and

plot the corresponding points, as shown in Fig. 5-2. The graph suggested by these points is also

39
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drawn in the figure; it is a memzber 02f a family of curves called ellipses. In particular, the graph

. X . . . . .
of an equation of the form — + % =1 is an ellipse, as is any curve obtained from it by
a

translation or rotation.

Note that, in contrast to parabolas, ellipses are bounded. In fact, if (x, y) is on the graph of
2 2 2 2 2

% + yz =1, then % = ) + % =1, and, therefore, x=9. Hence, —3=x=3. So, the graph
lies between the vertical lines x = —3 and x = 3. Its rightmost point is (3, 0), and its leftmost

point is (—3,0). A similar argument shows that the graph lies between the horizontal lines
y=—2and y =2, and that its lowest point is (0, —2) and its highest point is (0, 2). In the first
quadrant, as x increases from 0 to 3, y decreases from 2 to 0. If (x, y) is any point on the graph,
then (—x, y) also is on the graph. Hence, the graph is symmetric with respect to the y axis.
Similarly, if (x, y) is on the graph, so is (x, —y), and therefore the graph is symmetric with

respect to the x axis. s s

. X . . . . .
When a = b, the ellipse = + %2— =1 is the circle with the equation x* + y> = 4°, that is, a
a
circle with center at the origin and radius a. Thus, circles are special cases of ellipses.

2 2

HYPERBOLAS. Consider the graph of the equation % - yz = 1. Some of the points on this graph

are tabulated and plotted in Fig. 5-3. These points suggest the curve shown in the figure, which
is2 a mzember of a family of curves called hyperbolas. The graphs of equations of the form
X _)

e ilre 1 are hyperbolas, as are any curves obtained from them by txz'anslationzs and rotations.
a
Let us look at the hyperbola 2 — Y — 1 in more detail. Since = =1+ % =1, it follows

that x° = 9, and therefore, |x| = 3. Hence, there are no points on the graph between the vertical
lines x = —3 and x = 3. If (x, y) is on the graph, so is (—x, y); thus, the graph is symmetric with
respect to the y axis. Similarly, the graph is symmetric with respect to the x axis. In the first
quadrant, as x increases, y increases without bound.

Note the dashed lines in Fig. 5-3; they are the lines y = %x and y = — %x, and they called
the asymptotes of the hyperbola: Points on the hyperbola get closer and closer to these
agymptzotes as they recede from the origin. In general, the asymptotes of the hyperbola
;%—%:1 are the linesy=§xandy=—;x.

CONIC SECTIONS. Parabolas, ellipses, and hyperbolas together make up a class of curves called

conic sections. They can be defined geometrically as the intersections of planes with the surface
of a right circular cone, as shown in Fig. 5-4.
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X y

+3 ¢

+4 + 3V T=+176
*5 +§=~=x267
*+6 +2V3 =346

Fig. 5-3




42 EQUATIONS AND THEIR GRAPHS [CHAP. 5

Solved Problems

1. Sketch the graph of the cubic curve y = x°.

The graph passes through the origin (0, 0). Also, for any point (x, y) on the graph, x and y have the
same sign; hence, the graph lies in the first and third quadrants. In the first quadrant, as x increases, y
increases without bound. Moreover, if (x, y) lies on the graph, then (—x, —y) also lies on the graph.
Since the origin is the midpoint of the segment connecting the points (x, y) and (—x, —y), the graph is
symmetric with respect to the origin. Some points on the graph are tabulated and shown in Fig. 5-5;
these points suggest the heavy curve in the figure.

y

X ¥y 4 ¢

0 0 3

1/2 1/8 2 F

1 1 1+

3/2 27/8 S (N x

2 8 -2 -1 -1 L1 2
-1/2 —-1/8

-1 -1
-3/2 -27/8

-2 -8

Fig. §5-5

2. Sketch the graph of the equation y = —x°,

If (x, y) is on the graph of the parabola y = x* (Fig. 5-1), then (x, —y) is on the graph of y = —x?
and vice versa. Hence, the graph of y = —x” is the reflection in the x axis of the graph of y = x°. The
result is the parabola in Fig. 5-6.

“3 -2 -1 lo1 2 3
| I — | I — x
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3.

Sketch the graph of x = y°.

This graph is obtained from the parabola y = x* by exchanging the roles of x and y. The resulting
curve is a parabola with the x axis as its axis of symmetry and its ‘““nose” at the origin (see Fig. 5-7). A
point (x, y) is on the graph of x = y* if and only if (y, x) is on the graph of y = x”. Since the segment
connecting the points (x, y) and (y, x) is perpendicular to the diagonal line y = x (why?), and the

. . X+ X+ . .
midpoint (—Z-X, -2—y) of that segment is on the line y = x (see Fig. 5-8). the parabola x =y’ is
obtained from the parabola y = x* by reflection in the line y = x.

y
Y o)
3P \\
2 b N
L N\
1 1 1 1 1 1 1 1 x [ ] (y’ X)
1 2 3 4 5 6 7 8 9
-1+
X
.,
_3 p—
Fig. 5-7 Fig. 5-8

Let £ be a line, and let F be a point not on £. Show that the set of all points equidistant from
F and < is a parabola.

Construct a coordinate system such that F lies on the positive y axis, and the x axis is parallel to £
and halfway between F and . (See Fig. 5-9.) Let 2p be the distance between F and .¥. Then £ has the
equation y = —p, and the coordinates of F are (0, p).

Consider an arbitrary point P(x, y). Its distance from £ is |y + p|, and its distance from F is
Vx> + (y —p)>. Thus, for the point to be equidistant from F and ¥ we must have |y + p|=
Vx®+ (y — p)°. Squaring yields (y + p)* =x” + (y — p)°, from which we find that 4py = x”. This is the
equation of a parabola with the y axis as its axis of symmetry. The point F is called the focus of the
parabola, and the line Zis called its directrix. The chord AB through the focus and parallel to #is called
the latus rectum. The “‘nose” of the parabola at (0, 0) is called its vertex.

y

P(x, y)

Fig. 5-9
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Find the length of the latus rectum of a parabola 4py = x°.

The y coordinate of the endpoints A and B of the latus rectum (see Fig. 5-9) is p. Hence, at these
points, 4p® = x* and, therefore, x = *2p. Thus, the length AB of the latus rectum is 4p.

Find the focus, directrix, and the length of the latus rectum of the parabola y = 1x’ and draw
its graph.

The equation of the parabola can be written as 2y = x°. Hence, 4p =2 and p = }. Therefore, the
focus is at (0, 3), the equation of the directix is y = — 3, and the length of the latus rectum is 2. The
graph is shown in Fig. 5-10.

y
4
3 —
2
1 -
F
A B
1 ] 1 1 1 1 x
-3 -2 -1 1 2 3
Fig. 5-10

Let F and F' be two distinct points at a distance 2¢ from each other. Show that the set of all
points P(x, y) such that PF + PF' =2a, a > c, is an ellipse.

Construct a coordinate system such that the x axis passes through F and F’, the origin is the
midpoint of the segment FF', and F lies on the positivi x axis. Then the coordinates of F and F’ are
(c,0) and (—c, 0). (See Fig. 5-11.) Thus, the condition PF + PF' =2a is equivalent to \ (x — o +y +
V(x + ¢)* + y* = 2a. After rearranging and squaring twice (to eliminate the square roots) and perform-
ing indicated operations, we obtain

(aZ_CZ)x2+a2y2=a2(a2_c2) (1)
Since a > ¢, a®>—c*>0. Let b=Va® — ¢>. Then (1) becomes b°x” + a’y* = a°b’, which we may rewrite

x . .
as — + y_z =1, the equation of an ellipse.
a

b
y
P(x, y) B(0, b)
A'(~a,0)\ F'(-c,0) O F(c,0) ] A(a,0)
B'(0, —b)

Fig. 5-11
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10.

When y =0, x* = a*; hence, the ellipse intersects the x axis at the points A’(—a, 0), and A(a,0),
called the vertices of the ellipse (Fig. 5-11). The segment A'A is called the major axis; the segment OA is
called the semimajor axis and has length a. The origin is the center of the ellipse. F and F' are called the
foci (each is a focus). When x =0, y* = b”. Hence, the ellipse intersects the y axis at the points B'(0, —b)
and B(0, b). The segment B’B is called the minor axis; the segment OB is called the semiminor axis and
has length b. Note that b=Va’ - ¢ <Va®=a. Hence, the semiminor axis is smaller than the
semimajor axis. The basic relation among a, b, and c is a* = b* + ¢°.

The eccentricity of an ellipse i1s defined to be e=c/a. Note that 0<e<1. Moreover, e =

Va’ — b’la=1\/1- (b/a)’. Hence, when e is very small, b/a is very close to 1, the minor axis is close in
size to the major axis, and the eliipse is close to being a circle. On the other hand, when e is close to 1,
b/a is close to zero, the minor axis is very small in comparison with the major axis, and the ellipse is very
“flat.”

Identify the graph of the equation 9x° + 16y° = 144.

The given equation is equivalent to x*/ 16 + y?/9 = 1. Hence, the graph is an ellipse with semimajor
axis of length a =4 and semiminor axis of length b =3. (See Fig. 5-12.) The vertices are (—4,0) and
(4,0). Since ¢ =Va’— b’ =V16—9 = V7, the eccentricity e is ¢c/a = \V7/4~0.6614.

Identify the graph of the equation 25x° + 4y = 100.

The given equation is equivalent to x/4 + y*/25 =1, an ellipse. Since the denominator under y” is
larger than the denominator under x7, the graph is an ellipse with the major axis on the y axis and the
minor axis on the x axis (see Fig. 5-13). The vertices are at (0, —5) and (0, 5). Since c =Va° — b’ =
V21, the eccentricity is V21/5=0.9165.

Let F and F’ be distinct points at a distance of 2c¢ from each other. Find the set of all points
P(x, y) such that |PF — PF'| =2a, for a<c.

Choose a coordinate system such that the x axis passes through F and F’, with the origin as the
midpoint of the segment FF’ and with F on the positive x axis (see Fig. 5-14). The coordinates of F and

F' are (c,0) and (—c, 0). Hence, the given condition is equivalent to V(x — ¢)> + y> = V(x + ¢)* + y* =
*2a. After manipulations required to eliminate the square roots, this yields

(02 _ az)xz _ azyz _ az(cz _ az) (1)




46

11.

EQUATIONS AND THEIR GRAPHS [CHAP. 5

P(x, y)

Fig. 5-13 Fig. 5-14

Since ¢>a, ¢* —a’ > 0. Let b=V ¢ — a’. (Notice that @’ + b> = ¢>.) Then (1) becomes b’x* — a’y* =
a’b’, which we rewrite as =5 — Z—z =1, the equation of a hyperbola.

Wheny =0, x = *a. I‘-zlence, the hyperbola intersects the x axis at the points A’(—a, 0) and A(a, 0),
which are called the vertices of the hyperbola. The asymptotes are y = = — x. The segment A’'A is called

the fransverse axis. The segment connecting the points (0, —b) and (0, b) is called the conjugate axis.

The center of the hyperbola is the origin. The points F and F’ are called the foci. The eccentricity is
2 + 2 2

defined to be e = f—l = \/_aa_b_ =41+ (%) . Since ¢>a, e>1. When e is close to 1, b is very small

relative to a, and the hyperbola has a very pointed “nose’; when e is very large, b is very large relative

to a, and the hyperbola is very “flat.”

Identify the graph of the equation 25x> — 16y = 400.

The given equation is equivalent to x*/16 — y*/25 = 1. This is the equation of a hyperbola with the x
axis as its transverse axis, vertices (—4,0) and (4, 0), and asymptotes y = + 3x. (See Fig. 5-15.)

Fig. 5-15
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12.  Identify the graph of the equation y* — 4x” = 4.

2 2
The given equation is equivalent to Y _ %X _1 Thisis the equation of a hyperbola, with the roles

of x and y interchanged. Thus, the transverse axis is the y axis, the conjugate axis is the x axis, and the
vertices are (0, —2) and (0, 2). The asymptotes are x = + ; y or, equivalently, y = +2x. (See Fig. 5-16.)

Fig. 5-16

13.  Identify the graph of the equation y = (x — 1)

A point (u, v) is on the graph of y = (x — 1)* if and only if the point (x — 1, v) is on the graph of
y = x°. Hence, the desired graph is obtained from the parabola y = x* by moving each point of the latter
one unit to the right. (See Fig. 5-17.)

Fig. 5-17
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@-1 -2 _
4 9
A point (u, v) is on the graph if and only if the point (1 — 1, v — 2) is on the graph of the equation
x*/4 + y*/9=1. Hence, the desired graph is obtained by moving the ellipse x*/4 + y”/9 =1 one unit to
the right and two units upward. (See Fig. 5-18.) The center of the ellipse is at (1,2), the major axis is
along the line x =1, and the minor axis is along the line y =2.

1.

14.  Identify the graph of the equation

y

a

L

(1,5)

(-1,2) 1,2) 3,2)

NP

-1

Fig. 5-18

15. How is the graph of an equation F(x —a, y — b) =0 related to the graph of the equation
F(x, y)=0?

A point (u, v) is on the graph of F(x — a, y — b) =0 if and only if the point (v — a, v — b) is on the
graph of F(x, y) =0. Hence, the graph of F(x — a, y — b) =0 is obtained by moving each point of the
graph of F(x, y) =0 by a units to the right and b units upward. (If a is negative, we move the point |a|
units to the left. If b is negative, we move the point |b| units downward.) Such a motion is called a
translation.

16.  Identify the graph of the equation y = x* — 2x.

Completing the square in x, we obtain y + 1= (x — 1) Based on the results of Problem 15, the
graph is obtained by a translation of the parabola y = x* so that the new vertex is (1, —1). [Notice that
y+1is y —(—1).] It is shown in Fig. 5-19.

y
3
2k
1-
i 1 Il x
-1 1 2 3
1

Fig. 5-19
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17.  Identify the graph of 4x* —9y® — 16x + 18y — 29 = 0.
Factoring yields 4(x* —4x)—9(y®> —2y)—29=0, and then coerleting the square in x and y
produces 4(x ~2)* — 9(y — 1)* = 36. Dividing by 36 then yields (¥ _92)- e ; 1): = 1. By the results of
Problem 15, the graph of this equation is obtained by translating the hyperbola % - % =1 two units to

the right and one unit upward, so that the new center of symmetry of the hyperbola is (2, 1). (See Fig.
5-20.)

Fig. 5-20

18.  Draw the graph of the equation xy = 1.

Some points of the graph are tabulated and plotted in Fig. 5-21. The curve suggested by these points
is shown dashed as well. It can be demonstrated that this curve is a hyperbola with the line y = x as
transverse axis, the line y = —x as converse axis, vertices (—1, —1) and (1, 1), and the x axis and y axis
as asymptotes. Similarly, the graph of any equation xy = d, where d is a positive constant, is a hyperbola
with y = x as transverse axis and y = —x as converse axis, and with the coordinate axes as asymptotes.
Such hyperbolas are called equilateral hyperbolas. They can be shown to be rotations of hyperbolas of
the form x%a® — y*a® = 1.

y
[
1
i
x ¥y 3_‘*
3 1/3 \‘
2 1/2 24
1 1 ‘\
1/2 2 SR |
1/3 3 \ s s
— — - -1 - -
1/4 4 1 | | 1 ] 1 r-—- x
~1/4 | -4 TTTTS “"-~‘\\ ° o
-1/3 -3 \\ - —1
-1/2 -2
\
-1 ""l * - —-2
-2 -1/2 |‘
-3 -1/3 gy .
{
]
¢4
]

Fig. 5-21
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19.

20.

21.

22,

23.

25.
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Supplementary Problems

On the same sheet of paper, draw the graphs of the following parabolas: (a) y = 2x%; (b) y =3x%; (c)
y=4x"; (d) y = ix7; (e) y = 3£

On the same sheet of paper, draw the graphs of the following parabolas, and indicate points of

intersection: (a) y =x%; (b) y = —x7; (¢) x =y%; (d) x = —y*.

Draw the graphs of the following equations:

(a) y=x"—1 (b) y=(x-2) () y=(x+1) =2

(d) y=-x () y=—(x—1y (fly=-(x-1)+2

Identify and draw the graphs of the following equations:

(@) y'—x"=1 (b) 25x% + 36y° =900 (c) 2x*—y’ =4 (d) xy =4

(e) 4x*+4y° =1 (f)8x=y* (g) 10y =x° (h) 4x> +9y* =16
(1) xy=-1 (j) 3y*—x*=9

Ans. (a) hyperbola, y axis as transverse axis, vertices (0, =1), asymptotes y = *x; (b) ellipse, vertices
(=6, 0) foci (£V11,0); (c) hyperbola, x axis as transverse axis, vertices (=V2, 0), asymptotes
y = =V2x; (d) hyperbola, y = x as transverse axis, vertices (2,2) and {(—2, —2), x and y axes as
asymptotes; (e) circle, center (0, 0), radius 3; ( f) parabola, vertex (0, 0), focus (2, 0), directrix
x = —2; (g) parabola, vertex (0, 0), focus (0, $), directrix y = — 3; (k) ellipse, vertices (£2,0),
foci (+3V'5,0); (i) hyperbola, y = —x as transverse axis, vertices (—1,1) and (1, —1), x and y
axes as asymptotes; (j) hyperbola, y axis as transverse axis, vertices (0, +V3), asymptotes

y=+V3x/3
Identify and draw the graphs of the following equations:
(@) 4x° —3y"+8x+ 12y —4=0 (b) Sx*+y*—20x +6y +25=0
(c) X’ —6x—4y+5=0 (d)2x°+y" —4x+4y+6=0
(e) 3x’ +2y" + 12x — 4y +15=0 (Hx-D(y+2)=1
(g) xy —3x — 2y + 5=0 [Hint: Compare ( f).] (h) 4x° + y* +8x +4y +4=0
(i) 2x*—8x~y+11=0 (/) 25x% +16y° — 100x — 32y — 284 =0

Ans. (a) empty graph; (b) ellipse, center at (2, —3); (c) parabola, vertex at (3, —1); (d) single point
(1, —2); (e) empty graph; (f) hyperbola, center at (1, —2); (g) hyperbola, center at (2, 3);
(h) ellipse, center at (—1,2); (i) parabola, vertex at (2, 3); () ellipse, center at (2, 1)

Find the focus, directrix, and length of the latus rectum of the following parabolas: (@) 10x” =3y;
(b) 2y*=3x; (¢) 4y =x"+dx + 8; (d) 8y = —x°.

Ans. {(a) focus at (0, ), directrix y = — 3, latum rectum 75; (b) focus at (2,0), directrix x = - 3,

latus rectum 3 ; (c) focus at (—2, 2), directrix y =0, latus rectum 4; (d) focus at (0, —2), directrix
y =2, latus rectum 8

Find an equation for each parabola satisfying the following conditions:

(@) Focus at (0, —3), directrix y =3 (b) Focus at (6,0), directrix x =2

(c) Focus at (1, 4), directrix y =0 (d) Vertex at (1, 2) focus at (1, 4)

(e) Vertex at (3,0), directrix x =1

(f) Vertex at the origin, y axis as axis of symmetry, contains the point (3, 18)

(g) Vertex at (3, 5), axis of symmetry parallel to the y axis, contains the point (5,7)

(h) Axis of symmetry parallel to the x axis, contains the points (0, 1), (3,2), (1, 3)

({) Latus rectum is the segment joining (2, 4) and (6, 4), contains the point (8, 1)

(j) Contains the points (1, 10) and (2, 4), axis of symmetry is vertical, vertex is on the line 4x -3y =6

Ans. (a) 12y =—x%; (b) 8(x —4)=y*; () 8(y —2) = (x = 1)*; (d) B(y —2) = (x — 1)}

() 8(x=3)=y" (f) y =257 (8) 2y —5)=(x—3); (h) 2(x — &) =-5(y - §)";
D)4y —35)=—(x—4%(j)y—2=2(x—3) ory - 5 =26(x — 1)’
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26.

27.

28.

Find an equation for each ellipse satisfying the following conditions:
(a) Center at the origin, one focus at (0, 5), length of semimajor axis is 13

(b) Center at the origin, major axis on the y axis, contains the points (1,2V3) and (%, V15)

(c) Center at (2,4), focus at (7,4), contains the point (5, 8)
(d) Center at (0, 1), one vertex at (6, 1), eccentricity 3

(e) Foci at (0, %), contains (£, 1)

(f) Foci (0, £9), semiminor axis of length 12

2 2 2

2 2 2 2 2
2y Xy (x=2° (y—4) =
+ —-1. o Z_=1- =1]-
Ans. (a) 77 i69 1; (b) 3 + 16 L) =75+ 50 1; (d) %t 50
9y X y
2 =1 R e =
@+ 95 =L+ s =1

Find an equation for each hyperbola satisfying the following conditions:

(a) Center at the origin, transverse axis the x axis, contains the points (6, 4) and (—=3,1)
(b) Center at the origin, one vertex at (3,0), one asymptote is y = x

(c) Has asymptotes y = +V2x, contains the point (1,2)

(d) Center at the origin, one focus at (4, 0), one vertex at (3, 0)

2 2
X

9

5x°

2 xZ 2 yZ
Ans. @G -5 =LBO) G- T =500 F=L@G %=1

51

Find an equation of the hyperbola consisting of all points P(x, y) such that {PF — PF'| =2V2, where

F=(V2,V2) and F' = (-V2, -V2).
Ans. xy=1



Chapter 6

Functions

FUNCTION OF A VARIABLE. A function is a rule that associates, with each value of a variable x
in a certain set, exactly one value of another variable y. The variable y is then called the
dependent variable, and x is called the independent variable. The set from which the values of x
can be chosen is called the domain of the function. The set of all the corresponding values of y
is called the range of the function.

EXAMPLE 1: The equation x” — y = 10, with x the independent variable, associates one value of y with
each value of x. The function can be calculated with the formula y = x*> — 10. The domain is the set of all
real numbers. The same equation, x’° — y = 10, with y taken as the independent variable, sometimes
assnniates twa valnes of x. with_each value_of v. Thus  we must distinguish_two functions of v: x =\(10+ v
and x = —\/10 + y. The domain of both these functions is the set of all y such that y = —10, since V10 +y
is not a real number when 10+ y <0.

If a function is denoted by a symbol f, then the expression f(b) denotes the value obtained
when f is applied to a number b in the domain of f. Often, a function is defined by giving the
formula for an arbitrary value f(x). For example, the formula f(x) = x*> — 10 determines the first
functjzon mentioned in Example 1. The same function also can be defined by an equation like
y=x"-10.

EXAMPLE 2: (a) If f(x) = x> — 4x + 2, then

=1y -4D+2=1-4+2=-1 f(=2)=(-2)"-4(-2)+2=—-8+8+2=2
flay=a’—4a+2

(b) The function f(x) = 18x — 3x” is defined for every number x; that is, without exception, 18x —3x”is a
real number whenever x is a real number. Thus, the domain of the function is the set of all real numbers.
(c) The area A of a certain rectangle, one of whose sides has length x, is given by A = 18x — 3x”. Here,
both x and A must be positive. By completing the square, we obtain A = —3(x — 3)* + 27. In order to
have A >0, we must have 3(x — 3)? <27, which limits x to values below 6; hence, 0 < x < 6. Thus, the
function determining A has the open interval (0, 6) as domain. From Fig. 6-1, we see that the range of the
function is the interval (0, 27].

Notice that the function of part (c) here is given by the same formula as the function of part (), but
the domain of the former is a proper subset of the domain of the latter.

27 -

Fig. 6-1

52
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THE GRAPH of a function f is the graph of the equation y = f(x).

EXAMPLE 3: (a) Consider the function f(x) = |x|. Its graph is the graph of the equation y = |x|, shown
in Fig. 6-2. Notice that f(x) = x when x = 0, whereas f(x) = —x when x < 0. The domain of f consists of all
real numbers, but the range is the set of all nonnegative real numbers.

(b) The formula g(x) = 2x + 3 defines a function g. The graph of this function is the graph of the equation
y =2x + 3, which is the straight line with slope 2 and y intercept 3. The set of all real numbers is both the
domain and range of g.

A function is said to be defined on a set B if it is defined for every point of that set.

x
Fig. 62
Solved Problems
L Given f(x)= 5
@ 10 % ) —% (b) f=1)= —11+—21 B ‘% (©) f2a) =1 +12
(@ fmy=2x=L_ x=x (&) fix+hy= X1 xth-1

(x+hY¥+2 +2hx+ hit2

2. If f(x) =27, show that (a) f{x +3) — f(x — 1) = ¥ f(x) and (b) ;Ex 1; = f(4).

fx+3) 2770,

1/x*+2  1+2x

@ fr+3)=flx—1) =2 =27 = 272" - }) = ¥ f(x) (6) T 1) = 51 =2 =1
3. Determine the domains of the functions
(@) y=V4-x? (b) y=Vix’~-16; (C)y=x12;
1 X
@) y=—=—4: @ y=—"7

(a) Since y must be real, 4 — x> =0, or x> <4. The domain is the interval —2 < x < 2.
(b) Here, x* — 16 =0, or x* = 16. The domain consists of the intervals x < —4 and x = 4.
(¢) The function is defined for every value of x except 2.

(d) The function is defined for x # =3.

(¢) Since x” +4#0 for all x, the domain is the set of all real numbers.
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4.
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. Sketch the graph of the function defined as follows:

f(x)=5when 0<x=<1 f(x)=10 when 1 <x =2
f(x)=15 when 2<x=3 f(x) =20 when 3<x <=4 etc.

Determine the domain and range of the function.

The graph is shown in Fig. 6-3. The domain is the set of all positive real numbers, and the range is
the set of integers, 5, 10, 15, 20, .. ..

y
25 Q= == =
20 & ——
15 = (0 a———
10 | [ T
5 Opr————
L I ! i 1 X
0 2 3 4 5
Fig. 6-3

A rectangular plot requires 2000 ft of fencing to enclose it. If one of its dimensions is x (in
feet), express its area y (in square feet) as a function of x, and determine the domain of the
function.

Since one dimension is x, the other is 3 (2000 — 2x) = 1000 — x. The area is then y = x(1000 — x), and
the domain of this function is 0 < x <1000.

Express the length ! of a chord of a circle of radius 8in as a function of its distance x (in
inches) from the center of the circle. Determine the domain of the function.

From Fig. 6-4 we see that 3/ = V64 — x°, so that / = 2V 64 — x”. The domain is the interval 0 < x <8.

/I
/

Fig. 6-4

From each corner of a square of tin, 12 in on a side, small squares of side x (in inches) are
removed, and the edges are turned up to form an open box (Fig. 6-5). Express the volume V
of the box (in cubic inches) as a function of x, and determine the domain of the function.

The box has a square base of side 12 —2x and a height of x. The volume of the box is then
V= x(12 - 2x)* = 4x(6 — x)*. The domain is the interval 0 < x <6.

As x increases over its domain, V increases for a time and then decreases thereafter. Thus, among
such boxes that may be constructed, there is one of greatest volume, say M. To determine M, it is
necessary to locate the precise value of x at which V ceases to increase. This problem will be studied in a
later chapter.



CHAP. 6] FUNCTIONS 55

8.

10.

a+h)—fla .
If f(x) = x>+ 2x, find ﬂ—% and interpret the result.
flat+th)=fla) [(a+h) +2a+ h)]—(a*+2a)
h B h
On the graph of the function (Fig. 6-6), locate points P and Q whose respective abscissas are a and
a+ h. The ordinate of P is f(a), and that of Q is f(a + k). Then

fla+ h)— f(a) _ difference of ordinates
h " difference of abscissas

=2a+2+h

=slope of PQ

Q(a+h,f(a+h))4

A Ha+h) - f(@)
x
P(a, /(.,»3</
[~

Fig. 6-6

Let f(x)=x"—2x+3. Evaluate (a) f(3); (b) f(=3); (¢) f(~x); (d) f(x +2); (e) f(x —2);
(f) fx + h); (8) fix + h) = f(x); (k) &M

(@ f(3)=3"-2(3)+3=9-6+3=6 ®) (=3)=(-3>-2(-3)+3=9+6+3=18

©) f(=x)=(=x) —2(—x)+3=x"+2x+3
(d)f(x+2)=(x+2)2-2(x+2)+3=x2+4x+4—2x—4+3=x2+2x+3

(@ fx—2)=(x—2Y-2x—2)+3=x>—4x+4-2x+4+3=x"—6x+11

(f) fx+h)=(x+ h) —2(x+h)+3 x> +2hx +h* —2x—2h +3=x"+ (2h - 2)x + (h* —2h + 3)
(&) fx+ )~ fxX)=[x*+(Ch—2x+ (K’ —2h+3)] - (x* =2x +3) =2hx + K> —2h = h(2x + h — 2)

() f(”h,z_f(x) _ACREY) i h-2

h

Draw the graph of the function f(x) = V4 — x* and find the domain and range of the function.

The graph of f is the graph of the equatlon y = V4 — x° For points on this graph, y*> =4 — x?; that
is, x* + y* = 4. The graph of the last equation is the circle with center at the origin and radius 2. Smce
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11.

12.

13.

14.

15.

16.

17.

18.
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Fig. 6-7

y =V4—x*=0, the desired graph is the upper half of that circle. Figure 6-7 shows that the domain is
the interval —2=x =2, and the range is the interval =y =2.

Supplementary Problems

If f(x)=x~4x+6, find (a) f(0); (b) f(3); (c) f(~2). Show that f(})=f(}) and f(2—h)=
fQ2+ h). Ans. (a) —6; (b) 3; (c) 18

x—1

If fix)= o find (a) f(0); (b) f(1); (¢) f(—2). Show that f(%)= —f(x) and f(—%)=
Ans. {(a) —1; (b) 0; (c) 3

L
fex)

If f(x) = x* — x, show that f(x + 1) = f(—x).

If f(x) =1/x, show that f(a) — f(b) =f<ba_ba).

+
Ify=fx)= Zx ;, show that x = f(y).
Determine the domain of each of the following functions:
(@) y=x"+4 B y=Vets (@ y=V¥-4  @y=7i3
2x 1 x’—1
(e)y_(x——m (f)y_\/'g——? @ y=77 "y y=~N3—3
Ans. (a), (b), (g) all values of x; (c) |x|=2; (d) x#-3; (e) x# —1,2; (f) -3<x<3;
() 0=x<2

- 1
Compute fath) - fla) in the following cases: (a) f(x) = T3 when a#2 and a + R #2; (b) f(x) =

Vx—4 when a=4 and a + h =4, (c)f(x)=;_7_—1—when a#—-1landa+h+#—1.

1 1 1

Ans. @) T h-2) O Varrhava=d ©Q GrDarh+ D)

Draw the graphs of the following functions, and find their domains and ranges:

(@) fix)y=—-x>+1 (®) f(x>={§x—1 §§?2§<1

(¢) f(x)=[x]=the greatest integer less than or equal to x
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19.

20.

21.

2
=
(d) f) == (©) f)=5-x (f) fl) = ~avz
(8) flx)=1x-3| (h) f(x)=4/x =0 (1) fx)=|x|/x
. o _[x ifx=
(]) f(x)_x lxl (k) f(x) 2 ifx<0
Ans. (a) domain, all numbers; range, y <=1 (b) domain, x >0; range, ~1<y<0 or y=2
(c) domain, all numbers; range, all integers (d) domain, x #2; range, y #4
(e) domain, all numbers; range, y <S5 (f) domain, x =0; range, y <0
(g) domain, all numbers; range, y =0 (h) domain, x #0; range, y #0Q
() domain, x #0; range, {—1, 1} (j) domain, all numbers; range, y <0

(k) domain, all numbers; range, y =0

Evaluate the expressionf(_xﬂlz_‘_f(x_)
(€) fx)=3x=5; (d) fx) =x" - 2.
Ans. (a) 3—2x—h; (b)

for the following functions f: (a) f(x) = 3x — x7; (b) f(x) = V2x;

\/'Zﬁ_h_ﬂ/_ : (¢) 3; (d) 3x* +3xh + H*

Find a formula for the function f whose graph consists of all points (x, y) satisfying each of the following

equations (in plain language, solve each equation for y): (a) x°y +4x —2=0; (b) x = = y;
(c) 4x* —4xy + y2 =0.

Ans. (a) f(x) = =24,

5 () flx)=2x
(a) Prove the vertical-line test: A set of points in the xy plane is the graph of a function if and only if the

set intersects every vertical line in at most one point. (b) Determine whether each set of points in Fig.
6-8 is the graph of a function.

Ans. only (b) is a function

[~
\/J

(a)

(&)

(e} )

Fig. 6-8
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Limits

AN INFINITE SEQUENCE is a function whose domain is the set of positive integers. For example,

when n is given in turn the values 1, 2, 3, 4, ..., the function defined by the formula P
1

yields the sequence 3, 3, 1, %, . ... The sequence is called an infinite sequence to indicate that
there is no last term.

By the general or nth term of an infinite sequence we mean a formula s, for the value of the
function determining the sequence. The infinite sequence itself is often denoted by enclosing
the general term in braces, as in {s,}, or by displaying the first few terms of the sequence. For

example, the general term s, of the sequence in the preceding paragraph is - , and that

+1
1 1 1 1
}orby2,3,;,g,....

sequence can be denoted by {n

LIMIT OF A SEQUENCE. If the terms of a sequence {s,} approach a fixed number ¢ as n gets
larger and larger, we say that c¢ is the limit of the sequence, and we write either s, — ¢ or
lim s, =c.

A
n—+%

As an example, consider the sequence

3579 1
| P N R 7.1
7273745 n (7.1)
some of whose terms are plotted on the coordinate system in Fig. 7-1. As n increases,
consecutive points cluster toward the point 2 in such a way that the distance of the points from

2 eventually becomes less than any positive number that might have been preassigned as a

measure of closeness, however small For example, the point 2 — 1557 = 109 and all subsequent

points are at a distance less than 5 from 2, the point ig000; and all subsequent points are at a

1 1
distance less than tgaee from 2, and so on.” Hence, {2 — ;}——)2 or lirfrl (2 - ;) = 2.

4=
4+ 7/4
-+ 9/5

\

-

t
0 1 312 503 2

Fig. 7-1

The sequence (7 1') does not contain its limit 2 as a term. On the other hand, the sequence
1,1, 1,3,1,2,1,... has 1 as limit, and every odd-numbered term is 1. Thus, a sequence
having a limit may or may not contain that limit as a term.

Many sequences do not have a limit. For example, the sequence {(—1)"}, thatis, —1, 1,
—1,1, =1, 1,..., keeps alternating between —1 and 1 and does not get closer and closer to
any fixed number.

LIMIT OF A FUNCTION. If fis a function, then we say that lim f(x) = A if the value of f(x) gets
arbitrarily close to A as x gets closer and closer to a. For example 11m x> =9, since x° gets

arbitrarily close to 9 as x approaches as close as one wishes to 3. o
The definition can be stated more precisely as follows: 11_1)1‘11 f(x) = A if and only if, for any

chosen positive number €, however small, there exists a positive number é such that, whenever
0<|x —a|<§, then |f(x) — A| <e.

58



CHAP. 7] LIMITS 59

The gist of the definition is illustrated in Fig. 7-2: After ¢ has been chosen [that is, after
interval (ii) has been chosenl], then § can be found [that is, interval (i) can be determined] so
that, whenever x # a is on interval (i), say at x,, then f(x) is on interval (ii), at f(x,). Notice the
important fact that whether or not lim f(x) = A is true does not depend upon the value of f(x)
when x = a. In fact, f(x) need not even be defined when x = a.

Xy f(xy)
—O— ~O———0 X  —0 —t -O0— f(x)
a—-2§ a a+d A—€ A Ate
® Fig. 7-2 (i)
2 4 2 4 2 4

EXAMPLE 1: lim = 5= 4, although ir—~—2 is not defined when x=2. Since > — =
(x —=2Xx+2) X X' = x x
T - x +2, we see that Py approaches 4 as x approaches 2.

EXAMPLE 2: Let us use the precise definition to show that 11m (x* + 3x) = 10. Let € > 0 be chosen. We
must produce a 8 >0 such that, whenever 0 <{x —2|<§ then \(x +3x) — 10} < e. First we note that
[ +3x) =10 =|(x —2)* +7(x = 2)| = |x = 2] + 7|x - 2|
Also, if 0< 8 =1, then 8° = 8. Hence, if we take & to be the minimum of 1 and €/8, then, whenever
0<ix —2|<s,
[(x* +3x)—10|<6°+76=8+76=85=<¢

The definition of llm f(x) = A given above is equivalent to the following definition in terms of
infinite sequences hm f(x)= A if and only if, for any sequence {s,} such that l]m s, =a,
llm fs,)=A. In other words, no matter what sequence {s,} we may consider such that s,
approaches a, the corresponding sequence { f(s,)} must approach A.

RIGHT AND LEFT LIMITS. By lim f(x) = A we mean that f(x) approaches A as x approaches a
through values less than a, that is, as x approaches a from the left. Similarly, lim f(x)=

means that f(x) approaches A as x approaches a through values greater than a, that is, as x
approaches a from the right. The statement lim f(x) = A is equivalent to the conjunction of the

two statements llm f(x)= A and lim f(x) "A. The existence of the limit from the left does

not imply the ex:stence of the limit f from the right, and conversely.

When a function f is defined on only one side of a point a, then lim f(x) is identical with
the one-sided limit, if it exists. For example, if f(x) = vx, then f is defined only to the right of
zero. Hence, llm vx = lim vx=10. Of course, lir(r)lw V'x does not exist, since VX is not defined

x—07

when x <0. On the other hand, consider the function g(x) =V1/x, which is defined only for
x>0. In this case, lim V1/x does not exist and, therefore, 11m V1/x does not exist.

x—07%

EXAMPLE 3: The function f(x) = V9 — x has the interval —3 < X =3 as its domain of deﬁnition. Ifais
any number on the open interval —3 < x <3, then hm Vo - x* ex;sts and is equal to V9— ¢®. Now
consider a = 3. First, let x approach 3 from the left; then hm V9 — x” =0. Next, let x approach 3 from
the right; then lim V9 —x* does not exist, since for x>3 V9 —x* is not a real number. Thus,

x—3"

limz\/9—x hm V9 —x?=0.
‘Similarly, “lim V9 x* exists and is equal to 0, but lim V9—x” does not exist. Thus,

x—-3"% x——=3"
lim Vo—2=0.

x—-3
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THEOREMS ON LIMITS. The following theorems on limits are listed for future reference.
Theorem 7.1: If f{x) = c, a constant, then lim f&x)=c.
If Jlrl_r,r‘r f(x)= A and 11m g(x)= B, then:
Theorem 7.2: lim kf(x) = kA, k being any constant.
Theorem 7.3: lim [f(x) = g(x)}= lim flx) = lim gx)y=A=xB.

Theorem 7.4: lim [f(x)g(x)] = lim flx) lim g(x)= AB.

lim f(x)
Theorem 7.5: lim UG = g, provided B # 0.

x~a g(x) ~ lim g(x)

Theorem 7.6: lim Vi) =V lim f(x) =VA, provided VA is a real number.

INFINITY. We say that a sequence {s,} approaches +«, and we write s,— +® or lim s, =+,

n— +oo

if the values s, eventually become and thereafter remain greater than any preassigned positive
number, however large. For example, hm VA =+ and lim n’ =+,

nw->+oo

We say that a sequence {s,} approaches —o, and we write s,— —® or hrp s, = —o, if
the values s, eventually become and thereafter remain less than any prea531gned negative
number, however small. For example, lim —n=— and lim (10— n%)= —o,

n— -+ n—+

The corresponding notions for functions are the followmg

We say that f(x) approaches +o as x approaches a, and we write Jh_rgl f(x) =+, if, as x
approaches its limit a (without assuming the value a), f(x) eventually becomes and thereafter
remains greater than any preassigned positive number, however large. This can be given the
following more precise definition: 11m f(x) =+ if and only if, for any positive number M,
there exists a positive number & such that, whenever 0 < |x —a| < §, then f(x)> M.

We say that f(x) approaches — as x approaches a, and we write lim f(x)=—o, if, as x
approaches its limit a (without assuming the value a), f(x) eventually becomes and thereafter
remains less than any preassigned negative number. By 11m f(x) =« we mean that, as x
approaches its limit @ (without assuming the value &), | f(x)] eventually becomes and thereafter
remains larger than any preassigned number. Thus, ll_r)r; f(x) = if and only if ,l}.,“} | f(x)| = +ce.

EXAMPLE 4: (a) lim % =+@  (b) lim e (@ limi-=

( ) x—0 X

These ideas can be extended to one-sided (left and right) limits in the obvious way.

1
EXAMPLE 5: (a) hrn PRt since, as x approaches 0 from the right (that is, through positive
numbers) —is posmve and eventually becomes larger than any preassinged number.

1 1
(b) hm - = —oo, since, as x approaches 0 from the left (that is, through negative numbers), - 1s negative
and eventually becomes smaller than any preassigned number.

The limit concepts already introduced also can be extended in an obvious way to the case in
which the variable approaches +e or —«. For example, lim f(x)= A means that f(x)
approaches A as x — +; or, in more precise terms, given any positive €, there exists a number
N such that, whenever x> N, |f(x) — A| <e.

Similar definitions can be given for the statements lim f(x)}= A, lim flx) = +o0,

lim f(x)=—o, lim f(x)= —o, and Jim_ flx) = +oo.

X—>—x x—>+ >
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EXAMPLE 6: lim % —0and lim (2+ iz) =2,

x—+oc x—> 400 X

Caution: When lim f(x) = £~ and lim g(x) = £, Theorems 3.3 to 3.5 do not make
2

1 1 1/
sense and cannot be used. For example, 11m — =+« and lm(l) — = +; however, lim 1/x =
=0 X x—0
hm x> =0. *
Solved Problems
1. Write the first five terms of each of the following sequences.
1 } 1 1 1 1 3 1 5
I—-—: =1 —- _——_— = — =] — e = — =1— — = — =
(a){ 1n Set s, =1 3’ then s, =1 51-30 % 1 3273 5 1 73§ S
1- AT 3§ and s, = &. The required terms are 3, 3, 2, 7, &.
TS 1}, HPEPICIE S B S SRR |
(b {,( D g Here s, = 3y =0 =00 55775
53=(—1)" +- 3= é, s,=~1,S; = . The required terms are 3, — %, 5, — &, 14
(o) {1+nn2}: The terms are 1, 2,2, &, 3.
L 1 -2 3 -4 5
() {( A P 1)(n+2)}' The terms are 575, 374, 475°56° 6.7
(e) {3[(=1)" +1]}: The terms are 0, 1, 0, 1, 0.
2. Write the general term of each of the following sequences.
(@) 1,3, 3,4, 5,...: The terms are the reciprocals of the odd positive integers. The general term is
1
2n—-1
(b) 1,—-3,%,—4%,%,...: Apart from sign, these are the reciprocals of the positive integers. The general
. n+1 1 n—1 1
term is (—1) S or (-1 n
(¢) 1,%,5,1%,3,...: The terms are the reciprocals of the squares of the positive integers. The general
term is l/nz.
1 1-3 1:3:5 1:3:5:7 . 1:3:5---(2n—1)
(d) 3'24°2.4.6' 3468 : The general term is 246 (2n)
(e) 3, =5, %, —%£,...: Apart from sign, the numerators are the squares of positive integers and the
denominators are the cubes of these integers increased by 1. The general term is (—1)"*' ;_n+_1
3. Determine the limit of each of the following sequences.
(@) 1,3,%, 4, %,...: The general term is 1/n. As n takes on the values 1, 2, 3, 4,... in turn, 1/n
decreases but remains positive. The limit is 0.
() 1,41, %, %, %,...: The general term is (1/n)?; the limit is 0.
() 2, 3,8 4L ¥ . The general term is 3 — 1/n; the limit is 3.
(@) 5 4 U 2,%,...: The general term is 3+ 2/n; the limit is 3.
(e) 1,5%,%,%,%,...: The general term is 1/2"; the limit is 0.

(£)0.9, 0.99, 0.999, 0.9999, 0.99999, . . .: The general term is 1 —1/10"; the limit is 1.
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Evaluate the limit in each of the following.

(@) imS5x=5lmx=5-2=10 (b) llm(2x+3) 211mx+lm%3 2-2+3=7
x—2 x—2 x—*
lim (x —2)
. 2 - _ _ — x 2 _ x—3 1
(¢) Jl[l_’rr%(x 4x+1)=4-8+1=-3 (a!)113x+2 lmé(x+2) 5
. x’—4 4-4 . . _ -
(€) lim =777 =0 (f)m\/zs—x —\/m(zs—x)-\/ﬁ-s
Note: Do not assume from these problems that lim f(x) is invariably f(a).
. x’ =25 )
Examine the behavior of f(x) =(—1)" as x ranges over the sequences (@)%,%,%,%,... and
() 3,%,%,35,....(c) What can be said concerning llm (—1)" and f(0)?

(a) (—1)"— —1 over the sequence }, %,
(b) (—1)"— +1 over the sequence %, 3,2, 35,....

(c) Since (—1)" approaches different limits over the two sequences, ling (—1)" does not exist;

i) =(-1)°=

N =

bl

[ B~

3y oo e

Evaluate the limit in each of the following.
x—4 x—4 1 1
@ lim s T M G e -49 M3~ 7

The division by x — 4 before passing to the limit is valid since x 4 as x—4; hence, x — 4 is

never Zero.
x° =27 (k=3 +3x+9) . x*+3x+9 9
(b) lim g =M e T3 M 13 2
(x+hY —x> X H+2x+h-x 2hx + h’
M T = = —_— = +
(© fim S = lim im, =5 = fim 2+ 1) = 2x

Here, and again in Problems 8 and 9, 4 is a variable so that it could be argued that we are in reality
dealing with functions of two variables. However, the fact that x is a variable plays no role in these
problems; we may then for the moment consider x to be a constant, that is, some one of the values of its
range. The gist of the problem, as we shall see in Chapter 9, is that if x is any value, say x = x,, in the

¥+ k) — x2

domain of y = x°, then lm}J (____hzix is always twice the selected value of x.

(d) iim x’ i 4—xHB+Vx+5) (4—x)(3+Vx +5)
im

~23- \/ Ts =2 (3-Vi+5)3+Va+5) g 4-x
=lim (3+Vx*+5)=6

x—2

Zyx-2 -1 +2 +2 .. .

In the following, interpret lim as an abbreviation for lim or hm . Evaluate the limit by

x>+ X—» + o0

first dividing numerator and denominator by the highest power of x present and then using
lim — =0.
x> ¥

3x -2 3-2/x _3-0 1
(“)l—w9 7o Im e T 9103
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®) i 6x2+2x+1_lim6+2/x+1/x2=6+0+0=1
6T —3x+4 = 6-3/x+4/xt 6-0+0
o X +x—2 ) 1/x+1/x2—2/x3_0_
@ lim s hm = =370
3
(d} lim 2x : lim 2 = —o; no limit exists

x> x P 4] w1+ 1/x°

lim ————— = = +; no limit exists
== 1/x +1/x°

8. Given f(x) = x" — 3x, find ’ltl_l;l‘(l) flx + hz — /&) .
Since f(x) = x* — 3x, we have f(x + h) = (x + h)* — 3(x + k) and

fert h) f) _ o @+ 2kt h—3x -3k~ (F =3x) _ . 2hx+h’ =3k

h—>0 h—>0 h R0 h

=£1rr(1)(2x+h-—3)=2x—3

+h 1
9. Given f(x)=V35x +1, find lmf(x }Z fx) when x > — z
f(x+h) f&x) _ lim V5x +5h+1-V5x+1
h—-o h—»o h
B VS5x+5Sh+1-V35x+1 Vix+5h+1+V5x+1
e h Vix 3R +1+Vax +1

— lim (Sx+5h+1)—-(5x+1)

k=0 h(V5S5x +5h + 1+ V5x +1)

lim > ——5'—
=0 VS5x +5h+1+V5x+1 2V5x+1

10.  In each of the following, determlne the points x = g for which each denominator is zero. Then
examine y as x—a and x—a”.

(@) y=f(x)=2/x: The denominator is zero when x =0. As x—>07, y—> —®; as x> 0", y— +,
(b) y=fx)= (x_-l-—i-”)(—-)- the denominator is zero for x=~3 and x=2. As x— -3, y—> —x; as
x—=>=3", y>+m Asx—>27, y—>—»;, as x—>2" y— +x,
x—3
(c) y=f(x)= GrOe-1)" The denominator is zero for x=—2andx=1. Asx— —2 ", y— —; as

x—=>-2T y>+o Asx—>1,y>+c;as x—>1", y— —o,

+2 1 _
d) y=f(x)= (_x(_z(:;_f_) : The denominator is zero for x=3. As x—>37, y—>+o; as x—3",
y— +w 5
+ —_—
() y=fx)= (x_x)_(l?;__xz: The denominator is zero for x=3. As x—3", y—>+®; as x—3",
y— —®
, , 1 1+2'"
11. Examine (a) )lcl_r.% 37207 and (b) 11m ey
- ilx : 1 1
(@) Let x—07; then 1/x— —x, 2"’ 0, and lim 3507 = 5
Let x—0%; then 1/x— +w, 2>+, and lim 3—12,—/x=0.
xr0t

1
Thus lim ——7; does not exist.

x—0 3 2 1+21/x 1
(b) Let x—>07; then 2"’ —0 and lim 7 Frriabt
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1+21/x 2—l/x+1 . ] . 2 1/x+1
Let x—>0". Fozrli?é(), 330F 3.0 11 and since xl}:})]+ 271" =0, ,,lilgl+ R =1
Thus, im ——7 XL does not exist.

For each of the functions of Problem 10, examine y as x— — and as x — +.

(a) When |x| is large, |y| is small.

For x = —1000, y <0; as x— —, y—> 0. For x = +1000, y >0; as x— +, y—>0",
(b), (c¢) Same as (a).
(d) When |x| is large, |y| is approximately 1.

For x=—1000, y <1; as x— —, y—> 1. For x = +1000, y>1; as x— +%, y—>1".
(e) When [x| is large, |y] is large.

For x=—1000, y >0; as x— —, y— +o, For x = +1000, y <0; as x =+, y—> —c=,

Examine the function of Problem 4 in Chapter 6 as x—>a~ and as x—>a’ when a is any
positive integer.

Consider, as a typical case, a=2. As x— 27, f(x)—>10. As x— 2", f(x)—15. Thus, lin% f{x) does
not exist. In general, the limit fails to exist for all positive integers. (Note, however, that lin{n) flx) =
iim f(x)=35, since f(x) is not defined for x =0.) :

x—07"

Use the prec1se definition to show that (a) hm (4x° +3x* —24x +22)=5 and
(b) llm (—2x°> +9x +4)= -3,

(a) Let € be chosen. For 0<|x — 1| <A <1,

[(4x” + 3x° — 24x +22) = 5| = [4(x — 1)* + 155" — 36x + 21| = [4(x — 1) + 15(x — 1)* — 6(x — 1)
=4|x—1° +15|x = 1) + 6]x — 1
<4A+ 151+ 64 =25A

Now |(4x> + 3x% — 24x + 22) — 5| < € for A < €/25; hence, any positive number smaller than both 1
and €/25 is an effective 8, and the limit is established.
(b) Let € be chosen. For 0< |x + 1] <A<,

|(—2x° +9x +4) + 3| = |- 2(x + 1)’ + 6(x + 1)* + 3(x + 1)|
=2lx+ 1>+ 6|x + 17 + 3|x + 1| < 11A

Any positive number smaller than both 1 and €/11 is an effective §, and the limit is established.

Given lim f(x) = A and lim g(x) = B, prove:

@ lm ) +g=A+B  0) m e = 4B (@ lig L =2, B0

Since Ll_t}: f(x)= A and lm g(x) = B, it follows by the precise definition that for numbers €, >0 and
€, >0, however small, there exist numbers 8, >0 and 8, >0 such that:

Whenever 0< |x — a] <§,, then |f(x) — A| <¢, (1)
Whenever 0<|x —a| <8, then |g(x) — B{<e, (2)

Let A denote the smaller of 6, and §,; now
Whenever 0 < |x —a| <A, then |f(x) — A| <e¢, and |g(x) — B|<e, (3)
(a) Let € be chosen. We are required to produce a 6 >0 such that
Whenever 0 <|x — a| <, then |[f(x) + g(x)]— (A + B)|<e

Now |[f(x) + g(x)] — (A + B)| = [[ f(x) — A] + [g(x) — B]| =<|f(x) — Aj +|g(x)— B|. By (3),
| f(x) — A| < €, whenever 0 <|x — a| < A and | g{x) — A| < €, whenever 0 < |[x — a| < A, where A is the
smaller of 8, and §,. Thus,
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I[f(x) + g(x)] — (A + B)| < ¢ + ¢, whenever 0<|x—a|<A
Take €, = ¢, = 3¢ and & = A for this choice of €, and ¢,; then, as required,

|[f(x)+g(x)]—(A+B)|<% e+%exewhenever O<|x—al<s

Let € be chosen. We are required to produce a 6 > 0 such that

Whenever 0 < |x — a| <8 then | f(x)g(x) — AB|<e

Now | flx)g(x) — AB| = |[f(x) — A][g(x) — B] + B[ f(x) — A] + A[g(x) - B]|
=|f(x) - Allg(x) — B| + |B|| f(x) — A| + | Al| g(x) - B

so that, by (3), | f(x)g(x) — AB| < €€, + |B|e1 + |Ale, whenever 0<|x — a] <A. Take €, and e,

1 1 1
such that €€, < 36 € <3 | B| and e, < 3 | A| are simultaneously satisfied and let 6 = A for this
choice of €, and €,. Then, as required,

If(x)g(x)—AB|<§+§+ g = e whenever 0<|x —a| <&

f(x) . 1 1

Since ﬁ = f(x) ——= ( )’ the theorem follows from (&) provided we can show that lim 200 =5 for

Let € be chosen. We are required to produce a 8 >0 such that

Whenever 0<|x — a| < 8 then ﬁ_% <e -
1 1| _|B-gx)|_lgx)-Bl lgx-Bl 1
N — | = = =
o ‘gm B‘ Bg(x) | |Bllg)] 1Bl 1)l
By (2),

|g(x) — B| < €, whenever 0<|x —a| <3,

However, we are also dealing with 1/g(x), so we must be sure 8, is sufficiently small that the
interval a — 8, < x < a + 8, does not contain a root of g(x) = 0. Let 8, < 6, meet this requirement so
that |g(x) — B| <, and | g(x)| > 0 whenever 0 <|x — a| < §,. Now | g(x)| >0 on the interval implies

|g(x)|>b>0 and —— [ ( )| pon the interval for some b. Thus, we have

1
‘g(x) B‘ |B| b whenever 0 < |x — a| < 8,

Take €, < €b|B|, so that -=1— < € and § = §, for this choice of ¢,. Then, as required,

|B|b

1
’————1— < € whenever 0<|x —a|<$§

gx) B

2

o; (b) hm L—1 (¢) 11

=+,
x+1

x—27 (x — 2)3 —+w X — 1

1
Assume

M|

>|M|=-M. But

Let M be any negative number. Choose & positive and equal to the minimum of 1 and —

x<2 and 0<|x—2|<8 Then |x~2|3<33565ﬁ. Hence,

) 1 1 lx —2f°
(x —2)" <0. Therefore, w-2) = - FEEE <M.
Let € be any positive number, and let M = 1/e. Assume x > M. Then
x 1_ 1 ’_ 1 <E<i_
x+1 Tlx+il T x+1 Tx M
2 2
Let M >1 be any positive number. Assume x > M. Then xx— 1 = x; =x>M
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Supplementary Problems

Write the first five terms of each sequence:

@ {1+ 1} O s @ @re-na @ (e
©l==  »{H @ {2 ) {2t |

AnS. (0)2,2,3,4,5,(b)§,6,§,§ﬁ,§6,((:)aa+da+2da+3da+4d (d)a ar ar2 ar3’ar4;
(e)l/\/_ 2V5,3/V10, 4V1T, 51V26; (f) VZ,5V3, 2, 3V5, V6/S; () 1, - 4,3, - 3, &,
b 2t 7.27 7.28
( )3 3 5 3 5 32 52’3 52

Determine the general term of each sequence:

(a) 1/2,2/3,3/4, 4/5, 5/6, . .. (b) 1/2, —1/6, 1/12, —1/20, 1/30,. ..
(¢) 1/2,1/12, 1/30, 1/56, 1/90, . .. (d)1/5° 3/5° 5/57,7/5° 9/5", ...
(e) 1/2!, —1/4!, 1/6!, —1/8!, 1/10!, .

_ 1
. _ n—1 n—1
Ans. (a) n+ 1 ’ (b) ( 1) ( ) ( l)2n (d) 52n+1 > (e) ( 1) ( n)'
Evaluate:
() lim (x> — 4x) (b) lim (x° +2x% - 3x — 4) (¢) lim Gx = 1)°
X2 x——1 1 (x+1)°
3 -3 . ox—1 . x’—4
(d)hOW (¢) Jltl_,n}xZ_l (f)£1—.2x2—5x+6
X +3x+2 x—2 . x—2
(&) lim =773 (h) lim = o (i) lim =
\/x—2 . (xx+hy-x . x—1
(j) lim —5— (k) lim = —— () lim =32

Ans. (@) —4; (b) 0; (c) 2; (d) 0; (e) 3; (f) —4; (8) 25 (h) §; (4) 05 (§) o, no limit; (k) 3x%; (I) 2

Evaluate:
2x +3 2x° +1 X x*+5x+6
l — R 1 -
(@) lim 27— () lim ———— () lim == (d) lim — ==
x+3 3F-37" ] 3F-3"
©lmss  (Dm s (&) n. 37557

Ans.  (a) 35 (b) —3; (¢) 0; (d) =, no limit; () 0; () 1; (g) —1

Find hm fa h}z—f( a) for the functions f in Problems 11, 12, 13, 15, 16(a), (b), (d), and (g), and
18(b) (c) (g), and (i) of Chapter 6.
2 27 a
Ans. 11. 2a-—4; 12, ; 13. -1; 15, ———=; 16. 2a, (b ,
s amd e oy 2a- 15— 5 16 (@) ARV
3 4a
d — B - 4 g -
( )~—(a+ 3 (8 ———*—(az_{_ g 8. (a) —2a, (b) 1, (¢) no limit, (g) —1, (i) no limit
m -1 IS
What is lim 20* "4 T D where aob,#0 and m and n are positive integers, when
= hx"+bx" +---+ b,
(@) m>n; (b) m=n; (c) m<n? Ans. (a) no limit; (b) a,/b,; (c) 0
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23.

25.

26.

27,

28.

29,

30.

31.

32,

Investigate the behavior of f(x) = |x| as x— 0. Draw a graph. (Hint: Examine liI(T)l flx) and lim f(x).)
x— —0t

Ans. lim|x|=0

x—0

= >0
Investigate the behavior of {}Cg; _ i +1 isO as x— 0. Draw a graph.

Ans. lin?] f(x) does not exist.

(a) Use Theorem 7.4 and mathematical induction to prove lim x" = a”, for n a positive integer.

x—a

(b) Use Theorem 7.3 and mathematical induction to prove
fim [£,(x) + £,() + -+ £,(0] = lim £,(x) + im f,(x) + -+~ + lim £, (x)

Use Theorem 7.2 and the results of Problem 25 to prove llml_')rtlz P(x) = P(a), where P(x) is any polynomial
in x.

For f(x) =5x — 6, find a 6 >0 such that whenever 0 < |x — 4| <5, then | f(x) — 14| <€, when (a) € = }
and (b) € = 0.001. Ans. {(a) 15; (b) 0.0002

Use the precise definition to prove (a) lin; S5x =15; (b) lin% x’=4; (c) lirr; (x> —=3x+5)=3.

Use the precise definition to prove

2

1 . B . X . X
@lmy=e Olnyoe @ mgtyl @ n -

(s o]

Prove: If f(x) is defined for all x near x = ¢ and has a limit as x — a, that limit is unique. (Hint: Assume
lim f(x) = A, lim f(x) = B, and B # A. Choose €,, €, < 3| A — B|. Determine 8, and 8, for the two limits
and take & the smaller of & and 8,. Show that then |4 — B| =|[A — f(x)] +[f(x) - B]|<|A—-B|, a
contradiction.)

Let f(x), g(x), and A(x) be such that (1) f(x)=<g(x) =< h(x) for all values of x near x =a and (2)
lim f(x) = lim h(x) = A. Show that lim g(x) = A. (Hint: For a given € >0, however small, there exists a

8 > 0 such that whenever 0<|x — a| <& then |f(x) — A| <eand |A(x) - A|<eor A - e<f(x)=g(x) =
hx)<A+e)

Prove: If f(x)<M for all x and if chl_q}‘ fix)=A, then A=M. (Hint: Suppose A> M. Choose
e = (A — M) and obtain a contradiction.)



Chapter 8

Continuity

A FUNCTION f(x) IS CONTINUOUS at x = x, if
f(x,) is defined lim f(x) exists lim f(x) = f(x,)
X—)XU X—’XO

For example, f(x) = x’ + 1 is continuous at x =2 since lim f(x) =5=f(2). The first condition
above 1mp11es that a function can be continuous only at points of its domain. Thus, f(x) =
4 - x’ is not continuous at x =3 because f(3) is imaginary, i.e., is not defined.

A flll'lCthH f(x) is called continuous if it is continuous at every point of its domain. Thus,
f(x)=x"+1 and all other polynomials in x are continuous functions; other examples are €,
sin x, and cos x.

A function fis said to be continuous on a closed interval [a, b] if the function that restricts f
to [a, b] is continuous at each point of {a, b]; in other words, we ignore what happens to the
left of a and to the right of b. Consider, for example, the function f such that f(x) = x for
O0=x=1, f(x)=—1for x <0, and f(x) =2 for x > 1. This function is continuous at every point
except x =0 and x = 1. However, the function is continuous on the interval [0, 1] because, for
that interval, we are considering the function g whose domain is [0, 1] such that g(x) = x for x in
[0, 1]. Because

lirr(l) gx)=lim g(x)=0 and lin} glx)= lirp~ gx)=1
X x—0t x— xX—>

g is continuous at 0 and 1 (and, clearly, at all points between 0 and 1).

A FUNCTION f(x) IS DISCONTINUOUS at x = x, if one or more of the conditions for continuity
fails there.

EXAMPLE 1: (a) f(x)=
denominator) and because lini f(x) does not exist (equals ). The function is, however, continuous

everywhere except at x =2, where it is said to have an infinite discontinuity. See Fig. 8-1.
2

-4
b)) f(x)= i_ 3 is discontinuous at x = 2 because f(2) is not defined (both numerator and denominator
are zero) and because lin; fx)= 42. The discontinuity here is called removable since it may be removed by

is discontinuous at x =2 because f(2) is not defined (has zero as

-4
redefining the function as f(x) = for x # 2; f(2) = 4. (Note that tt%e discontinuity in (a) cannot be so

-2
removed because the limit also does not exist.) The graphs of f(x) = z

and g(x) = x + 2 are identical

except at x = 2, where the former has a ‘hole’ (see Fig. 8-2). Removing the discontinuity consists 51mply of
filling the ‘hole.’

68
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x> =27
X

(© fo="=5
lirr; f(x) # f(3). The discontinuity may be removed by redefining the function as f(x) = al

x—3
f(3)=217.
(d) The function of Problem 4 of Chapter 6 is defined for all x >0 but has discontinuities at x =1, 2,
3,... (see Problem 13 of Chapter 7) arising from the fact that

for x # 3; f(3) =9 is discontinuous at x = 3 because f(3) =9 while ling f(x) =127, so that
x—3 3

for x # 3;

lim f(x)# lim f(x) for s any positive integer

These are called jump discontinuities. (See Problems 1 and 2.)

PROPERTIES OF CONTINUOUS FUNCTIONS. The theorems on limits in Chapter 7 lead readily
to theorems on continuous functions. In particular, if f(x) and g(x) are continuous at x = 4, so
also are f(x) = g(x), f(x)g{x), and f(x)/g(x), provided in the latter that g(a)#0. Hence,
polynomials in x are everywhere continuous whereas rational functions of x are continuous
everywhere except at values of x for which the denominator is zero.

You have probably used certain properties of continuous functions in your study of algebra:

1. In sketching the graph of a polynomial y = f(x), any two points (a, f(a)) and (b, f(b))
are joined by an unbroken arc.

2. If f(a) and f(b) have opposite signs, the graph of y = f(x) crosses the x axis at least
once, and the equation f(x) =0 has at least one root between x =a and x = b.

The property of continuous functions used here is

Property 8.1: If f(x) is continuous on the interval a = x < b and if f(a) # f(b), then for any number ¢
between f(a) and f(b) there is at least one value of x, say x = x,, for which f(x,)=c and a=x,=<b.

Figure 8-3 illustrates the two applications of this property, and Fig. 8-4 shows that
continuity throughout the interval is essential.

(a) (b) f(x) =0 has three roots
. between x =a and x = b.
Fig. 8-3

Other properties of continuous functions are important here:

Property 8.2: If f(x) is continuous on the interval @ =< x =< b, then f(x) takes on a least value m and a
greatest value M on the interval.

Although a proof of Property 8.2 is beyond the scope of this book, the property will be
used freely in later chapters. Consider Figure 8-5(a)—(c). In Fig. 8-5(a) the function is
continuous on a = x < b; the least value m and the greatest value M occur at x =c and x =d
respectively, both points being within the interval. In Fig. 8-5(b) the function is continuous on
a < x < b; the least value occurs at the endpoint x = a, while the greatest value occurs at x = ¢
within the interval. In Fig. 8-5(c) there is a discontinuity at x = ¢, where a < ¢ < b; the function
has a least value at x = a but no greatest value.
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=b.

0 has no root

(&) fix)=
between x =g and x

Fig. 8-4

(b)

(@)

(c)

Fig. 8-5

Fig. 8-6
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Property 8.3: If f(x) is continuous on the interval a < x < b, and if ¢ is any number between a and b and
f(c) >0, then there exists a number A >0 such that whenever ¢ — A< x < c + A, then f(x) > 0.

This property is illustrated in Fig. 8-6. For a proof, see Problem 4.

Solved Problems

Use Problem 10 of Chapter 7 to find the discontinuities of:

(a) f(x)=2/x: Has an infinite discontinuity at x = 0.

x—1 e L _ _
(b) fix)= m Has infinite discontinuities at x = —3 and x = 2.
(x+2)(x—1)

@ f) =5

: Has an infinite discontinuity at x = 3.

Use Problem 6 of Chapter 7 to find the discontinuities of:

2 -27 -

(a) flx)= 1;2 e Has a removable discontinuity at x = 3. There is also an infinite discontinuity at

x=-3. s

4—x

b) f(x) = ———===: Has a removable discontinuity at x = 2. There is also a removable discontinuit
(b) flx) 3 m y y

at x = -2,

¥ +x-2 .

(c) flx)= W: Has an infinite discontinuity at x = 1.

flath)—fla) .
h

Show that the existence of lim implies f(x) is continuous at x = a.

h—0

The existence of the limit implies that f(a + ) — f(a)—>0 as h— 0. Thus, lim f(a + h) = f(a) and
h—0
f(x) is continuous at x = a.

Prove: If f(x) is continuous on the interval a < x < b, and if ¢ is any number between a and b
and f(c) >0, then there exists a number A >0 such that whenever ¢ — A <x <c¢+ A, then

f(x)>0.
Since f(x) is continuous at x = c, ll_.n} f(x) = f(c) and for any € >0 there exists a § >0 such that
Whenever 0 <|x —c| < 8 then | f(x) — f(c)] < e (1)

Now f(x) >0 at all points on the interval ¢ — & < x < ¢ + 8§ for which f(x) = f(c). At all other points of
the interval f(x) < f(c) so that | f(x) — f(c)| = f(c) — f(x) < € and f(x) > f(c) — €. Thus, at these points,
f(x) >0 unless € = f(c). Hence, to determine an interval meeting the requirements of the theorem, select
€ < f(c), determine & satisfying (1), and take A < 8. (See Problem 10 for the companion theorem.)

Supplementary Problems

Examine the functions of Problem 19(a) to (#) of Chapter 7 for points of discontinuity.
Ans. (a), (b), (d) none; () x=-1;(e)x==%1; () x=2,3 (g x=—1, =3; (h) x==2
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10.

11.

12,
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Show that f(x) = |x| is everywhere continuous.

_nl/x
Show that f(x) = 1T+27 has a jump discontinuity at x = 0.
Show that at x =0, (a) f(x) = -31—,):_—1 has a jump discontinuity and (b) f(x) = F::L—l has a removable

discontinuity.

—-dx—21
If Fig. 8-4(a) is the graph of f(x) = ~———~——

and that ¢ = 10 there.

, show that there is a removable discontinuity at x =7
Prove: If f(x) is continuous on the interval a <x <, and if ¢ is any number between a and b and
f(c) <0, then there exists a number A >0 such that whenever ¢ — A < x <c¢ + A then flx)<O.

Sketch the graph of each of the foilowing functions, find any discontinuities, and state why the function
fails to be continuous at those points. Indicate which discontinuities are removable.

|x| ¥ =3x—10 {x+3 ifx=2
(@) flx)y=— b) f(x)= ——F5— (6) fix)=
¥ x+2 X +1 ifx<?2
4—-x ifx=3 4
(d) flx)=1|x|-x (e) f()6)=[x—2 if0<x<3 (f) f(x)=xz_1
x—1 ifx=0 x'~1
(2) f(x):x3+x2—17x+15

X +2x—-15

Ans.  (a) x=0; (b) x = —2 (removable); (c), (d) no discontinuities; (¢) x=0; (f) x=1, —1 (both
removable); (g) x =3, —5 (both removable)

Sketch the graphs of the following functions, and determine whether they are continuous on the closed
interval [0, 1].

-1 for x <0 1
(@) f(x)=1 0 for0=x=1 b) fry={ 5 forx>0 © f(x)={ 1 for x<0
X for x=0
0 forx>1 1 forx=0

x for x=0
(d) fix)=1for0<x=1 (e) f(x)=40 forO0<x<1
x forx=1



Chapter 9

The Derivative

INCREMENTS. The increment Ax of a variable x is the change in x as it increases or decreases
from one value x = x, to another value x = x, in its domain. Here, Ax = x, — x, and we may
write x; = x, + Ax.

If the variable x is given an increment Ax from x = x, (that is, if x changes from x = x to
x = x, + Ax) and a function y = f(x) is thereby given an increment Ay = f(x, + Ax) — f(x,) from
y = f(x,), then the quotient

Ay _ change in y
Ax  change in x

is called the average rate of change of the function on the interval between x =x, and
X =x,+ Ax.

EXAMPLE 1: When x is given the increment Ax =0.5 from x, =1, the function y = f(x) = x* + 2x is

given the increment Ay = f(1 +0.5) — f(1) = 5.25 — 3 =2.25. Thus, the average rate of change of y on the

A .
interval between x =1 and x=1.5is ay _ g =45,
Ax 0.5

(See Problems 1 and 2.)

THE DERIVATIVE of a function y = f(x) with respect to x at the point x = x, is defined as
Ay

AV S+ AN ~ )
Ax—0 AX  Ax—0 Ax

provided the limit exists. This limit is also called the instantaneous rate of change (or simply, the
rate of change) of y with respect to x at x = x,,.

EXAMPLE 2: Find the derivative of y = f(x) = x* + 3x with respect to x at x = x,. Use this to find the
value of the derivative at (a) x, =2 and (b) x,= —4.

Yo=flxy) = xﬁ + 3x,
yo T Ay = flx,+ Ax) = (x, + Ax) +3(x, + Ax)
=x +2x,Ax + (Ax)* +3x, + 3 Ax
Ay = f(x, + Ax) — f(x,) = 2x, Ax + 3 Ax + (Ax)®

ﬁ_ flx, + Ax) = fl(x,)
Ax Ax

=2x,+3+Ax

The derivative at x = x, is

Ay _
Al:lllo Ar Al?llo (2x,+3+Ax)=2x,+3

(a) At x, =2, the value of the derivative is 2(2) +3=7.
(b) At x,= —4, the value of the derivative is 2(—4) +3 = —-5.

IN FINDING DERIVATIVES it is customary to drop the subscript 0 and obtain the derivative of
y = f(x) with respect to x as

lim &Y _ py [+ A0 = f(0)

Ax—0 A,x Ax—0 Ax

73
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The derivative of y = f(x) with respect to x may be indicated by any one of the symbols

d dy . , da
el o Dy 'y f'(x) 7 1™

(See Problems 3 to 8.)

DIFFERENTIABILITY. A function is said to be differentiable at a point x = x, if the derivative of
the function exists at that point. Problem 3 of Chapter 8 shows that differentiability implies
continuity. The converse is false (see Problem 11).

Solved Problems

1. Given y = fx) = x*+5x—8, find Ay and Ay/Ax as x changes (a) from x, = 1 to
x;=x,+Ax=12 and (b) from x, =1 to x, =0.8.

(@) Ax=x,—x,=1.2-1=0.2 and

Ay = flx, + Ax) = flx,) = f(1.2) = f(1) = =0.56 — (—2) = 1.44. So _2_,; _ 10.24 s
(b) Ax=08-1=-0.2 and s , :
Ay =f(0.8) - f(1)= —3.36 — (-2) = —1.36. So K% _ —_10- 26 6.8

Geometrically, Ay/Ax in (a) is the slope of the secant line joining the points (1, —2) and
(1.2, —0.56) of the parabola y = x> + 5x — 8, and in (b) is the slope of the secant line joining the points
(0.8, =3.36) and (1, —2) of the same parabola.

2. When a body freely falls a distance s feet from rest in r seconds, s = 161> Find As/Af as ¢
changes from ¢, to ¢, + At. Use this to find As/At as ¢ changes (a) from 3 to 3.5, (b) from 3 to
3.2, and (c¢) from 3 to 3.1.

As 164, + An)* — 161, 321, Ar + 16(Ar)°
At Ar N At
(a) Here t, =3, Ar=0.5, and As/At =32(3) + 16(0.5) = 104 ft/s.
(b) Here ¢, =3, Ar=10.2, and As/Ar=32(3) + 16(0.2) = 99.2 ft/s.
(c) Here t; =3, Ar=0.1, and As/Ar=97.6 ft/s.
Since As is the displacement of the body from time r=1¢, to = t, +At,

=321, + 16 At

As  displacement
At time

= average velocity of the body over the time interval

3. Find dy/dx, given y = x’ — x* — 4. Find also the value of dy/dx when (a) x =4, (b) x=0,
(c}) x=—1.
y+Ay=(x+Ax)" - (x + Ax)’ — 4
= x"+3x%(Ax) + 3x(Ax)’ + (Ax)* — x* — 2x(Ax) — (Ax)’ — 4
Ay=(3x> = 2x) Ax + (3x — 1)(Ax)* + (Ax)

A—i:3x2 —2x+(3x — 1) Ax + (Ax)’

A
dy_ lim [3x* = 2x + (3x — 1) Ax + (Ax)’] = 3x% — 2x
dx Ax—0

(a) % T34y —2(4)=40; (b) % L, =30y =2(0)=0; (o) % TN -2 =5
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4. Find the derivative of y = x> + 3x + 5.

y+Ay=(x+Ax’ +3(x +Ax)+5=x"+2x Ax + Ax* +3x + 3 Ax +5
Ay=(2x +3) Ax + Ax®

Ay _ (2x +3)Ax + Ax
Ax Ax
dy _

d—x—}il_I}O(Zx+3+Ax)=2x+3

=2x+3+ Ax

5. Find the derivative of y = at x=1 and x =3.

x—2
+A —_;__
yrAYT s Y ax-2
Ay 1 1 (x=2)-(x+Ax—-2) - Ax
Yo XFax—2 x-2 (x-)(x+Ax-2)  (x-2)x+Ax-2)
_A_yz -1
Ax (x—2)(x+Ax-2)
dy _ oo -1 -1
dx a0 (x—2)(x+Ax-2)  (x-2)
O el SN St S
Atx_l’dx—(l—Q,)z_ 1; at x 3’d (3_2)2
. o _2x-3
6. Find the derivative of f(x) = e
_ 2(x+Ax)—3
foerAx) = 3 T an 14

2x+24x-3 2x-3
fr+ A0~ )= 3 33814 3x+4

_ (Gx+4)[(2x—3) +2Ax] - (2x —3)[(3x + 4) + 3 Ax]

(Bx +4)(3x +3Ax +4)
_ (bx+8—-6x+9Ax 17 Ax
T (Bx+4)(Bx+3Ax+4)  (Bx+4)(3x+3Ax+4)
fx+Ax)—fx) 17
Ax T Bx+4)(3x+3Ax+4)
f'(x) = lim 7 17

o Br+)(3x 1 3Ax +4)  (3x +4)

7. Find the derivative of y = V2x + 1.

y+Ay=02x+2Ax+1)'"”

Ay=2x+2Ax+1)'* —(2x+1)'"?
(2x+2Ax+ 1)+ (2x+1)'"?
(2x +2Ax +1)"7 + (2x + 1)

=[(2x +2Ax+ 1) = (2x + 1)"7]

o (2x+2Ax+1)-(2x+1) _ 2Ax

T x+2Ax+ D) P+ (2x+ D) 2x+28x+ D)2+ (20 + 1)1
Ay 2
Ax~ (2x+2Ax+ 1)+ (2x+ 1)
dy . 2 1

dx Alif_?o (2x+2Ax+1)1/2+(2JC+1)”2 = (2x+1)112
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For the function f(x) =V2x +1, lim f(x)=0=f(—1) while (lirln/zr f(x) does not exist; the
2 x— (-

x—(=-1/2)"

function has right-hand continuity at x = — 1. At x = — L, the derivative is infinite.

8.  Find the derivative of f(x) = x'">. Examine f'(0).

flx + Ax) = (x + Ax)'"?
flx+Ax) = fx) = (x + Ax)3 — x'7?

B [(x+Ax)l/3_x1/3][(x+Ax)2/3+x1/3(x+Ax)l/3+x2/3]
(x+Ax)2/3_+_x]/3(x+Ax)l/3+x2/3

_ x+Ax—x
(x+Ax)2/3 +x1/3(x+ Ax)1/3 +x2/3
£+ Ax) = f(x) 1
Ax (x +Ax)*? + x'P(x + Ax)P + X7
. 1 1
f'(x)= lim 273 =

ar—0 (x + Ax)*7 + xP(x + Ax)' P + X730 3470

The derivative does not exist at x = 0 because the denominator is zero there. However, the function
is continuous at x =(. This, together with the remark at the end of Problem 7, illustrates: If the
derivative of a function exists at x = a then the function is continuous there, but not conversely.

9. Interpret dy/dx geometrically.

From Fig. 9-1 we see that Ay/Ax is the slope of the secant line joining an arbitrary but fixed point
P(x, y) and a nearby point Q(x + Ax, y + Ay) of the curve. As Ax— 0, P remains fixed while Q moves
along the curve toward P, and the line PQ revolves about P toward its limiting position, the tangent line
PT to the curve at P. Thus, dy/dx gives the slope of the tangent at P to the curve y = f(x).

4 Y = flx)

Q(x + Az, y + Ay)

Fig. 9-1

For example, from Problem 3, the slope of the cubic y = x> — x* — 4 is m = 40 at the point x = 4; it is
m =0 at the point x =0; and it is m =5 at the point x = —1.

10.  Find ds/dr for the function of Problem 2 and interpret it physically.

Here

As ds . _
27320 +16Ar  and  — = lim (32, + 16 Ar) = 321,
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11,

12.

13.

14.

15.

16.

17.

As Ar— 0, As/At gives the average velocity of the body for shorter and shorter time intervals Az. Then
we can define ds/dt to be the instantaneous velocity v of the body at time ¢ = t,. For example, at 1 =3,
v=132(3) =96 ft/s.

Find f'(x), given f(x) = |x|.

The function is continuous for all values of x. For x<0, f(x)=-x and f'(x)=

lim —& +A:;_(_x) = —1; for x>0, f(x) = x and f'(x)=1.
Ax—Q A
Atx =0, f(x)=0 and Alim for Ax) f0) A1m0 IA_1| As Ax—07, le| — —1; but as Ax— 07,
%{—t -> 1. Hence, the derivative does not exist at x =0.
d ) .
Compute € = A—i — d—i for the function of (@) Problem 3 and (b) Problem 5. Verify that e -0
as Ax—0.

(@) e=[3x"~2x+(3x — 1) Ax + (Ax)’] - 3x* — 2x) = (3x — 1 + Ax) Ax

-1 -1 —(x )+ (x+Ax—-2) 1 A
G-2)x+bx—2) (x-27  (x-20x+Ax-2) (x-20(x+Ax—2) "

Both obviously go to zero as Ax—0.

) €=

d ,
Interpret Ay = %Y Ax + € Ax of Problem 12 geometrically.

dx
d
In Fig. 9-1, Ay = RQ and d_y Ax = PR tan £ TPR = RS; thus, € Ax = SQ. For a change Ax in x from
P(x, y), Ay is the corresponding change in y along the curve while d_y Ax is the corresponding change in
y along the tangent line PT. Since their difference € Ax is a multiple of (Ax)’, it goes to zero faster than

Ax, and Zl% Ax can be used as an approximation of Ay when |Ax| is small.

Supplementary Problems

Find Ay and Ay/Ax, given

(@) y=2x—3 and x changes from 3.3 to 3.5.
(b) y=x"+4x and x changes from 0.7 to 0.85.
(¢) y=2/x and x changes from 0.75 to 0.5.

Ans. (a) 0.4 and 2; (b) 0.8325 and 5.55; (c) 3 and — ¥

Find Ay, given y=x>—3x+5, x =5, and Ax = —0.01. What then is the value of y when x =4.99?
Ans. Ay =-0.0699; y = 14.9301
Find the average velocity, given

(a) s=(3> +5) ft and ¢ changes from 2 to 3.
(b) s =(2t* +5t—3) ft and ¢ changes from 2 to 5s.

Ans. (a) 15ft/s; (b) 19 ft/s

Find the increase in the volume of a spherlcal balloon when 1ts radius i 1s mcreased (a) from r to r + Ar in;
(b) from 2 to 3 in. Ans. (a) 3w(3r> +3r Ar+ Ar)’ Arin’; (b) B in’
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18.

19.

20.

21.

22.

23.

THE DERIVATIVE [CHAP. 9

Find the derivative of each of the following:

(@) y=4x-3 (b) y=4-13x (c) y=x"+2x-3
(d) y=1/x’ (&) y=Qx-1)/(2x+1) () y=(1+2x)/(1-2x)
() y=vx (h) y=1%x (i) y=V1+2

() y=1"V2+x
4 4 1 1
Ans.  (a) 4; (b) ~3; (o) 2(x +11) (d) =2/x7; (e) PP (f) =20 (&) 55 W — 7=
Oy O 5e o7
Find the slope of the following curves at the point x = 1:
2 4
(a) y=8-5x b)) y=177 (c) y=
Ans. (a) —10; (b) —1; (¢) — 3

X+

Find the coordinates of the vertex v of the parabola y = x* — 4x + 1 by making use of the fact that at the
vertex the slope of the tangent is zero. Ans. V(2,-3)

Find the slope of the tangents to the parabola y = —x* + 5x — 6 at its points of intersection with the x
axis. Ans. atx=2, m=1;atx=3, m=-1

When s is measured in feet and ¢ in seconds, find the velocity at time ¢ =2 of the following motions:
(@) s=1t>+3¢ (b) s=1"—-3r° (c) s=Vi+2
Ans.  (a) 7ft/s; (b) 0ft/s; (c) + ft/s

Show that the instantaneous rate of change of the volume of a cube with respect to its edge x in inches is
12 in’/in when x =2 in.



Chapter 10

Rules for Differentiating Functions

DIFFERENTIATION. Recall that a function f is said to be differentiable at x = x,, if the derivative
f'(x,) exists. A function is said to be differentiable on an interval if it is differentiable at every
point of the interval. The functions of elementary calculus are differentiable, except possibly at
isolated points, on their intervals of definition. The process of finding the derivative of a
function is called differentiation.

DIFFERENTIATION FORMULAS. In the following formulas u, v, and w are differentiable
functions of x, and ¢ and m are constants.

d d
1. Z;(C)—O 2. a(x)—l

d
3. %(u+v+---)=a(u)+%(v)+--- 4. dix(cu)=c;;(u)

5. %(uv):uzd;(v)+v%(u)

6. d (uvw) = uv 4 (w) + uw 4 (v) + vw 4 (u)

dx dx dx dx
x(5)-2

7. =)=
d

d
T(u) c#0
_ i(l) _cd
8. dx( )— dx u® dx (), u#0
v—(u)—u—(v)
i(z)b dx dx = !
9. Ir = " ,0#0 10. dx(x ) = mx

d o, d
11. P u™)y=mu™ E(u)

(See Problems 1 to 13.)

INVERSE FUNCTIONS. Two functions f and g such that g( f(x)) = x and f( g(y)) = y are said to be
inverse functions. Inverse functions reverse the effect of each other.

EXAMPLE 1: (a) The inverse of f(x) = x + 1 is the function g(y)=y — 1.
(b) The inverse of f(x) = —x is the same function.
(c) The inverse of f(x)= Vv is the function g( y) = y* (defined for y =0).

+
(d) The inverse of f(x) =2x — 1 is the function g(y) = y_21_

Not every function has an inverse function. For example, the function f(x) = x* does not
possess an inverse. Since f(1) = f(—1) =1, an inverse function g would have to satlsfy g()=1
and g(1) = —1, which is impossible. However if we restrict the function f(x) = x to the domain
x =0, then the function g( y) =+/y would be an inverse of f. The condition that a function f
must satisfy to have an inverse is that f is one-to-one; that is, for any x, and x, in the domain of

f, if x, # x,, then f(x,) # f(x,).

79
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RULES FOR DIFFERENTIATING FUNCTIONS [CHAP. 10

Notation: The inverse of f is denoted f~'. If y = f(x), we often write x = f '(y). If f is
differentiable, we write, as usual, dy/dx for the derivative f'(x), and dx/dy for the derivative
(FyW).

If a function f has an inverse and we are given a formula for f(x), then to find a formula for
the inverse f ', we solve the equation y = f(x) for x in terms of y. For example, given

f(x)=5x+2, set y=5x+2. Then, x= y—, and a formula for the inverse function is

_ _y—2 5
f=—

DIFFERENTIATION FORMULA for finding dy/dx given dx/dy:

dy 1

2 %= dx/dy

EXAMPLE 2: Find dy/dx, given x =y + 5.
First method: Solve for y = (x — 5)°. Then dy/dx =2(x - 5).

. . dx _ 1 i _ 1 fd_X — — -
Second method: Differentiate to find dy 3 y =5 75 Then, by rule 12, p =2Vy =2(x - 5).

(See Problems 14, 15, and 57 to 62.)

COMPOSITE FUNCTIONS; THE CHAIN RULE. For two functions f and g, the function given by

the formula f( g(x)) is called a composite function. If f and g are differentiable, then so is the
composite function, and its derivative may be obtained by either of two procedures. The first is
to compute an explicit formula for f( g(x)) and differentiate.

EXAMPLE 3: If f(x)=x"+3 and g(x) =2x + 1, then

y=f(g(x))=(2x+1)2~i~3=4x2+4x+4~ and %=8x+4

The derivative of a composite function may also be obtained with the following rule:

13.  The chain rule: D (f(g(x)))=f'(g(x))g'(x)

If f is called the outer function and g is called the inner function, then D ( f( g(x))) is the
product of the derivative of the outer function (evaluated at g(x)) and the derivative of the

inner function.

EXAMPLE 4: In Example 3, f'(x) = 2x and g'(x) = 2. Hence, by the chain rule,
D, (f(gx))=1"(g(x)g'(x)=2g(x)-2=4g(x) =4(2x + 1) =8x +4

ALTERNATIVE FORMULATION OF THE CHAIN RULE. Write y = f(u) and u = g(x). Then the

composite function is y = f(u) = f(g(x)), and we have:

o le. Y Ay du
The chain rule: dr = du dr

EXAMPLE 5: Let y =4’ and u = 4x” — 2x + 5. Then the composite function y = (4x* — 2x + 5)° has the
derivative
dy _dy du

T = e 3 =3 (Bx—2)=3(4x" ~2x +5)(8x ~2)
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d dy d
Notes: (1) In the second formulation of the chain rule, ;i)i dy du, the y on the left
denotes the composite function of x, whereas the y on the right denotes the orniginal function of

u (what we called the outer function before). (2) Differentiation rule 11 is a special case of the
chain rule. (See Problems 16 to 20.)

HIGHER DERIVATIVES. Let y = f(x) be a differentiable function of x, and let its derivative be
called the first derivative of the function. If the first derivative is differentiable, its derivativezt is

called the second derivative of the (original) function and is denoted by one of the symbols —5
y", or f"(x). In turn, the derivative of the second derivative is called the third derivative of the
d’
function and is denoted by one of the symbols — I y , ¥, or f"(x). And so on.
X

Note: The derivative of a given order at a point can exist only when the function and all
derivatives of lower order are differentiable at the point. (See Problems 21 to 23.)

Solved Problems

d d d
1. Prove: (a) o (c) =0, where ¢ is any constant; (b) o (x)=1; (¢) e (¢x) = ¢, where ¢ is any

constant; and (d) I (x")=nx""", when n is a positive integer.

Since 4 flx)= 1 f(x A~ f(x)

dx Ax
@ g ©= fim, T = Jim 0=0
(x +tAx)—x . Ax _
(5 dx ()= fim = = lim ;= Aim =1
i c(x+Ax)~—cx . _
© g (@ A amete
n . nin—1) ,_ n
(x+Ax) — [x +nx" ! Ax + (12) (Ax)* + - +(Ax)]—
@) e ()= Ax = Jm, Ax
- n—1 n(n—l) n—2 n—1 n—1
=Ahm0 nx" "+ T35 X Ax + -+ (Ax) = nx

2. Let u and v be differentiable functions of x. Prove: (a) 4 (u+v)— . () + % (v);

0% -u L ()
d d {u dx dx

(b) (uv)—u—(v)+v Ix (u); (c)a(z)= " ,u#0

(a) Set f(x)=u + v =u(x)+ v{x); then

flx+Ax)—flx)  u(x+Ax)+v(x+Ax)—u(x) —v(x) _ uw(x+ Ax)— u(x) N v{x + Ax) — v(x)
Ax - Ax - Ax Ax

Taking the limit as Ax— 0 ylelds f(x) dx (u+v)= Ed; u(x) + % v(x) = % (u) + ad; (v)-
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(b) Set f(x) = uv = u(x)v(x); then
flx + Ax) — f(x) _ulx + Ax)v(x + Ax) — u(x)v(x)

Ax Ax
_[ulx + Ax)u(x + Ax) — v(x)ul(x + Ax)] + [v(x)u(x + Ax) - u(x)v(x)]
- Ax
— u(x + Ax) vi{x + A:))C — v(x) + o(x) u(x + A:i — u(x)

and for Ax— 0, — f(x) = (uu) = u(x) a‘ix v(x) + v(x) % u(x) = u % (v)+v % (u).

(c) Set flx)= > Ex; then
u(x +Ax)  u(x)
fix +Ax)—f(x)  vix+Ax) wv{x) u(x+Ax)v(x)— u(x)v(x + Ax)
Ax B Ax B Ax{v(x)v(x + Ax)}

_u(x + Ax)u(x) — u(x)v(x)] — [u(x)o(x + Ax) — u(x)v(x)]

B Ax[v(x)v(x + Ax)]
v(x) u(x + A:; —u(x) (x) v(x + AAxl —v(x)

v(x)v(x + Ax)

d d d d
v(x) 5= u(x) —u(x) = v(x) v o= (w) = u 5~ (v)
and for Ax—0, — f( )= 4 (E) dx dx dx dx

dx L] - v’
3.  Differentiate y =4 + 2x — 3x” — 5x° — 8x* + 9x°.
% =0+2(1) - 3(2x) - 5(3x%) — 8(4x™) + 9(5x*) =2 — 6x — 15x2 — 32x” + 45x*
1,3 2 . _ -
4. Differentiate y = — + 5 + 5 =x '+3x *+2x~°
X X X
ﬂ__fz . -3 _ -4y __ =2 -3 _ *-4___i__~6__¥£
i +3(—2x ) +2(-3x" )= —x 6x 6x "= el R

5. Differentiate y =2x'"? + 6x'"* - 2x*2

dy (1 71/2) (1 2/3)_ (z 1/2)_ —1/2 203 _ o2 L 2 L
ir =2 3 +6 3 2 7 X =X +2x 3x "x”2+x2” 3x

. . 2 6 2 4 - - - .
6. Differentiate y = —5 + o5 — 55 — =5 =2x 2 +6x P —2x Y gyt
X x

Q_ (_1 3/2) (__1 —4/3)_ (_§ —5/2)_ (ﬁ;‘ -~7/4)
dx_2 2x +6 3x 2 2x 4 4x

1 2 3 3

Y YE] 5/2 7/4
X X X X

—3/2 —4/3 -5/2 -7/4
=—x —2x +3x + 3x = —

1 -
7. Differentiate y=€/3x2— e =(3xH)""? = (5x)" V2

_G_l)"_ _1 2y -2/3 1 A3/2 2x 5 _ 2 |
2 =300 60— (=3 )50 9) = O T 26060 Ve | 2xVes
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8. Differentiate s = (1> — 3)".

—f—if =4(* - 3)°(2¢) = 81(+* - 3)°
t
: : 3 _
9. Differentiate z = —5———= = 3(a2 —yH72
(@ =y")

@z_ 23 4o sy 2 2y-3 12y

dy 3(=2)(@" ~y%) dy (@ =y )=3(=2)a" —y°) (-2y) = @ =)
10.  Differentiate f(x) =V’ +6x +3=(x"+6x +3)""2

x+3

d
)=3(+6x+3) P = (P +6x+3) =1+ 6x+3) V2 +6) = ——e
o) =3( ) dx( )=2( ) ) Viireiis

11.  Differentiate y = (x* + 4)’(2x” — 1)".
' 2 d 3 d
y'=(x"+4) o Q2L -1+ 2x* - 1) . (x* +4)
= (Z + D32 — 1) d% 2x*— 1)+ 2x* = 1D'Q2)x* + 4) % (x* +4)

= (x> +4°(3)(2x” — 1)%(6x%) + (2x° — 1)’ (2)(x* + 4)(2x)
=2x(x" + 4)(2x* — 1)°(13x> + 36x — 2)

) ) 3-2x
12.  Differentiate y = 37 0.
G+ L 3-20-G-20 %L 342
L B0 G- 6720) 5 ( x)=(3+2x)(—2)—(3—"2x)(2): ~12
y (G + 2x) G+ 2x)° (3 + 2x)°
2 x2

X
13. Differentiat = = .
TNV T @)

_21/2i1_2_2i __2y1s2
Y I o S Ve Tt € i S e
dx 4-x° B 4—x°
(@ =-x)"P2) @ =X - C2x(4-x)+x° _ 8&x—x
- 4___x2 (4_x2)1/2 (4~_xz)3/2 (4_x2)3/2

4.  Find dy/dx, given x = y\/1— y°,

1-2y° dy 1 V1-y?

1_21/2+l 1_2—1/2_2 — —_ .
(1-y9) 2y(1=y") 5 (=2y) =, 0 & T ddy T 1-2)

dx _
dy—

Find the slope of the curve x = y* — 4y at the points where it crosses the y axis.

. . dx dy 1 1
The points of crossing are (0, 0) and (0, 4). We have dy 2y — 4 and so yri didy 2y —4

(0,0) the slope is — %, and at (0, 4) the slope is ;.

15.
. At
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THE CHAIN RULE

16.

17.

18.

19.

20.

21.

dy _ dy du
“dx  du dx’
Let Au and Ay be, respectively, the increments given to y and « when x is given an increment Ax.

A Ay A d
Now, provided Au #0, Ay Ay Au’ and, provided Au#0 as Ax—0, o Zy flj:
The restriction on Au can usually be met by taking |Ax| sufficiently small. When this is not possible,

the chain rule may be established as follows:

Set Ay = % Au + € Au, where e —>0 as Ax— 0. (See Problem 13 of Chapter 9.) Then

Derive the alternative chain rule

as required.

Ay d,’yAu+ Au
Ax  du Ax ' € Ax

dy _dy du du _dy du
and, taking the limits as Ax— 0 yields di " du dx + dr - dude S before.

2

-1
Find dy/dx, given y = u2 1 and u =V + 2.
u

&y _ 4 g A2
du” @+17 0 dx 342”3
fdl dy du _ 4u 2x 8x

Then dc dudx (1) 30 du@@ + 1)

A point moves along the curve y = x° — 3x + 5 so that x = V7 + 3, where ¢ is time. At what
rate is y changing when ¢ = 4?

We are to find the value of dy/dt when t =4. We have

a2 de _ 1 ﬂlX dydx 3(x? 3" -1
L =3 -D o and = G & A avE
When r=4, x = V4+3=4, and —- m = — umts per unit of time.

dt 4(2) 8

A point moves in the plane according to the equations x = t* + 2¢t and y = 2¢* — 6¢. Find dy/dx
when =0, 2, and 5.

Since the first relation may be solved for ¢ and this result substituted for ¢ in the second relation, y is

. dy _ 2 _ ax L aoar
clearly a function of x. We have P 6t" — 6 and i 2t + 2, from which pial yene Then
dy _dydt . L 34—
i drodx 0 T Dy =D
The required values of dy/dx are —3 at t=0, 3 at =2, and 12 at r= 5.
If y=x"—4x and x = V2¢ + 1, find dy/ds when = V2.
dy _ B dx _ 2t dy _dy dx _ 4dx—2)
& ~Hx~2) and dt  (2r + 1)”2 50 dt  dx dt (207 + 1)!?

dy 4V2(V5— 2) _
dt Vs

When t=V2, x =V5 and — 5 (5 2V5).

Show that the function f(x) = x’ + 3x* — 8x + 2 has derivatives of all orders at x = a.
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f'(x)=3x>+6x-8 and f'(a)=3a>+6a—-8
ffx)=6x+6 and f(a)=6a+6
f'(x)=6 and  f"(a)=6

All derivatives of higher order exist and are identically zero.

22. Investigate the successive derivatives of f(x) = x*'? at x=0.
f'(x)= % x'"? and =0

(/] 4
J'(x)= e

Thus the first derivative, but no derivative of higher order, exists at x =0.

and f"(0) does not exist

23.  Given f(x) = T%“}’ =2(1—-x)7}, find f®(x).

fe=2-D1 -7 (- =201 -x)"=2(1)(1 - x)~
ey =221 -0 - =22")1 - %"
") =22)(-3)1 -0 (-1 =23H01 - x)*

which suggest £ (x) = 2(n!)(1 — x)~“*". This result may be established by mathematical induction by
showing that if f®(x) =2(k)(1-x)"**", then

FEP@) = =26k + 1) - x) " **P(-1) = 2[(k + 1)](1 - x) P

Supplementary Problems

24.  Establish formula 10 for m = —1/n, n a positive integer, by using formula 9 to compute % (;1;) (For
the case m = p/q, p and q integers, see Problem 4 of Chapter 11.)

In Problems 25 to 43, find the derivative.

25, y=x"+5x"—10x"+6 Ans. dyldx =5x(x’ +4x* — 4)
| 3
_a,1/2 _ 32 -1/2 - 3 _ 3/2

26. y=3x xT+2x Ans. dyldx NG Vx-—-1/x

1 4 1 _ _ d 1 2
27. y=§;—2+——ﬁ=§x2+4x 172 Ans. Exzz—?_xyz
8. y=V2x+2Vi Ans. y' =(1+V2)V2x

2 6 , t'% + 2177
9. f(n= Vi +% Ans.  f'(t)y=-— —F
0. y=(1-5x° Ans.  y'=-30(1-5x)°
3. f=0Cx-x+1)° Ans. f'(x)=12(1-x)B3x—-x>+1)’
2. y=0@+4x—xH)"? Ans. y'=2-x)/y
3r+2 dé 5

Boo0=3 Ans T @3y
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x Y’ 5x*
4. y=(1+x) Ans. T T
8 - 5x)
. = 2 2_ . ":E(—_._
35 y=2xV x Ans. y Y R
36 f(x)=xV3-2x Ans f’(x)—3_—4x2
. ' V3-2x®
dy 2x"—4x+3
37. =(x—1)Vx’-2x+2 Ans. == S
y = ) dx Vx> —2x+2
w dz 1
T Vi AT G T =)
1
=V Ans. y =
39. y 1+vx I N e
x—1 1
40. x)= Ans. "(x) = =
=N ey e
4. y=(x"+3)'(2x’ -5y Ans.  y'=2x(x* +3)°(2x’ — 5)°(17x" + 27x — 20)
F+2 ds 10¢
®oosTs Ans. = G-ry
=1 )4 36x*(x’ - 1)°
. = 55— Ans. y' = ————
3 y (2x3+1 " 2 +1y

4, For each of the following, compute dy/dx by two different methods and check that the results are the
same: (a) x = (1+2y)', (b) x=1/(2+ y).

In Problems 45 to 48, use the chain drule to find dy/dx.

u—1 _ dy _ 1
45. y—u+1,u—\/'f Ans. dx_\/E(1+\/})2
46. y=u +4 u=x"+2x Ans.  dyldx=6x*(x +2)’(x + 1)
47. y=V1+u u=vx Ans. See Problem 39.
. dy dy du dv )
= = —_— = 2 e = L — —
48. y=vVu,u=v(3-2v),v=x (Hmt. T dudo dx Ans. See Problem 36.

In Problems 49 to 52, find the indicated derivative.

49. y=3x"-2+x—5; y" Ans. y"=T2x
50. y=1/vx; y™ Ans. y" = 103,2
16x
51. f(x)=V2-3x% f(x) Ans.  f'(x)=-6/(2—-3x")"
52 =x/Vx—1,y" Ans L et S
. y 4 . Hx—1)"2

In Problems 53 and 54, find the nth derivative.
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—1)"[(n + 1)!
53. y=1/x’ Ans. y"= ( )572 DY
3%(n!)
- My = (—1y > )
54. fx)=1/3x +2) Ans. f(x)=(-1) Gr+2)
5s. If y=f(u) and u = g(x), show that
@ b du dJ,(fLH) by L2 b Lu  dy du du
Vi T du ar T dl \dx dx®  du dx® du’ dx* dx
dc _ 1 dx __ y" dx 3P -y
56. From — = —, derive — = nd ———-—.
dy y' A (y'y

87

d’y (du)
+du dx

In Problems 57 to 62 determine whether the given function f has an inverse; if it does, find a formula

for the inverse f '

37.
58.
59.

60.

61.

62.

fix)=1/x
fx)=3x+4
f)=Va=3

fx) = x> +2

flx) =x*

fx) = 2;r+2

and calculate its derivative.

Ans. x=f"Yy)=1y;dxidy=—x"=—1/y’
Ans. x=f"'(y)=3y—12; dx/dy =3
Ans. x=f"'(y)=y*+5;dx/dy=2y=2Vx—5

Ans. no inverse function

PR VIR SR SR ST 72
ams. x=fT)=VP G =52=37
2y +1 dx 5

Ans. x=f"(y)=—

y—2'dy (y-2y



Chapter 11

Implicit Differentiation

IMPLICIT FUNCTIONS. An equation f(x, y)=0, on perhaps certain restricted ranges of the
variables, is said to define y implicitly as a function of x.

1—x

EXAMPLE 1: (a) The equation xy + x —2y — 1=0, with x # 2, defines the function y = —

. .
(b) The equation 4x> +9y° — 36 =0 defines the function y = 3V 9 — x* when |x| =3 and y =0, and the
function y = — V' 9 — x> when |x| =3 and y = 0. The ellipse determined by the given equation should be
thought of as consisting of two arcs joined at the points (—3, 0) and (3, 0).

The derivative y’ may be obtained by one of the following procedures:

1. Solve, when possible, for y and differentiate with respect to x. Except for very simple
equations, this procedure is to be avoided.

2. Thinking of y as a function of x, differentiate both sides of the given equation with
respect to x and solve the resulting relation for y’. This differentiation process is known
as implicit differentiation.

EXAMPLE 2: (a) Find y’, given xy + x —2y —1=0.

d d d d d
Wehﬂvexd—x()’)ﬂa(x)+1£;(x)“za(Y)—Z,;(l)—a(ﬂ)
orxy’+y+1—2y’=0;theny’=2_i.
(b) Find y’ when x = V5, given 4x” + 9y — 36 =0,
i 2 i 2N _d_ 2 fil_ [ —
We have4dx (x)+9dx (y)-8x+9dy (y)dx—8x+18yy =0

or y'=—4x/9y. When x=V5, y=+4/3. At the point (V5,4/3) on the upper arc of the ellipse,
y'=—V5/3, and at the point (V'S, —4/3) on the lower arc, y' = V5/3.

DERIVATIVES OF HIGHER ORDER may be obtained in two ways. The first is to differentiate
implicitly the derivative of one lower order and replace y’ by the relation previously found.

EXAMPLE 3: From Example 2(a), y' = %;% Then

_ H_Y)
i( "y = ,,=£(1+y)=(2—x)y’+1+y=(2 x)(2—x +l+y- 2+ 2y
dx VTV T \2—x 2—x) (2 -x)’ T 2-x)

The second method is to differentiate implicitly both sides of the given equation as many
times as is necessary to produce the required derivative and eliminate all derivatives of lower
order. This procedure is recommended only when a derivative of higher order at a given point
is required.

EXAMPLE 4: Find the value of y” at the point (—1, 1) of the curve x°y + 3y —4 =0.
We differentiate implicitly with respect to x twice, obtaining
X’y +2xy+3y’=0 and  x’y"+2xy’+2xy" +2y +3y"=0

We substitute x = —1, y =1 in the first relation to obtain y’ = ;. Then we substitute x=—1,y=1,y' =1
in the second relation to get y"=0.
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Solved Problems

1. Find y', given x’y — xy”> + x* + y> =0.
d . d . d ,  d 5
2 G- )+ )+ () =0
2i _'d"_ 2y _d'_ 2y Zi i 2 .g_ 2y =
WMty ) mx 2 (V) my )+ = () + 5 (p7) =0

2 _— J—
Hence Xy +2xy = 2xyy' —y 420 +2yy'=0 and y' =L XD 2x — By
x +2y—2xy

2. Find y’ and y”, given x* — xy + y? =3,

2x -y
x -2y

d d d
E(xz)——(xy)+—(y2)=2x—xy’~y+2yy’=0- So y'=

CEENGNGED e ) e pasa)

Then y"=

(x —2y)* (x —2y)°
2x —y
=3xy'—3y=3x(x—2y)_3y 6(x’ —xy+y) 18
(x —2y)° (x —2y)’ (x=-2y) (x—2)

3. Find y’ and y”, given x’y + xy° =2 and x = 1.

We have
X’y 435y + 3xy’y' + ¥ =0
and xX°y"+3x%y" + 3x%y’ + 6xy + 3xy’y" + 6xy(y' )’ +3y*y’ +3y’y' =0
When x =1, y=1; substituting these values in the first derived relation yields y’ = —1. Then
substituting x =1, y =1, y' = —1 in the second relation yields y” = 0.

Supplementary Problems

4. Establish formula 10 of Chapter 10 for m = p/q, p and g integers, by writing y = x?’? as y? = x” and
differentiating with respect to x.

5. Find y”, given (@) x +xy +y=2; (b) x* —3xy + y’ = 1.

2(1+ (b) y' 4xy

(1+ )2 ’ (=)

6. Find y’, y", and y” at (@) the point (2, 1) on x* — y> — x = 1; (b) the point (1, 1) on x* + 3x’y — 6xy* +
2y*=0."  Ans. (a)3/2, —5/4, 45/8; (b) 1, 0, 0

Ans. (@) y'=

7. Find the slope at the point (x,, y,) of (@) b°x*+ a’y* = a’b*; (b) b’x* —a’y*=a’h*; (¢) x* +y* —

6x’y = 0. ,
b2 b*x 4x,y, ~ X
Ans. (@) ——"; (b)) ==; (<) 3_02 T
Yo a’y,’ Yo T 4%,
8. Prove that the lines tangent to the curves 5y —2x+y’ —x’y =0 and 2y + 5x + x* — x*y* =0 at the

origin intersect at right angles.
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(a) The total surface area of a rectangular parallelepiped of square base y on a side and height x is given
by $ =2y’ +4xy. If S is constant, find dy/dx without solving for y.
(b) The total surface area of a right circular cylinder of radius r and height h is given by
S=27r>+2nrh. If S is constant, find dr/dh.
r

Yy . -
x+y’(b) 2r+h

Ans. (a) —

yll B 1

Given S = wx(x +2y) and V= wx’y, show that dS/dx =2m(x — y) when V is a constant and dV/dx =
—ax(x —y) when § is a constant.

P

For the circle x* + y*> = r®, show that



Chapter 12

Tangents and Normals

IF THE FUNCTION f(x) has a finite derivative f'(x,) at x = x,,, the curve y = f(x) has a tangent at
Py(x,, y,) whose slope is
m=tan 0 = f'(x,)

If m =0, the curve has a horizontal tangent of equation y =y, at P,, as at A, C, and E of Fig.
2-1. Otherwise the equation of the tangent is

Y= yo=ml(x — x,)

If f(x) is continuous at x =x, but lim f'(x) =0, the curve has a vertical tangent of
)

X~ X

equation x = x,, as at B and D of Fig. 12-1.

¥

Fig. 12-1

The normal to a curve at one of its points is the line that passes through the point and is
perpendicular to the tangent at the point. The equation of the normal at P,(x,, y,) is

x = x, if the tangent is horizontal
y =y, if the tangent is vertical

Y= yy=- —r—n_ (x — x,) otherwise
(See Problems 1 to 8.)

THE ANGLE OF INTERSECTION of two curves is defined as the angle between the tangents to the
curve at their point of intersection.

To determine the angles of intersection of two curves:

1. Solve the equations stmultaneously to find the points of intersection.
2. Find the slopes m, and m, of the tangents to the two curves at each point of

intersection.
3. If m, =m,, the angle of intersection is ¢ =0° and if m, = —1/m,, the angle of
intersection is ¢ = 90°; otherwise it can be found from
m
tan p = ——=
1+ mm,

¢ 1s the acute angle of intersection when tan ¢ >0, and 180° — ¢ is the acute angle of
intersection when tan ¢ <0.

(See Problems 9 to 11.)
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Solved Problems

Find the points of tangency of horizontal and vertical tangents to the curve x> — xy + y* = 27.
y —2x
2y —x’

For horizontal tangents: Set the numerator of y’ equal to zero and obtain y =2x. The points of
tangency are the points of intersection of the line y =2x and the given curve. Simultaneously solve the
two equations to find that these points are (3,6) and (—3, —6).

For vertical tangents: Set the denominator of y’' equal to zero and obtain x =2y. The points of
tangency are the points of intersection of the line x =2y and the given curve. Simultaneously solve the
two equations to find that these points are (6,3) and (-6, —3).

Differentiating yields y' =

Find the equations of the tangent and normal to y = x* — 2x + 4 at (2, 4).

f'(x) = 3x® — 4x; hence the slope of the tangent at (2,4) is m = f'(2) = 4.
The equation of the tangent is y —4=4(x —2) or y =4x — 4.
The equation of the normal is y —4=—}(x —2) or x + 4y = 18.

Find the equations of the tangent and normal to x* +3xy + y* =5 at (1, 1).

dy  2x+3y
dx ~ 3x+2y’
The equation of the tangentis y —1=—1(x —1) or x + y=2.
The equation of the normalis y —1=1(x —1) or x —y =0.

hence the slope of the tangent at (1,1) is m= —1.

Find the equations of the tangents with slope m = — 2 to the ellipse 4x° + 9y” = 40.

Let P,(x,, y,) be the point of tangency of a required tangent. P, is on the ellipse, so

4x5 + 9y, =40 (1)
dy  4x o Ax, 2 _ )
Also, - oy Hence, at (x,, y,), m= Sy, "9 So y, =2x,. The points of tangency are the

0
simultaneous solutions (1,2) and (—1, —2) of (1) and the equation y, = 2x,,.
The equation of the tangent at (1,2) is y —2=—3(x — 1) or 2x + 9y =20.
The equation of the tangent at (—1, —2) is y +2=—3(x + 1) or 2x + 9y = —20.

Find the equation of the tangent, through the point (2, —2), to the hyperbola x* — y* =16,

Let P,(x,, y,) be the point of tangency of the required tangent. P, is on the hyperbola, so

xi—yl=16 (1)
dy x Xo Yot2 .
Also, —— = -. Hence, at (x,, y,), m= — = ——— = slope of the line joining P, and (2, —2);.then
dx vy Yo Xo—2
22+ 29, =x5—yo =16 or  x,+y,=8 (2)

The point of tangency is the simultaneous solution (5, 3) of (1) and (2). Thus the equation of the
tangent is y —3 = 3(x —5) or 5x — 3y = 16.

Find the equations of the vertical lines that meet the curves (1) y = x* + 2x* —4x + 5 and (2)
3y =2x> +9x” —3x — 3 in points at which the tangents to the respective curves are parallel.

Let x = x, be such a vertical line. The tangents to the curves at x, have the slopes

For (1): y'=3x*+4x—4;at x=x,, m, =3x, +4x, — 4
For (2): 3y’ =6x*+18x—3;at x =x,, m, =2x,+6x,—1
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9.

Since m, = m,, we have 3x; -+ 4x, —4 =2x. + 6x,— 1, from which x,= —1 and x, =3. The lines are
x=-—1and x =3.

() Show that the equation of the tangent of slope m#0 to the parabola y> =4px is
y=mx+p/m.

(b) Show that the equation of the tangent to the ellipse b’x® + a’y® = a’h® at the point
P,(x,, v,) on the ellipse is b’x,x + a’y,y = a’b’.

(@) y' =2ply. Let P,(x,,v,) be the point of tangency; then y;=4px, and m=2p/y,. Hence,
yo=2p/m and x, = 1 yi/p = p/m> The equation of the tangent is then y —2p/m = m(x — p/m®) or
y=mx+p/m.

bx bzx(, . . bz)c0

(b) y'=———. At P,, m=———, and the equation of the tangent is y —y,=——— (x —x,) or

ay LAY ay,

b’x,x +a’y,y = b’x, + a’y, = a’b’.

Show that at a point P,(x,, y,) on the hyperbola b’x* — a’y* = a’b’ the tangent bisects the
angle included by the focal radii of P,.

At P, the slope of the tangent to the hyperbola is b°x,/a’y, and the slopes of the focal radii P F’
and P F (see Fig. 12-2) are y,/(x, + ¢) and y,/(x, — c), respectively. Now

b‘-x() . y()
_ay, X tc  (bx,- a’yy) + blex,  a’h’+bcx,  b(a’+ex,)) b
tan « = b2 P 3 =3 3 = 3 =
1 + xO yt) (a + )x[)y() + a CyO c x()y() + a Cy() Cy()(a + CxO) cyO

2
ay, x,tc

. 2.2 2.2 2.2 2 2 2
since b°x, —ay,=ab"and a” + b" =", and

Yo b’x,
tan B = Xy~ € Q2YO _ bzcx“_(bzxtzl_azy(z)) - bz(l‘xn“az'b'2 _ 17_2_
T Fn v @ P)ny,ae, | - ao, o

2
ay, Xy~ C
Hence, @ = 8 because tan o = tan 3.

Y
Po(wo, Yo)

B x
(—c, 0)F 0 / F(e, 0)

/|

Fig. 12-2

Find the acute angles of intersection of the curves (1) y*>=4x and (2) 2x° = 12 — 5y.

The points of intersection of the curves are P,(1,2) and P,(4, —4).
For (1), y'=2/y; for (2), y' = —4x/5. Hence,
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10.

11.

12.

13.

14.

15.
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- _ _ s =ml—m2:1+4/5
At P“' m, 1 and m, 5> 80 tanq& 1+m1m2 1-4/5

intersection.
—-1/2+16/5
1+8/5

=9 and ¢ =83°40’ is the acute angle of

At P,:m,=—3and m,=—-"8 sotan¢ =

intersection.

=1.0385 and ¢ =46°5' is the acute angle of

Find the acute angies of intersection of the curves (1) 2x* + y* =20 and (2) 4y° — x* = 8.

The points of intersection are (£2V2,2) and (£2V2, —2).

For (1), y' = -2x/y; for (2), y' = x/4y.

At the point (2V2,2), m, = —2V2 and m, = V2. Since m m, = — 1, the angle of intersection is
¢ =90° (i.e., the curves are orthogonal). By symmetry, the curves are orthogonal at each of their points
of intersection.

A cable of a certain suspension bridge is attached to supporting pillars 250 ft apart. If it hangs
in the form of a parabola with the lowest point 50 ft below the point of suspension, find the
angle between the cable and the pillar.

Take the origin at the vertex of the parabola, as in Fig. 12-3. The equation of the parabola is
y = gsx°, and y' = 4x/625.

At (125,50), m =4(125)/625 = 0.8000 and 6 = 38°40’. Hence, the required angle is ¢ =90°— 0 =
51°20",

Supplementary Problems

Examine x* + 4xy + 16y =27 for horizontal and vertical tangents.

Ans. horizontal tangents at (3, —3/2) and (—3, 3/2); vertical tangents at (6, —3/4) and (—6, 3/4)

Find the equations of the tangent and normal to x* — y*> =7 at the point (4, —3).

Ans. 4x+3y=7,3x—-4y=24

At what points on the curve y=x"+5 is its tangent (a) parallel to the line 12x —y=17;
(b) perpendicular to the line x + 3y =27 Ans. (a) (2,13), (=2, -3); (b) (1,6), (-1,4)

Find the equations of the tangents to 9x° + 16y° = 52 that are parallel to the line 9x — 8y = 1.

Ans. 9x -8y = =26
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16.

17.

18.

19.

20.

21.

22.

25.

26.

27.

29,

Find the equations of the tangents to the hyperbola xy = 1 through the point (-1, 1).
Ans. y=(0V2Z-3)x+2V2-2,y=—2VZ+3)x-2V2 -2

For the parabola y® =4px, show that the equation of the tangent at one of its points P(x,, y,) is
Yo =2p(x + x,).
For the ellipse b°x”+ a’y’=a’h?, show that the equations of its tangents of slope m are

y=mx*Va'm’+ b>

For the hyperbola b’x® —a’y’ =a’b’, show that (a) the equation of the tangent at one of its
points P(x,, y,) is b’x,x —a’y,y =a’h® and (b) the equations of its tangents of slope m are

y=mx £\ aim? = 7

Show that the normal to a parabola at any of its points P, bisects the angle included by the focal radius
of P, and the line through P, parallel to the axis of the parabola.

Prove: Any tangent to a parabola, except at the vertex, intersects the directrix and the latus rectum
(produced if necessary) in points equidistant from the focus.

Prove: The chord joining the points of contact of the tangents to a parabola through any point on its
directrix passes through the focus.

Prove: The normal to an ellipse at any of its points P, bisects the angle included by the focal radii of P,.

Prove: The point of contact of a tangent of a hyperbola is the midpoint of the segment of the tangent
included between the asymptotes.

Prove: (a) The sum of the intercepts on the coordinate axes of any tangent to VX +\y=Vva is a

constant. (b) The sum of the squares of the intercepts on the coordinate axes of any tangent to

x*? + y** = ¢** is a constant.

Find the acute angles of intersection of the circles x> ~4x + y>=0 and x> + y*=8.  Ans. 45°

Show that the curves y = x*> + 2 and y = 2x* + 2 have a common tangent at the point (0, 2) and intersect
at an angle ¢ = Arctan 5 at the point (2, 10).

Show that the ellipse 4x” + 9y = 45 and the hyperbola x* — 4y” =5 are orthogonal.

Find the equations of the tangent and normal to the parabola y = 4x? at the point (—1, 4).
Ans. y+8x+4=0;8y-~x-33=0

At what points on the curve y =2x> + 13x* + 5x + 9 does its tangent pass through the origin?
Ans. x=-3, -1, 3/4



Chapter 13

Maximum and Minimum Values

INCREASING AND DECREASING FUNCTIONS. A function f(x) is said to be increasing on an
open interval if u < v implies f(u) < f(v) for all « and v in the interval. A function f(x) is said to
be increasing at x = x, if f(x) is increasing on an open interval containing x,. Similarly, f(x) is
decreasing on an open interval if u <uv implies f(u) > f(v) for all u and v in the interval, and
f(x) is decreasing at x = x, if f(x) is decreasing on an open interval containing x,.

If f'(xy) >0, then it can be shown that f(x) is an increasing function at x = x,; similarly, if
f'(x,) <0, then f(x) is a decreasing function at x = x,. (For a proof, see Problem 17.) If
f'(xy) =0, then f(x) is said to be stationary at x = x,,.

R
I
|
|
|
I
I
|
|
I
1

T

o | —————f

Fig. 13-1

In Fig. 13-1, the curve y = f(x) is rising (the function is increasing) on the intervals
a<x<randt<x<u;the curve is falling (the function is decreasing) on the interval r < x <t.
The function is stationary at x =r, x =s, and x = ¢; the curve has a horizontal tangent at the
points R, §, and T. The values of x (that is, r, s, and ¢), for which the function f(x) is stationary
(that is, for f'(x) = 0) are frequently called critical values (or critical numbers) for the function,
and the corresponding points (R, S, and T) of the graph are called critical points of the curve.

RELATIVE MAXIMUM AND MINIMUM VALUES OF A FUNCTION. A function f(x) is said to
have a relative maximum at x = x, if f(x,) = f(x) for all x in some open interval containing x,,
that is, if the value of f(x,) is greater than or equal to the values of f(x) at all nearby points. A
function f(x) is said to have a relative minimum at x = x if f(x,) = f(x) for all x in some open
interval containing x,,, that is, if the value of f(x,) is less than or equal to the values of f(x) at
all nearby points. (See Problem 1.)

In Fig. 13-1, R(r, f(r)) is a relative maximum point of the curve since f(r) > f(x) on any
sufficiently small neighborhood 0 < |x — r| < 8. We say that y = f(x) has a relative maximum
value (=f(r)) when x = r. In the same figure, 7(¢, f(¢)) is a relative minimum point of the curve
since f(f) < f(x) on any sufficiently small neighborhood 0 < |x — ¢| < 8. We say that y = f(x) has
a relative minimum value (=f(¢t)) when x =t. Note that R joins an arc AR which is rising
(f'(x) >0) and an arc RB which is falling { f'(x) <0), while T joins an arc CT which is falling
(f'(x) <0) and an arc TU which is rising ( f'(x) >0). At S two arcs BS and SC, both of which
are falling, are joined; S is neither a relative maximum point nor a relative minimum point of
the curve.

If f(x) is differentiable on a2 = x < b and if f(x) has a relative maximum (minimum) value at
x = x,, where a <x,<b, then f'(x,) =0. For a proof, see Problem 18,

96



CHAP. 13] MAXIMUM AND MINIMUM VALUES 97

FIRST-DERIVATIVE TEST. The following steps can be used to find the relative maximum (or
minimum) values (hereafter called simply maximum [or minimum] values) of a function f(x)
that, together with its first derivative, is continuous.

1. Solve f'(x) =0 for the critical values.

2. Locate the critical values on the x axis, thereby establishing a number of intervals.
3. Determine the sign of f'(x) on each interval.

4. Let x increase through each critical value x = x; then:

f(x) has a maximum value f(x,) if f'(x) changes from + to — (Fig. 13-2(a)}).
f(x) has a minimum value f(x,) if f'(x) changes from — to + (Fig. 13-2(b)).

f(x) has neither a maximum nor a minimum value at x = x,, if f'(x) does not
change sign (Fig. 13-2(c) and (d)).

(See Problems 2 to 5.)

A function f(x), necessarily less simple than those of Problems 2 to 5, may have a
maximum or minimum value f(x,) although f’'(x,) does not exist. The values x = x, for which
f(x) is defined but f'(x) does not exist will also be called critical values for the function. They,
together with the values for which f'(x) =0, are to be used as the critical values in the
first-derivative test. (See Problems 6 to 8.)

CONCAVITY. An arc of a curve y = f(x) is called concave upward if, at each of its points, the arc
lies above the tangent at that point. As x increases, f'(x) either is of the same sign and
increasing (as on the interval b <x <s of Fig. 13-1) or changes sign from negative to positive
(as on the interval ¢ < x < u). In either case, the slope f'(x) is increasing and f"(x) > 0.

An arc of a curve y = f(x) is called concave downward if, at each of its points, the arc lies
below the tangent at that point. As x increases, f'(x) either is of the same sign and decreasing
(as on the interval s <x < c¢) or changes sign from positive to negative (as on the interval
a<x <b). In either case, the slope f'(x) is decreasing and f"(x) <0.

A POINT OF INFLECTION is a point at which a curve changes from concave upward to concave
downward, or vice versa. In Fig. 13-1, the points of inflection are B, §, and C.
A curve y = f(x) has one of its points x = x, as an inflection point if f"(x,) =0 or is not
defined and f"(x) changes sign as x increases through x = x,. The latter condition may be
replaced by f"(x,) #0 when f"(x,) exists. (See Problems 9 to 13.)

SECOND-DERIVATIVE TEST. There is a second, and possibly more useful, test for maxima and
minima:

1. Solve f'(x,) =0 for the critical values.
2. For a critical value x = x:

f(x) has a maximum value f(x,) if f"(x,) <0 (Fig. 13-2(a)).
f(x) has a minimum value f(x,) if f"(x,) >0 (Fig. 13-2(b)).
The test fails if f"(x,) =0 or becomes infinite (Fig. 13-2(c) and (d)).

In this case, the first-derivative test must be used.

(See Problems 14 to 16.)
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L |
(@) ()
1 ]
{0 d)
Fig. 13-2

Solved Problems

Locate the maximum or minimum values of (a) y = —x%; (b) y = (x — 3)*; (¢) y = V25 — 4x°;
and (d) y=Vx—4.

(a) y=—x7 has a relative maximum value (=0) when x =0, since y =0 when x =0 and y <0 when
x#0.

(b) y = (x —3)* has a relative minimum value (=0) when x = 3, since y = 0 when x = 3 and y >0 when
x#3.

(¢) y=V25—4x’ has a relative maximum value (=5) when x = 0, since y=5 when x =0 and y <5
when —1<x <1,

(d) y=Vx —4 has neither a relative maximum nor a relative minimum value. (Some authors define
relative maximum (minimum) values so that this function has a relative minimum at x =4. See
Problem 30.)

Given y = ix" + 3x* —6x + 8, find (a) the critical points; (b) the intervals on which y is

increasing and decreasing; and (c¢) the maximum and minimum values of y.

(@) y'=x*+x—6=(x+3)(x —2). Setting y' =0 gives the critical values x = ~3 and 2. The critical
points are (=3, %) and (2, 3).
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(b) When y’ is positive, y increases; when y’ is negative, y decreases.

When x < -3, say x = —4, y'=(-)(—)=+, and y is increasing.
When -3 <x <2, say x =0, y' =(+)}-)=—, and y is decreasing.
When x>2, say x =3, y'=(+)(+)=+, and y is increasing.
These results are illustrated by the following diagram (see Fig. 13-3):
x<-3 x=-3 -3<x<2 x=72 x>2
y: =+ yr - yl =+
y increases y decreases y increases

0 (2,2/3)
x

Fig. 13-3
(c) We test the critical values x = —3 and 2 for maxima and minima:
As x increases through —3, vy’ changes sign from + to —; hence at x = -3, y has a maximum
value % .
As x increases through 2, y’ changes sign from — to +; hence at x =2, y has a minimum
value 2.
3. Given y = x* + 2x" — 3x” — 4x + 4, find (a) the intervals on which y is increasing and decreas-

ing, and (b) the maximum and minimum values of y.

We have y' =4x" +6x> —6x —4 =2(x +2)(2x + 1)(x — 1). Setting y' =0 gives the critical values
x=-2, -1, and 1. (See Fig. 13-4.)

(—1/2,81/16), ¥

0 x
Fig. 13-4
(a) When x < -2, y' =2(=)—)(-) =—, and y is decreasing.
When -2<x< -3, y' =2(+)(-)(-) =+, and y is increasing.
When —; <x <1, y' =2(+)(+)}(-) = —, and y is decreasing.

When x > 1, y' =2(+)(+)+) =+, and y is increasing.
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These results are illustrated by the following diagram (see Fig. 13-4):

x< =2 x==2 —2<x<—1 x=-3 —3<x<1 x=1 x>1
y':— y’:—{— y':— y’:+
y decreases y increases y decreases y increases

(b) We test the critical values x = -2, — %, and 1 for maxima and minima:
As x increases through —2, y’ changes from — to +; hence at x = —2, y has a minimum value 0.
As x increases through — 1, y’ changes from + to —; hence at x = — { y has a maximum value
81/16.
As x increases through 1, y’ changes from — to +; hence at x =1, y has a minimum value 0.

3 . ..
Show that the curve y = x” — 8 has no maximum or minimum value.

Setting y’ = 3x” =0 gives the critical value x =0. But y’ >0 when x <0 and when x >0. Hence y
has no maximum or minimum value.
The curve has a point of inflection at x = 0.

Examine y = f(x) = for maxima and minima, and locate the intervals on which the

x—2
function is increasing and decreasing.

, 1
X)=————=
1s no critical value. However, x =2 may be employed to locate intervals on which f(x) is increasing and

decreasing.
f'(x) <0 for all x #2. Hence f(x) is decreasing on the intervals x <2 and x >2. (See Fig. 13-5.)

. Since f(2) is not defined (that is, f(x) becomes infinite as x approaches 2), there

u |
i Y
|
|
|

of s \/
— ! x

: 0,2}
| x
| 0
|

Fig. 13-5 Fig. 13-6

/

Locate the maximum and minimum values of f(x) =2+ x*”* and the intervals on which the

function is increasing and decreasing.

P = s

When x <0, f'(x) = —, and f(x) is decreasing. When x>0, f'(x) = +, and f(x) is increasing.
Hence, at x =0 the function has the minimum value 2. (See Fig. 13-6.)

The critical value is x =0, since f'(x) becomes infinite as x approaches 0.

Examine y = x*"*(1 — x)'"* for maximum and minimum values.
x'"*(4 - 5x)
3(1 - x)2/3
When x <0, y'<0. When 0<x <%, y'>0. When { <x <1, y’'<0. When x>1, y' <0.

The function has a minimum value (=0) when x =0 and a maximum value (= %\3/2_0) when x = §.

Here y' = and the critical values are x =0, 2, and 1.
y

Examine y = |x| for maximum and minimum values.



CHAP. 13] MAXIMUM AND MINIMUM VALUES 101

10.

11.

The function is everywhere defined and has a derivative for all x except x =0. (See Problem 11 of
Chapter 9.) Thus, x = 0 is a critical value. For x <0, f'(x) = —1; for x>0, f'(x) = +1. The function has
a minimum (=0) when x = 0. This result is immediate from a figure.

Examine y =3x" — 10x* — 12x% + 12x — 7 for concavity and points of inflection.

We have
y' =12x> —30x° — 24x + 12
y" =36x> — 60x — 24 =12(3x + 1)(x — 2)
Set y" =0 and solve to obtain the possible points of inflection x = — 3 and 2. Then:
When x < — 1, y" =+, and the arc is concave upward.
When —§ <x <2, y" = —, and the arc is concave downward.
When x > 2, y" =+, and the arc is concave upward.
The points of inflection are (— %, — %) and (2, —63), since y” changes sign at x = — }and x =2 (see Fig.
13-7).
v
/ %

(—1/3, —322/27T)

Fig. 13-7

Examine y = x* — 6x + 2 for concavity and points of inflection. (See Fig. 13-8.)

We have y” = 12x°. The possible point of inflection is at x = 0.
On the intervals x <0 and x>0, y” = +, and the arcs on both sides of x =0 are concave upward.
The point (0, 2) is not a point of inflection.

') '}
/ .
©,2) )
0 x
(—2,—6)
Fig. 13-8 Fig. 13-9

Examine y = 3x + (x +2)*'° for concavity and points of inflection. (See Fig. 13-9.)
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15.

16.

17.
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3 -6
H =34+ —— M —
ere Y S3 Sarys M Y marye
The possible point of inflection is at x = —2.
When x> -2, y"=— and the arc is concave downward. When x < -2, y"=+ and the arc is

concave upward. Hence, (—2, —6) is a point of inflection.

Find the equations of the tangents at the points of inflection of y = f(x) = x* ~ 6x” + 12x* —
8x.

A point of inflection exists at x = x, when f"(x,) = 0 and f"(x,) # 0. Here,
fl(x)=4x>—18x* +24x - 8
f(x) = 12x* = 36x + 24 = 12(x ~ 1)(x — 2)
f"(x)=24x — 36 =12(2x — 3)

The possible points of inflection are at x =1 and 2. Since /(1) 0 and f"(2) #0, the points (1, —1) and
(2,0) are points of inflection.
At (1, —1), the slope of the tangent is m = f'(1) =2, and its equation is

y—y;=m{x—x,) or y+1=2(x—-1) or y=2x-3
At (2,0), the slope is f'(2) =0, and the equation of the tangent is y =0,

. . . a—x .. . . . .
Show that the points of inflection of y = — . lie on a straight line, and find its equation.
x*ta

X' -2ax—d’ " x> =3ax’ - 3a’x + a’
(x*+a’)’ (x* + a*)’

!

Here y =

and y'=-2

Now x* —3ax® — 3a°x + a® = 0 when x = —a and a(2 = V3); hence the points of inflection are (—a, 1/a),
(a2 +V3), (1 - V3)/4a), and (a(2 — V3), (1 + V3)/4a). The slope of the line joining any two of these
points is —1/4a°, and the equation of the line of inflection points is x + 44’y = 3a.

Examine f(x) = x(12 — 2x)’ for maxima and minima using the second-derivative method.

Here f'(x) = 12(x* — 8x + 12) = 12(x — 2)(x — 6). Hence, the critical values are x =2 and 6.
Also, f"(x) =12(2x — 8) = 24(x — 4). Because f"(2) <0, f(x) has a maximum value (=128) at x =2.
Because f"(6) >0, f(x) has a minimum value (=0) at x = 6.

Examine y = x° + 250/x for maxima and minima using the second-derivative method.

250 _ 2(x’ —125
Here y' = 2x - 20 = 2E 21 ' the critical value is x = 5.
X

500
Also, y" =2+ —5. Because y">0 at x =5, y has a minimum value (=75) at x = 3.
x

Examine y = (x — 2)** for maximum and minimum values.
2 _ 2 i .
y'=3@-2) 1= G Hence, the critical value is x = 2.

2 x —2)""*= - ——=—— becomes infinite as x approaches 2. Hence the second-deriva-
y=79 9(x - 2)

tive test fails, and we employ the first-derivative method: When x <2, y’'= —; when x>2, y’' = +.
Hence y has a relative minimum (=0) at x = 2.

A function f(x) is said to be increasing at x =x, if for A>0 and sufficiently small,
fxy — h) < f(x,) < f(x, + h). Prove: If f'(x,) >0, then f(x) is increasing at x = x,,.
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18.

19.

20.

21.

flxo + Ax) — flx,) flx, + Ax) — f(x,)

Since Al;l;r—[}() A = f'(x,) >0, we have Ax
by Problem 4 of Chapter 8.

If Ax <0, then f(x, + Ax) — f(x,) <0, and setting Ax = —h yields f(x, — k) < f(x,). 1If Ax >0, say
Ax = h, then f(x, + k) > f(x,). Hence, f(x, — h) < f(x,) <f(x, + h) as required in the definition. (See
Problem 33 for a companion theorem.)

> 0 for sufficiently small |Ax|

Prove: If y = f(x) is differentiable on 2 =x = b and f(x) has a relative maximum at x = x,,
where a <x,<b, then f'(x,) = 0.

Since f(x) has a relative maximum at x = x,,, for every Ax with |Ax| sufficiently small we have

flx, + Ax) < fl(x,); SO flx, +Ax) — f(x,) <0
When Ax <0,

fro + 8% = fx0) _

flx, + Ax) — flx,) >0
Ax -

Ax

and  f'(x,)= lim_
When Ax >0,
f(x0+Ax)'"f(xo)<0 fxg + Ax) — f(x,) =0
Ax Ax o

Thus, 0= f'(x,) =<0 and f'(x,) =0, as was to be proved. (See Problem 34 for a companion theorem.)

and f'(xg)= lim
Ax—0t

Prove the second-derivative test for maximum and minimum: If f(x) and f'(x) are differenti-
able on a < x = b, if x = x, (where a < x, < b) is a critical value for f(x), and if f"(x,) > 0, then
f(x) has a relative minimum value at x = x,.

Since f"(x,) > 0, f'(x) is increasing at x = x,, and there exists an 4 > 0 such that f'(x, — ) <f'(x,) <
f'(x, + h). Thus, when x is near to but less than x,, f'(x) < f'(x,); when x is near to but greater than x,,
f'(x)>f'(x,). Now since f'(x) =0, f'(x)<0 when x <x, and f'(x) >0 when x> x,. By the First-
Derivative Test, f(x) has a relative minimum at x = x,. (It is left for the reader to consider the
companion theorem for relative maximum.)

Consider the problem of locating the point (X, Y) on the hyperbola x> — y* =1 nearest a
given point P(a,0), where a >0. We have D’=(X—-a)+ Y? for the square of the distance
between the two points and X 2 _y*=1, since (X, Y) is on the hyperbola.

Expressing D’ as a function of X alone, we obtain
fX)=(X-a)+ X' -1=2X"-2aX+a"—1

with critical value X = 1a.

Take a = 3. No point is found, since Y is imaginary for the critical value X = ;. From a figure,
however, it is clear that the point on the hyperbola nearest P(3, 0) is V(1, 0). The trouble here is that we
have overlooked the fact that f(X)=(X — 1)+ X* -1 is to be minimized subject to the restriction
X =1. (Note that this restriction does not arise from f(X) itself. The function f(X), with X unrestricted,
has indeed a relative minimum at X = %.) On the interval X =1, f(X) has an absolute minimum at the

endpoint X = 1, but no relative minimum. It is left as an exercise to examine the cases a = V2and a =3.

Supplementary Problems

Examine each function of Problem 1 and determine the intervals on which it is increasing and
decreasing.
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26.
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28.

29,

30.

31.
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Ans. (a) increasing x <0, decreasing x >0; (b) increasing x >3, decreasing x <3; (c) increasing
—3 <x <0, decreasing 0 < x < $; (d) increasing x >4

(a) Show that y = x> + 20x — 6 is an increasing function for all values of x.
(b) Show that y =1— x> — x7 is a decreasing function for all values of x.

Examine each of the following for relative maximum and minimum values, using the first-derivative test.

(@ fix)=x"+2x-3 Ans. x = —1 yields relative minimum —4

b) f(x)=3+2x—x* Ans. x =1 yields relative maximum 4

(©) fx)=x"+2x"—4x-8 Ans. x =% yields relative minimum — %2 ; x = —2 yields
relative maximum 0

(d) f(x)=x—6x"+9x—8 Ans. x =1 yields relative maximum —4; x =3 yields relative
minimum —8

(&) fry=2-x)° Ans. neither relative maximum nor relative minimum

f) foy=(*—-4) Ans. x =0 yields relative maximum 16; x = +2 yields relative
minimum 0

(8) f)=(x -4 (x+3) Ans. x =0 yields relative maximum 6912; x = 4 yields relative
minimum 0; x = —3 yields neither

(h) f(x)=x"+48/x Ans, x = —2 yields relative maximum —32; x =2 yields

. ~ . . rel_ative rr}inimum 3.2 . o .
@) fO=(x~-1)"(x+2) Ans. x = —2 yields relative maximum 0; x = 0 yields relative

minimum —V3; x = 1 yields neither

Examine the functions of Problem 23(a) to (f) for relative maximum and minimum values using the
second-derivative method. Also determine the points of inflection and the intervals on which the curve is
concave upward and concave downward.

Ans. (a) no inflection point, concave upward everywhere
(b) no inflection point, concave downward everywhere
(c) inflection point x = —%; concave up for x > — 3, concave down for x < —3
(d) inflection point x = 2; concave up for x >2, concave down for x <2
(e) inflection point x =2; concave down for x > 2, concave up for x <2
(f) inflection point x = =2V3/3; concave up for x >2V3/3 and x < —2V3/3, concave down for
—-2V3/3<x<2V3/3

ax+b
cx+d

Show that y = has neither a relative maximum nor a relative minimum.
Examine y = x> — 3px + g for relative maximum and minimum values.

3/2

, maximum = g +2p>"*

Ans. minimum = gq —2p if p > 0; otherwise neither.
Show that y = (a, — x)* + (a, —x)> + - - + (a, — x)° has a relative minimum when
x=(a,+a,+ --+a))ln

Prove: If f"(x,) =0 and f"(x,) # 0, then there is a point of inflection at x = x,,.

Prove: If y = ax® + bx® + ¢x + d has two critical points, they are bisected by the point of inflection. If the
curve has just one critical point, it is the point of inflection.

A function f(x) is said to have an absolute maximum (minimum) value at x = x, provided f(x,) is greater
(less) than or equal to every other value of the function on its domain of definition. Use graphs to verify:
(@) y = —x’ has an absolute maximum at x = 0; (b) y = (x — 3)” has an absolute minimum (=0) at x = 3;
(¢) y = V25 — 4x* has an absolute maximum (=5) at x =0 and an absolute minimum (=0) at x = £5/2;
(d) y =Vx —4 has an absolute minimum (=0) at x =4.

Examine the following for absolute maximum and minimum values on the given interval only:
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32,

3.

3s.

37.

(@) y=—x"on —2<x<2 Ans.  maximum (=0) at x =0

(b)) y=(x—-3)Yon0=x=4 Ans.  maximum (=9) at x = 0; minimum (=0) at x =3
(¢) y=V25—-4x’on —2=x=2 Ans. maximum (=5) at x = 0; minimum (=3) at x = =2
(d) y=Vx—4dond=x=29 Ans. maximum (=5) at x = 29; minimum (=0) at x = 4

Note: These are the greatest and Ieast values of Property 8.2 for continuous functions.

Verify: A function f(x) is increasing (decreasing) at x = x, if the angle of inclination of the tangent at
x = x, to the curve y = f(x) is acute (obtuse).

Prove the companion theorem of Problem 17 for a decreasing function: If f'(x,) <O, then f(x) is
decreasing at x,,.

State and prove the companion theorem of Problem 18 for a relative minimum: If y = f(x) is
differentiable on @ < x < b and f(x) has a relative minimum at x = x,,, where a <x, < b, then f'(x,) = 0.

Examine 2x* — 4xy + 3y*> — 8x + 8y — 1 = 0 for maximum and minimum points.
Ans. maximum at (5, 3); minimum at (—1, —3)

kx
W on a small
magnet located a distance x above the center of the coil. Show that F is maximum when x = ir.

An electric current, when flowing in a circular coil of radius r, exerts a force F =

The work done by a voltaic cell of constant electromotive force E and constant internal resistance r in
passing a steady current through an external resistance R is proportional to E°R/(r + R)”. Show that the
work done is maximum when R = r.



Chapter 14

Applied Problems Involving Maxima and Minima

PROBLEMS INVOLVING MAXIMA AND MINIMA. In simpler applications, it is rarely necessary
to rigorously prove that a certain critical value yields a relative maximum or minimum. The
correct determination can usually be made by virtue of an intuitive understanding of the
problem. However, it is generally easy to justify such a determination with the first-derivative
test or the second-derivative test.

A relative maximum or minimum may also be an absolute maximum or minimum (that is,
the greatest or smallest value) of a function. For a continuous function J(x) on a closed interval
[, b], there must exist an absolute maximum and an absolute minimum, and a systematic
procedure for finding them is available. Find all the critical values c,, ¢y, ...,c, for the
function in [a, b], and then calculate f(x) for each of the arguments ¢, c,, . . . , c,, and for the
endpoints a and b. The largest of these values is the absolute maximum, and the least of these
values is the absolute minimum, of the function on |[a, b].

Solved Problems

1. Divide the number 120 into two parts such that the product P of one part and the square of
the other is a maximum.

Let x be one part, and 120 — x the other part. Then P = (120 — x)x°, and 0= x = 120.
Since dP/dx = 3x(80 — x), the critical values are x =0 and x = 80. Now P(0) =0, P(80) = 256,000,
and P(120) = 0; hence the maximum value of P occurs when x = 80. The required parts are 80 and 40.

2. A sheet of paper for a poster is to be 18 ft” in area. The margins at the top and bottom are to
be 9 in wide, and at the sides 6 in. What should be the dimensions of the sheet to maximize
the printed areca?

Let x be one dimension of the sheet, in feet. Then 18/x is the other dimension. (See Fig. 14-1.) The

: . . . ) 18 3
only restriction on x is that x >0. The printed area (in square feet) is A =(x— I)(% - 5) and
da _18 3 *
de o2 A 36
Solving d A/dx = () yields the critical value x = 2V3. Since T -5 is negative when x = 2V3, the
X

X
second-derivative test tells us that A has a relative maximum at that value. Since 2V3 is the only critical
value, A must achieve an absolute maximum at x = 2V3. (Why?) Thus, one side is 2V3 ft, and the other
is 18/(2V3) = 3V3 ft.

8/4 Ao Bl . Bo
65 — 10t 10t
4
1/2 18/x 15t 5
A,
x
Fig. 14-1 Fig. 14-2

106
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At 9 A.M. ship B is 65 mi due east of another ship A. Ship B is then sailing due west at
10 mi/h, and A is sailing due south at 15 mi/h. If they continue on their respective courses,
when will they be nearest one another, and how near? (See Fig. 14-2.)

Let A, and B, be the positions of the ships at 9 .M., and A, and B, be their positions ¢ hours later.
The distance covered in t hours by A is 15¢ miles; by B, 10¢ miles.
dD 325t - 650

TheddDistance D between the ships is given by D? = (151)* + (65 ~ 10r)". Then a b .
Solving a 0 gives the critical value r=2. Since D >0 and 325¢ — 650 is positive to the right of =2

and negative to the left of r =2, the first-derivative test tells us that 7 =2 yields a relative minimum for
D. Since t =2 is the only critical value, that relative minimum is an absolute minimum.

Putting ¢ =21in, D®=(15¢)> + (65— 10¢)’ gives D =15V13 mi. Hence, the ships are nearest at
11 A.M.. at which time they are 15V13 mi apart.

A cylindrical container with circular base is to hold 64 in’. Find its dimensions so that the
amount (surface area) of metal required is a minimum when the container is (a) an open cup
and (b) a closed can.

Let r and h be, respectively, the radius of the base and the height in inches, A the amount of metal,
and V the volume of the container.
(a) Here V= mr’h =64, and A =27rh + wr’. To express A as a function of one variable, we solve for &
in the first relation (because it is easier) and substitute in the second, obtaining
12 dA 12 2(ar’ — 64
A=2mr — +ar’= 128 +7r’ and — = +27r= —(—WI—?———)
wre r dr r r
and the critical value is r = 4/v/7. Then h = 64/7r* = 4~/7. Thus, r = h = 4/V/7 in,
Now dA/dr >0 to the right of the critical value, and dA/dr <0 to the left of the critical value.
So, by the first-derivative test, we have a relative minimum. Since there is no other critical value,
that relative minimum is an absolute minimum.
(b) Here again V= nr’h =64, but A =2mrh+27r’ =2mwr(64/mr?) + 2ar® = 128/r + 27r’. Hence,
dA 128 Momr’ =32
dA _ 18 | = M 23
dr r r-
and the critical value is r = 24T Then h =64/mr’ = N 7. Thus, h=2r= 4Va&7m in. That we
have found an absolute minimum can be shown as in part (a).

The total cost of producing x radio sets per day is $(Lx° + 35x + 25), and the price per set at
which they may be sold is $(50 — 1x).

(¢) What should be the daily output to obtain a maximum total profit?

(b) Show that the cost of producing a set is a relative minimum at that output.

> dpP
(a) The profit on the sale of x sets per day is P = x(50 - 3x) — (jx° + 35x +25). Then i 15— 371;

solving dP/dx = 0 gives the critical value x = 10.

Since d’P/dx’ = —32 <0, the second-derivative test shows that we have found a relative
maximum. Since x = 10 is the only critical value, the relative maximum is an absolute maximum.
Thus, the daily output that maximizes profit is 10 sets per day.

IX*+35x+25 1 25 1C 1
b} The cost of producing a set is C = “——————" = —x + 35+ =~ Then = —2-5— solvin
P & X 4 X dx 4 xz g
dC/dx =0 gives the critical value x = 10.
C 50
Since — = — >0 when x = 10, we have found a relative minimum. Since there is only one

N . x . x - 0
critical value, this must be an absolute minimum.

The cost of fuel to run a locomotive is proportional to the square of the speed and is $25/h for
a speed of 25 mi/h. Other costs amount to $100/h, regardless of the speed. Find the speed
that minimizes the cost per mile.
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Let v =required speed, and C = total cost per mile. The fuel cost per hour is kv, where the
constant k is to be determined. When v =25 mi/h, kv® = 625k = 25; hence k = %.

C (in $/mi) = costin $/h _02/25+100_£_ 100
MY = Speed in mi/h v 25w
= 50)v + 50
and dc LI £20 = W )(li ). Since v > 0, the only relevant critical value is v = 50.
dv 25 v 25v~

Because d°C/dv’® is positive to the right of v =50 and negative to the left of v =50, the
first-derivative test tells us that C assumes a relative minimum at v = 50. Since v = 50 is the only positive
critical number, the most economical speed is 50 mi/h.

A man in a rowboat at P in Fig. 14-3, 5 mi from the nearest point A on a straight shore,
wishes to reach a point B, 6 mi from A along the shore, in the shortest time. Where should he
land if he can row 2 mi/h and walk 4 mi/h?

P
5 V25t
C B
A x 6—x
Fig. 14-3

Let C be the point between A and B at which the man lands, and let AC = x.

. JAe T - o di V25+ 22
The distance rowed is PC=V25+ x°, and the rowing time required is ¢, = ;S;::;e = 252 iy

The distance walked is CB = 6 — x, and the walking time required is t, = (6 — x)/4. Hence, the total time
required is

t=1,+1,=3V25+x’+ {(6—x) and at = L_Zx—Vosix
- =1 16— x a_ T VSOTX
e ) dx  2Vas+x’ 4 4V25+ X7

The critical value, obtained from 2x — V25 + x* =0, is x = V'3 ~ 2.89. Thus, he should land at a point
2.89 mi from A toward B. (How do we know that this point yields the shortest time?)

A given rectangular area is to be fenced off in a field that lies along a straight river. If no
fencing is needed along the river, show that the least amount of fencing will be required when
the length of the field is twice its width.

Let x be the length of the field, and y its width. The area of the field is A = xy. The fencing required

. dF d dF
1sF=x+2y,and—=1+2—y.When—=0,i}1=—§.
dA dx dy 9% dx dx
Also, T =0=y+x e Then y — 3x =0, and x =2y as required.
2
To see that F has been minimized, note that % =— yz and
d’F _d% ( ¥y dy) y( 1) y dy 1
o g A2 )T\ mg) =g >0 when Gr=—3

Now use the second-derivative test and the uniqueness of the critical value.

Find the dimensions of the right circular cone of minimum volume V that can be cir-
cumscribed about a sphere of radius 8 in.
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10.

11.

12,

. Let x =radius of base of cone, and y + 8 = altitude of cone (Fig. 14-4) From similar right triangles
ABC and AED we have

x __y+8 or x2=64(y'+8) 64(y+8)
Also, _ . ,
_(mxX)y+8) _ 64m(y +8) av _ 6dm(y +8)(y—24).
V= = and - =
3 3(y —8) dy 3(y —8)°

The pertinent crltlcal value is y 24. Then the altitude of the cone is y + 8 =32 in, and the radius of the
base is x = 8V2 in. (How do we know that the volume has been minimized?)

A

Fig. 14-4 _ _ ' Fig. 14-5

Find the d1mens1ons of the rectangle of maximum area A that can be inscribed in the portion
of the parabola y* = 4px intercepted by the line x = a.

Let PBB’'P’ in Fig. 14-5 be the rectangle, and (x, y) the coordinates of P. Then
2

3
u(a — £) = _y_)= Yy aA_, 3y
A=2y(a~x) 2y(a 4p 2ay T and & 2a 2
Solving dA/dy =0 yleids the critical value y Vdap/3. The dimensions of the rectangle are 2y = %\/ 3ap

and a — x——a—y/4p 2a/3.

d’A '
Since el —E y <0, the second-derivative test and the umqueness of the crmcal value ensure
34

that we have found the maximum area.

Find the height of the right circular cylinder of maximum volume V that can be inscribed in a
sphere of radius R. (See Fig. 14-6.)

Let r be the radius of the base, and 2% the height, of the cylinder. From the geometry, V= 27r’h
and r* + h* = R*. Then ~ , .

v ( > dh ) dh _ .
-217“277 R +2rh and 2r+2h dr_O
. | : 3 .
From the last relation, Zh -;;, SO fidl/ = 211-(—% + 2rh). When V is a maximum, dV/dr = 0 from

which »* =2h° X
Then R> = r> + h®> =2h* + K>, so that h = R/V3 and the height of the cylmder is 2h =2R/V3. The

second-derivative test can be used to verify that we have found a maximum value -of V.

A wall of a building is to-be braced by a beam which must pass over a parallel wall 10 ft high
and 8 ft from the building. Find the length L of the shortest beam that can be used.
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Fig. 146 ~ Fig 147

Let x be the distance from the foot of the beam to the foot of the parallel wall, and y the distance

from the ground to the top of the beam, in feet. (See Fig. 14-7.) Then L =V/(x + 8)* + y -Also, from
x+8 o v = 10(x + 8) Th
’ 10 x 007 x )

o x +8)° Y8 e
L= yxr o OEEEE xS\
X o

dL _ x[(x¥* +100)'” +x(x + 8)(x* + 100)"'"*] — (x + 8)(x> +100)'> x> —800
dx x* \ VX2 + 100

The relevant crltlcal value is x = 2\/ 100. The length of the shortest beam is

similar triangles

2\/ + 8 3 3
4V/10,000 + 100 = \/10 0 + 4 3’2&
il V4V/10,000 ( )

The first- derlvatlve test guarantees that we really have found the shortest length

Supplementary Problems

13. The sum of two positive numbers is 20. Find the numbers (a) if their product is a maximum; (b) if the
sum of their squares is a minimum; (¢) if the product of the square of one and the cube of the other is a
maximum.  Ans. (a) 10, 10; (b) 10, 10; (¢) 8, 12

14. The product of two positive number is 16. Find the numbers (a) if their sum is least; (b) if the sum of
one and the square of the other is least, Ans. (a)4,4;(b) 8,2

15.  An open rectangular box with square ends is to be built to hold 6400 ft* at a cost of $0.75/ft* for the base
and $0.25/ft> for the sides. Find the most economical dimensions. Ans. 20x20x16ft

16. A wall 8 ft high is 33 ft from a house. Find the shortest ladder that will reach from the ground to the
house when leaning over the wall. Ans. 153 ft

17. A company offers the following schedule of charges: $30 per thousand for orders‘kof 50,000 or less, with
the charge per thousand decreased by 373¢ for each thousand above 50,000. Find the order size that
makes the company’s receipts a maximum. Ans. 65,000

18. Find the equation of the line through the point (3, 4) which cuts from the first quadrant a triangle of
minimum area. Ans. 4x+3y-24=0

19. At what first-quadrant point on the parabola y =4 — x” does the tangent, together with the coordinate
| axes, determine a triangle of minimum area.  Ans. (2V3/3, 8/3)
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20.

21.

22,

23.

25.

27.

Find the minimum distance from the point (4,2) to the parabola y* = 8x. Ans. 2V?2 units

A tangent is drawn to the ellipse x*/25 + y”/16 = 1 so that the part intercepted by the coordinate axes is a
minimum. Show that its length is 9 units.

A rectangle is inscribed in the ellipse x/400 + y*/225 = 1 with its sides parallel to the axes of the ellipse.
Find the dimensions of the rectangle of (a) maximum area and (b) maximum perimeter which can be so
inscribed.  Ams. (@) 20V2 x 15VZ2; (b) 32 x 18

Find the radius R of the right circular cone of maximum volume that can be inscribed in a sphere of
radius r. Ans. R=1%rV2

A right circular cylinder is inscribed in a right circular cone of radius r. Find the radius R of the cylinder
(a) if its volume is a maximum; (b) if its lateral area is a maximum.

Ans. (@) R=13%r; (b) R=3r

Show that a conical tent of given capacity will require the least amount of material when its height is V2
times the radius of the base.

Show that the equilateral triangle of altitude 3r is the isosceles triangle of least area circumscribing a
circle of radius r.

Determine the dimensions of the right circular cylinder of maximum lateral surface that can be inscribed
in a sphere of radius 8in.  Ans. h=2r=8V2in

Investigate the possibility of inscribing a right circular cylinder of maximum total area in a right circular
cone of radius r and height A. Ans. if h>2r, radius of cylinder = 3hr/(h ~r)



Chapter 15

Rectilinear and Circular Motion

RECTILINEAR MOTION. The motion of a particle P along a straight line is completely described
by the equation s = f(¢), where ¢ is time and s is the directed distance of P from a fixed point O
in its path.

The velocity of P at time ¢ is v =ds/dt. If v>0, then P is moving in the direction of
increasing s. If v <0, then P is moving in the direction of decreasing s.
The speed of P is the absolute value |v| of its velocity.

2
) ) ) v dfs
The acceleration of P at time tis a = —

7 = F If a >0, then v is increasing; if a <0, then v

is decreasing.
If v and a have the same sign, the speed of P is increasing. If v and a have opposite signs,
the speed of P is decreasing. (See Problems 1 to 5.)

CIRCULAR MOTION. The motion of a particle P along a circle is completely described by the
equation 6 = f(t), where 6 is the central angle (in radians) swept over in time ¢ by a line joining
P to the center of the circle.
The angular velocity of P at time ¢ is w = d/ds.
do _d’9
The angular acceleration of P at time f is a = =2 —5.
dt  dt
If @ = constant for all ¢, then P moves with constant angular acceleration. If @ =0 for all ¢,
then P moves with constant angular velocity. (See Problem 6.)

Solved Problems

In the following problems on straight-line motion, distance s is in feet and time ¢ is in seconds.

1. A body moves along a straight line according to the law s = 1+’ — 2¢. Determine its velocity
and acceleration at the end of 2 seconds.
ds 3
v= i =3 2 —2; hence, when t=2, v = 3(2)* —2 =4 ft/sec.
dv 2
a= i 3t; hence, when t =2, a =3(2) = 6 ft/sec”.
2. The path of a particle moving in a straight line is given by s =1 — 67° + 91 + 4.

(a) Find s and a when v =0.
(b) Find s and v when a =0.
(¢) When is s increasing?
(d) When is v increasing?
(e) When does the direction of motion change?
ds _dv

= — = 2— = —_ — = — = —_
We have v= g 3" =12t +9=30¢-1)(t-3) a=— 6(r—2)

112
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(@) Whenv=0,r=1and 3. Whent=1,s=8 and a=—-6. Whent=3,5=4 and a=6.

(b) When a=0,r=2. Att=2,5s=6 and v = —3.

(¢) s is increasing when v >0, that is, when ¢ <1 and > 3.

(d) v is increasing when a >0, that is, when 1> 2.

(¢) The direction of motion changes when v =0 and a # 0. From (a) the direction changes when =1
and t=3.

3. A body moves along a horizontal line according to s = f(t) = £ — 9¢° + 24¢.
: (a) When is s increasing, and when is it decreasing?

(b) When is v increasing, and when is it decreasing?

(¢) When is the speed of the body increasing, and when is it decreasing?

(d) Find the total distance traveled in the first 5 seconds of motion.

We have u=%—i=3t2—18t+24=3(t—2)(t—4) a=%=6(t—-3)

(a) s is increasing when v >0, that is, when t<2 and > 4.

s is decreasing when v <0, that is, when 2 <t <4.
(b) v is increasing when a >0, that is, when > 3.
v is decreasing when a <0, that is, when 7 <<3.

(¢) The speed is increasing when v and a have the same sign, and decreasing when v and a have opposite
signs. Since v may change sign when ¢ =2 and ¢ =4 while 2 may change sign at 1 = 3, their signs are
to be compared on the intervals <2, 2<t<3, 3<t<4, and t>4:

On the interval <2, v >0 and a <0; the speed 1s decreasing.
On the interval 2<t <3, v <0 and a <0; the speed is increasing.
On the interval 3 <r<4, v <0 and a > 0; the speed is decreasing.
On the interval t >4, v >0 and a >{; the speed is increasing.

(d) When t=0, s =0 and the body is at O. The initial motion is to the right (v >0) for the first 2

seconds; when ¢ =2, the body is s = f(2) =20 ft from O.

During the next 2 seconds, it moves to the left, after which it is s = f(4) = 16 ft from O.

It then moves to the right, and after 5 seconds of motion in all, it is s = f(5) = 20 ft from O. The
total distance traveled is 20 + 4 + 4 = 28 ft (see Fig. 15-1.)

O 20
:7

Fig. 15-1

4. A particle moves in a horizontal line according to s = f(f) = ' —6r +12¢7 — 10t + 3.
(a) When is the speed increasing, and when decreasing?
(b) When does the direction of motion change?
(¢) Find the total distance traveled in the first 3 seconds of motion.

Here

=gﬁt=4t3—18t2+24:—10=2(r—1)2(2t—5) a= %=12(t*1)(f—2)

(@) v may change sign when =1 and t =2.5; a may change sign when =1 and t = 2.
On the interval t <1, v <0 and a > 0; the speed is decreasing.
On the interval 1 <r<2, v <0 and a <0; the speed is increasing.
On the interval 2 <t<2.5, v <0 and a >0, the speed is decreasing.
On the interval t>2.5, v >0 and a > 0; the speed is increasing.

(b} The direction of motion changes at r=2.5, since v =0 but a # 0 there; it does not change at =1,
since v does not change sign as t increases through ¢ = 1. Note that when =1, v =0 and a =0, so
that no information is available.

v
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(¢) When =0, s =3 and the particte is 3 ft to the right of O. The motion is to the left for the first 2.5
seconds, after which the particle is # ft to the left of O.
When =3, s =0; the particle has moved 2 ft to the right. The total distance traveled is
3+ %+ % =% ft (see Fig. 15-2).

O 3
- 1
0 -
27/16
Fig. 15-2
5. A stone, prog'ected vertically upward with initial velocity 112 ft/sec, moves according to

s = 112¢ - 1617, where s is the distance from the starting point. Compute (a) the velocity and
acceleration when ¢ =3 and when r =4, and (b) the greatest height reached. (c) When will its
height be 96 ft?

We have v = ds/dt =112 ~ 32t and a = dv/dt = —32.

(a) At r=3, v =16 and a = —32. The stone is rising at 16 ft/sec.
At =4, v=-16 and a = —32. The stone is falling at 16 ft/sec.

(b) At the highest point of the motion, v =0. Solving v =0=112 — 32¢ yields ¢ =3.5. At this time,
s = 196 ft.

(c) Letting 96 = 112r — 16¢” yields > — 7t + 6 =0, from which r=1 and 6. At the end of 1 second of
motion the stone ts at a height of 96 ft and is rising, since v > 0. At the end of 6 seconds it is at the
same height but is falling since v <0.

6. A particle rotates counterclockwise from rest according to @ = /50 — , where @ is in radians
and ¢ in seconds. Calculate the angular displacement 6, the angular velocity w, and the angular
acceleration a at the end of 10 seconds.

r do 31 _do 61 6 B
B—E—t—l()rad W= =2y 1 =5rad/sec a——dthO-Srad/sec
Supplementary Problems
7. A particle moves in a straight line according to s = t* — 61 + 9¢, the units being feet and seconds. Locate

the particle with respect to its initial position (¢ =0) at O, find its direction and velocity, and determine
3

whether its speed is increasing or decreasing when (@) t= 1, () t=13, (c) t=3, (d) t=4.
Ans.  (a) % ft to the right of O; moving to the right with v = ¥ ft/sec; decreasing

(b) % ft to the right of O; moving to the left with v = — 3 ft/sec; increasing

(c) % ft to the right of O; moving to the left with v = —  ft/sec; decreasing

(d) 4 1t to the right of O; moving to the right with v =9 ft/sec; increasing

8. The distance of a locomotive from a fixed point on a straight track at time ¢ is given by 5=
3" ~ 44 + 1441°. When is it in reverse?  Ans. 3<(<§

9. Examine, as in Problem 2, each of the following straight-line motions: (a) s=1t"— 9" + 24r; (b)
s=t0=32+3t+3; (c) s =2~ 1207 + 18t = 5; (d) 5 =3¢* — 28> + 901> — 1081

Ans.  (a) stops at t =2 and ¢ =4 with change of direction
(b) stops at ¢t =1 without change of direction
(c) stops at t=1 and ¢ =3 with change of direction
(d) stops at r =1 with, and ¢ = 3 without, change of direction
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10.

11.

12,

13.

A body moves vertically up from the earth according to 5 = 64 — 16¢°. Show that it has lost one-half its
velocity in its first 48 ft of rise.

A ball is thrown vertically upward from the edge of a roof in such a manner that it eventually falls to the
street 112 ft below. If it moves so that its distance s from the roof at time ¢ is given by s = 96¢ — 16¢°, find
(a) the position of the ball, its velocity, and the direction of motion when ¢ = 2, and (b) its velocity when
it strikes the street. (s is in feet, and ¢ in seconds.)

Ans. (a) 240 ft above the street, 32 ft/sec upward; (b) — 128 ft/sec

A wheel turns through an angle ¢ radians in time ¢ seconds so that 8 = 128t — 12¢°. Find the angular
velocity and acceleration at the end of 3 sec. Ans. o =56rad/sec; a = —24 rad/sec’

Examine Problems 2 and 9 to conclude that stops with reversal of direction occur at values of ¢ for which
s = f(t) has a maximum or minimum value while stops without reversal of direction occur at inflection
points.



Chapter 16

Related Rates

RELATED RATES. If a quantity x is a function of time t, the time rate of change of x is given by

dx/dt.
When two or more ‘quantities; all functions of t, are related by an equation, the relation

between their rates of change may be obtained by differentiating both sides of the equation.

Solved Problems

1. Gas is escaping from a spherlcal balloon at the rate of 2 ft*/min. How fast is the surface area
shrinking when the radius is 12 ft?

At time ¢ the sphere has radius r, volume V=47, and surface S = 4.,,,2 Then

v . dr ds __  dr ds _2.dvV _ 1,
v =4ar @ and 7 8arr g So T & 12 ( 2)= 3 ft*/min
2. Water is running out of a conical funnel at the rate of 1 in*/sec. If the radius of the base of the

- funnel is 4 in and the altitude is 8 in, find the rate at which the water level is dropping when it
is 2 in from the top. ' ‘

Let r be the radius and % the height of the surface of the water at time ¢, and V the volume of water
in the cone (see Fig. 16-1). By similar tnangles r/4 h/8 or r= 3h. Also

! 1 ERRP Cdv 1, dh
V= 3 'n'r.h =1 wh So- =2 mh™ —
When dV/dt = —1 and h =8 ~2 =6, then dh/dt=—1/97 in/sec.
Fig. 16-1
3. Sand falling from a chute forms a conical pile whose altitude is always equal to 3 the radius of

the base. (a) How fast is the volume 1ncreasmg when the radius of the base is 3 ft and is
increasing at the rate of 3 in/min? (b) How fast is the radius iricreasing when it is 6 ft and the

volume is increasing at the rate of 24 ft*/min?

Let r be the radius of the base, and % the height of the plle at time ¢. Then _

4 - 1 4 v _4 Ldr

h=§r . and V=~§1rr_h=§.7rr. So 7 3" g

116
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(a) When r=3 and dr/dt= 1, dV/dt = 3= t*/min.
(b) When r=6 and dV/dt =24, dr/dt =1/2+ ft/min.

4. Ship A is sailing due south at 16 mi/h, and ship B, 32 miles south of A, is sailing due east at
12 mi/h. (a) At what rate are they approaching or separating at the end of 1 h? (b) At the end
of 2h? (c) When do they cease to approach each other, and how far apart are they at that
time?

Let A, and B, be the initial positions of the ships, and A4, and B, their positions ¢ hours later. Let D
be the distance between them ¢ hours later. Then (see Fig. 16-2)

dD _ 400t — 512
dt D

(a) When t=1, D =20 and dD/dt = —5.6. They are approaching at 5.6 mi/h.
(b) When ¢t=2, D =24 and dD/dt = 12. They are separating at 12 mi/h.

(c) They cease to approach each other when dD/dt =0, that is, when ¢ =512/400 = 1.28 h, at which
time they are D = 19.2 mi apart.

D*=(32-16:)> + (12¢)*  and

Ao

16¢

A
D

32 —-16t

Bl 12¢ B,
Fig. 16-2

5. Two parallel sides of a rectangle are being lengthened at the rate of 2 in/sec, while the other
two sides jare shortened in such a way that the figure remains a rectangle with constant area
A =50 in”. What is the rate of change of the perimeter P when the length of an increasing side
is (a) 5in? (b) 10in? (c) What are the dimensions when the perimeter ceases to decrease?

Let x be the length of the sides that are being lengthened, and y the length of the other sides, at

time ¢. Then
_ Py ) g A b
P=2xty) =g ta) A w0 Goxgtyg =0
(a) When x =35, y =10 and dx/dt=2. Then
dy B dy ar _ . .. :
5 i +10(2)=0. So i 4 and i 2(2—4)=—4in/sec (decreasing)
() When x =10, y =5 and dx/dt =2. Then
dy _ dy dP
10 = 1 +5(2)=0. So i 1 and I =2(2—1)=2in/sec (increasing)

(c) The perimeter will cease to decrease when dP/dr =0, that is, when dy/df = —dx/dt = —2. Then
x(—2)+ y(2) =0, and the rectangle is a square of side x =y = 5V2 in.

6. The radius of a sphere is r in time ¢ sec. Find the radius when the rates of increase of the
surface area and the radius are numerically equal.
ds dr as ar
The surface area of the sphere is § = 4#r° so T 8mr @ When @@ 8mr =1 and the radius

is r=1/8 in.
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A weight W is attached to a rope 50 ft long that passes over a pulley at point P, 20 ft above the
ground. The other end of the rope is attached to a truck at a point A4, 2 ft above the ground as
shown in Fig. 16-3. If the truck moves off at the rate of 9 ft/sec, how fast is the weight rising
when it is 6 ft above the ground?

x y A

(o]

¥ v
s/ S S LSS S S S
Fig. 16-3

Let x denote the distance the weight has been raised, and y the horizontal distance from point A,

- where the rope is attached to the truck, to the vertical line passing through the pulley. We must find

dx/dt when dy/dt=9 and x = 6.

Now
dy 30+ x dx
2 _ 2 2 ay _ ax
¥y =30+ x)"—(18) and i v @
30+6 dx dx 9
When x =6, y = 18V3 and dy/dt =9. Then 9= BV at’ from which =3 V3 ft/sec.

A light L hangs H ft above a street. An object A ft tall at O, directly under the light, is moved
in a straight line along the street at v ft/sec. Investigate the velocity V of the tip of the shadow
on the street after ¢ sec. (See Fig. 16-4.)

L

H\
h\
ol vt T

P —

Fig. 16-4

After ¢t seconds the object has been moved a distance vt. Let y be the distance of the tip of the
shadow from O. Then
y—u _h _ _Hu _dy Hv 1
v CH O YTE-R s Ve TH R T wnm®
Thus the velocity of the tip of the shadow is proportional to the velocity of the object, the factor of
proportionality depending upon the ratio #/H. As h— 0, V— v, while as h— H, V increases ever more
rapidly.
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10.

11.

12.

13.

14.

13.

16.

17.

18.

19.

20.

21.

Supplementary Problems

A rectangular trough is 8 ft long, 2 ft across the top, and 4 ft deep. If water flows in at a rate of
2 ft*/min, how fast is the surface rising when the water is 1 ft deep? Ans. & ft/min

A liquid is flowing into a vertical cylindrical tank of radius 6 ft at the rate of 8 ft’/min. How fast is the
surface rising? Ans. 2/9m ft/min

A man 5 ft tall walks at a rate of 4 ft/sec directly away from a street light that is 20 ft above the street.
(a) At what rate is the tip of his shadow moving? (b) At what rate is the length of his shadow
changing? Ans. (a) ¢ ft/sec; (b) % ft/sec

A balloon is rising vertically over a point A on the ground at the rate of 15 ft/sec. A point B on the
ground is level with and 30 ft from A. When the balloon is 40 ft from A, at what rate is its distance from
B changing? Ans. 12 ft/sec

A ladder 20 ft long leans against a house. Find the rates at which (a) the top of the ladder is moving
downward if its foot is 12 ft from the house and moving away at a rate of 2 ft/sec and (b) the slope of the
ladder is decreasing. Ans. (a) 3 ft/sec; (b) 3 per sec

Water is being withdrawn from a conical reservoir 3 ft in radius and 10 ft deep at 4 ft*/min. How fast is
the surface falling when the depth of the water is 6 ft? How fast is the radius of this surface
diminishing? Ans. 100/817 ft/min; 10/27 7 ft/min

A barge, whose deck is 10 ft below the level of a dock, is being drawn in by means of a cable attached to
the deck and passing through a ring on the dock. When the barge is 24 ft away and approaching the dock
at § ft/sec, how fast is the cable being pulled in? (Neglect any sag in the cable.) Ans. 3 ft/sec

A boy is flying a kite at a height of 150 ft. If the kite moves horizontally away from the boy at 20 ft/sec,
how fast is the string being paid out when the kite is 250 ft from him? Ans. 16 ft/sec

One train, starting at 11 A.M., travels east at 45 mi/h while another, starting at noon from the same
point, travels south at 60 mi/h. How fast are they separating at 3 p.M.? Ans. 105V2/2 mi/h

A light is at the top of a pole 80 ft high. A ball is dropped at the same height from a point 20 ft from the
light. Assuming that the ball falls according to s = 16/°, how fast is the shadow of the ball moving along
the ground 1 sec later? Ans. 200 ft/sec

Ship A is 15 mi east of O and moving west at 20 mi/h; ship B is 60 mi south of O and moving north at
15 mi/h. (a) Are they approaching or separating after 1 h and at what rate? (b) After 3 h? (¢) When are
they nearest one another?

Ans. (a) approaching, 115/V 82 mi/h; (b) separating, 9V10/2 mi/h; (c) 1 h 55 min

Water, at a rate of 10 ft*/min, is pouring into a leaky cistern whose shape is a cone 16 ft deep and 8 ft in
diameter at the top. At the time the water is 12 ft deep, the water level is observed to be rising at
4 in/min. How fast is the water leaking away? Ans. (10— 37) ft’/min

A solution is passing through a conical filter 24 in deep and 16 in across the top, into a cylindrical vessel
of diameter 12 in. At what rate is the level of the solution in the cylinder rising if, when the depth of the
solution in the filter is 12 in, its level is falling at the rate 1in/min? Ans. 2% in/min



Chapter 17

Differentiation of Trigonometric Functions

RADIAN MEASURE. Let s denote the length of an arc AB intercepted by the central angle AOB
on a circle of radius r, and let S denote the area of the sector AOB (see Fig. 17-1). (If s is s of
the circumference, then angle AOB has measure 1°%; if s = r, angle AOB has measure 1 radian
(rad). Recall that 1 rad =180/ degrees and 1°= 7/180 rad. Thus, 0°=0 rad; 30° = #/6 rad;
45° = /4 rad; 180° = 7 rad; and 360° =27 rad.)

Suppose £ AOB is measured as a degrees; then

G =T o
S=1g0 *" and S 260 &7 (17.1)
Suppose next that £ AOB is measured as 8 radians; then
s=0r and S=i6r (17.2)

A comparison of (17.1) and (17.2) will make clear one of the advantages of radian measure.

Y
P(z,¥)
B
8 8
] \ X
0 r A} 0
Fig. 17-1 Fig. 17-2

TRIGONOMETRIC FUNCTIONS. Let 8 be any real number. Construct the angle whose measure
is @ radians with vertex at the origin of a rectangular coordinate system, and initial side along
the positive x axis (Fig. 17-2). Take P(x, y) on the terminal side of the angle a unit distance
from O; then sin 8 = y and cos 6§ = x. The domain of definition of both sin  and cos @ is the set
of real numbers; the range of sinfis —1=<y =<1, and the range of cos§ is —1=x=1. From

tan 6 = sin 0 and sec 6 =
cos 6 cos 8
: . . 2n—1 '
For both tan 6 and sec § the domain of definition (cos @ #0) is 0 # = n2 m, (n=1, 2,

3,...). It is left as an exercise for the reader to consider the functions

cos 0 and csc B =
sin @ sin @

Recall that, if 8 is an acute angle of a right triangle ABC (Fig. 17-3), then

cotf =

g opposite side  BC o= adjacent side  AC tan @ = opposite side  BC
e hypotenuse  AB o8y = hypotenuse =~ AB ant= adjacent side AC

The slope m of a nonvertical line is equal to tan a, where a is the counterclockwise angle
from the positive x axis to the line. (See Fig. 17-4.)

120
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Fig. 17-3

S

Fig. 17-4

Table 17-1 lists some standard trigonometric identities, and Table 17-2 contains some useful
values of the trigonometric functions.

Table 17-1

sin® @ + cos” 9 =1

sin (—0) = —sin 6, cos (—6) = cos §

sin (e + ) =sin « cos B + cos a sin B8

sin (@ — B8) = sin a cos B — cos a sin B

cos (a + ) = cos a cos B —sin a sin 8

cos (@ — B) =cos a cos B + sin & sin B

sin 2a =2 sin « cos o

cos2a =cos’ @ —sina@=1-2sin> a =2cos’ a — 1
sin (@ + 27r) = sin a, cos (o + 27) =cos a

sin (@ + ) = —sin a, cos (@ + ) = —cos a, tan (@ + m) =tan a
n(3-<) (5-a)=s
sin{ > —a)=cosa, cos| - —a ) =sina
2 2
sin (7 — a)=sin a, cos (m — a) = —cos a

sec’ a =1+tan’ a
tan « + tan B
1—tan @ tan B

tan (a + B) =

tan a — tan 8
1+ tan a tan B8

tan (a¢ — B) =
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Table 17-2
X SIn X cos X tan x
0 0 1 0
w6 1/2 V3/2 V3/3
w/4 V272 V272 1
w3 V32 1/2 V3
ml?2 1 0 %)
T 0 -1 0
37/2 -1 0 0
In Problem 1, we prove that
. siné@
hm =y =1

(Had the angle been measured in degrees, the limit would have been #/180. This is another
reason why radian measure is always used in the calculus.)

DIFFERENTIATION FORMULAS

. d .
14. I (sin x) = cos x 15. T (cos x) = —sin x
d 2 d . 2
16. I (tan x) =sec” x 17. P (cot x) = —csc” x
18. e (sec x) = sec x tan x 19. o (csc x) = —csc x cot x

(See Problems 2 to 23.)

Solved Problems

in 6 . -1
1. Prove: (a) {lima SH(; =1 and (b) (l)ll‘l}) coso— 1 _

0

0.

sin(—#) siné sin 8

(a) Since 5 g e need consider only lim 0 In Fig. 17-5, let 8 = Z AOB be a small
- 0—0"

positive central angle of a circle of radius OA =1. Denote by C the foot of the perpendicular
dropped from B onto OA, and by D the intersection of OB and an arc of radius OC. Now

Sector COD = ACOB < sector AOB

so that 160cos’ 0= Lsinfcosh =10
D B
8
0 C Aﬁk

OC =cos¢, CB =3gins

Fig. 17-5
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Dividing by 16 cos 6 >0, we obtain

cosﬂ<5in0< 1
T #  cos@
N 1 . siné . siné@
Let §—0"; thencos@—1, ———1,and 1 = lim —— =1; hence, lim —— =1.
cos @ o0t O g—-0* 0O
. cos@-1 . cosf—1cosf+1
(b) !»I—I»% o _clalftl] (/] cosf +1
cos’ 6 —1 sin’ @

ztlal—r»rflj f(cos 8 + 1) S am - f(cos 8 + 1)

.. sin® sin (9)_.
= hm = lim a1 - (D\z) =0

. d . _
2. Derive: Ir (sin x) = cos x.

Let y =sin x. Then y + Ay =sin (x + Ax) and

Ay =sin (x + Ax)} — sin x = cos x sin Ax + sin x cos Ax — sin x
= cos x sin Ax + sin x(cos Ax —~ 1)

d_y_l. SA_X”]. ( sinAx | . cosAx—l)
dx_A:’T() Ax _A,PEO cos x Ax si x Ax
. sinAx ) . cosAx—1
= (cos ) Jim T+ Gin g Jim, T —
= (cos x)(1) + (sin x)(0) = cos x
3. Derive: — (cos x) = —sin x.
edx( x)
£ en= & (5 )] -en( )=
gy (cosx)= - sin{5 —x)|=—cos|5 —x)=~sinx
8. Derive: = (tan x) = sec’
. erive: ar an x) = sec” x.

i(t )_i(sinx)_cosxcosx«—sinx(——sinx)
4y (tan x) = —

cos x cos’ x
cos’ x +sin” x )
= < = —— =sec’ x
cos” x cos” x
In Problems 5 to 12, find the first derivative.
. d ) d .
5. y =sin 3x + cos 2x: y' =cos3x I (3x) —sin 2x I (2x) =3 cos 3x — 2sin 2x
2 1] 2 .2 d 2 2 2
6. y=tanx: y' =sec” x E(x)=2xsecx
2 2 ' d 2
7. y =tan” x = (tan x)°: y'=2tanx -~ (tanx) =2tan x sec” x
2 ' 2 2 d 2 2 2
8. y=cot(1—-2x"): y' = —c¢sc (1P2x)a(1~2x)=4xcsc (1—-2x%)

3 3 1/2
9. y=sec  Vx=sec x :
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d 3
1/2 2 /2 2 3
}=3sec’ x'*secx'* tan x"’ o (x'"*)= == sec’ vxtan vx

d
1:3 2 _1/2 %
¥ sec” X" = (sec x e

10. p=Vcsc20 =(csc26)"*:

1 _ d 1 _
p' =5 (esc26) 12 7 (6sc26) = = 5 (csc 26) "2 (csc 20 cot 20)(2) = — Vesc 26 cot 26
: d
11. f(x) = x”sin x: fi(x)=x? p (sin x) + sin x % (x*)=x"cosx +2xsinx

a _ 4
COS X , * dx (cos x) — cos x dx (%) —XSinXx —Cosx
f'x)= 3 = 2

x x x

12.  f(x)=

13. Let y = xsin x; find y™

y' =xcosx+sinx
y'=x(—sinx)+cosx+cosx=—xsinx+2cosx
y"=—xcosx—sinx —2sinx = —xcosx—3sinx

14. Let y =tan’ (3x —2); find y".

y’ =2tan (3x — 2) sec’ (3x —2)- 3 =6tan (3x — 2) sec” (3x — 2)
y"=6[tan (3x —2)-2sec (3x — 2)-sec (3x —2) tan (3x — 2) -3 + sec” (3x — 2) sec” (3x — 2)- 3]
=36tan® (3x —2) sec’ (Bx —2) + 18 sec* (3x — 2)

15.  Let y =sin(x + y); find y".

, ) , ,_ cos(x+y)
y' =cos(x+y)-(1+y'), so that y T_cos(x +y)
16. Let sin y + cos x = 1; find y".
e v ) _ sin x .
cosy-y —sinx=0. So Y= s v

w_ €OS y cosx —sinx (—sin y)- y’ _ Cosxcosy+sinxsiny-y’
cos® y cos® y

Then

_ ©os x cos y + sin x sin y (sin x)/(cos y) _ cos x cos” y +sin” x sin y
cos® y cos’ y

17.  Find f'(w/3), f"(x/3), and f"(w/3), given f(x) = sin x cos 3x.

f'(x)=—=3sin x sin 3x + cos 3x cos x
= (cos 3x cos x — sin 3x sin x) — 2 sin x sin 3x
= cos 4x — 2 sin x sin 3x
So fi(mi3)y=-3-2(V3/2)(0)=—-1
f'(x) = —4sin4x — 2(3 sin x cos 3x + sin 3x cos x)
= —4 sin 4x — 2(sin x cos 3x + sin 3x cos x) — 4 sin x cos 3x
= —6sin 4x — 4f(x)
So f(w/3) = —6(-V3/2) - 4V3/2)(—1)=5V3
fr(x)=—24cosdx —4f'(x) . So f(mi3)=-24(-3)—4(—-3)=14
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18.  Find the acute angles of intersection of the curves (1) y =2sin’ x and (2) y = cos 2x on the
interval 0 <x <2m. (See Fig. 17-6.)

Fig. 17-6

We solve 2sin’ x = cos 2x = 1 — 2 sin” x to obtain #/6, 5#/6, 77/6, and 117/6 as the abscissas of
the points of intersection.

Moreover, y’' =4 sin x cos x for (1), and y’' = —2sin 2x for (2). Hence, at the point 7/6, the curves
have slopes m, = \/\§/_and \/rqz = —V3, respectively.
+V3 . .
Since tan ¢ = %—— = —V3, the acute angle of intersection is 60°. At each of the remaining

intersection points, the acute angle of intersection is also 60°.

19. A rectangular plot of ground has two adjacent sides along Highways 20 and 32. In the plot is a
small lake, one end of which is 256 ft from Highway 20 and 108 ft from Highway 32 (see Fig.

17-7). Find the length of the shortest straight path which cuts across the plot from one
highway to the other and touches the end of the lake.

Let 5 be the length of the path, and 8 the angle it makes with Highway 32. Then
s= AP+ PB=108csc 8 + 256 sec 8

_ PN 3
%:—10805c3c0t9+256sec6tan8= 108 cos® 6 + 256 sin* 8

sin® 8 cos® @
Now ds/d6 =0 when —108cos’ 8 +256sin” 8 =0, or when tan’ # =27/64, and the critical value is
6 = arctan 3/4. Then s = 108 csc 6 + 256 sec 6 = 108(5/3) + 256(5/4) = 500 ft.

B

7

Highway 20

Highway 32
Fig. 17-7

20. Discuss the curve y = f(x) = 4 sin x — 3 cos x on the interval [0, 27].

When x =0, y = f(0) =4(0) - 3(1) = —3.
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Setting f(x) = 0 gives tan x = 3/4, and the x-intercepts are x = 0.64 rad and x = m + 0.64 = 3.78 rad.

f'(x) = 4cosx+3sinx. Setting f'(x) = 0 gives tanx = —3%, and the critical values are
x=m-093=2.21 and x =27 - 0.93 = 5.35.

f'(x) = —4sin x + 3 cos x. Setting f"(x) =0 gives tan x = 3/4, and the possible points of inflection
are x =0.64 and x = 7w + 0.64 = 3.78.

f"(x) = —4 cos x — 3sin x. In addition,

1. When x =221, sinx=4/5 and cosx = —3/5; then f"(x)<0, so x=2.21 yields a relative
maximum of 5. x = 5.35 yields a relative minimum of —5.

2. f"(0.64)#0 and f"(3.78) # 0. The points of inflection are (0.64,0) and (3.78, 0).

3. The curve is concave upward from x = 0 to x = 0.64; concave downward from x = 0.64 to 3.78;
and concave upward from x = 3.78 to 2#. (See Fig. 17-8.)

o) w2 = \ @2 2r

Fig. 17-8 Fig. 17-9

21.  Four bars of lengths a, b, ¢, and d are hinged together to form a quadrilateral (Fig. 17-9).
Show that its area A is greatest when the opposite angles are supplementary.

Denote by 6 the angle included by the bars of lengths a and b, by ¢ the opposite angle, and by h the
length of the diagonal opposite these angles. We are required to maximize

A=3absin8+ icdsin ¢

subject to h*=a”+b*>—2abcos 0 = + d* — 2cd cos ¢
Differentiation with respect to ¢ yields, respectively,

dA 1 1 dp L . do

dg—zabcosﬂ+2cdcosqbd6—0 and absm9+cdsmq§d9
We solve for d¢/de in the second of these equations and substitute in the first to obtain

ab sin 6 . . .
= + = =
abCOSB+CdCOS¢cdsin¢ or sin ¢ cos @ +cos ¢ sin @ =sin (¢ +6) =0

Then ¢ + 8 =0 or , the first of which is easily rejected.

22. A bombardier is sighting on a target on the ground directly ahead. If the bomber is flying 2 mi
above the ground at 240 mi/h, how fast must the sighting instrument be turning when the
angle between the path of the bomber and the line of sight is 30°?

We have dx/dt = —240 mi/h, 8 =30°, and x =2cot @ in Fig. 17-10. From the last equation,
de

dx , . de A — de do _ _ 3
i 2csc” 0 T or 240=-2(4) i SO g 30rad/h= > degree/sec

23. A ray of light passes through the air with velocity v, from a point P, a units above the surface
of a body of water, to some point O on the surface and then with velocity v, to a point Q, b
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P
| | 0]
240 mi/hr al
6 I B
A 0 :
|
2 % :b
4 x
Q
Fig. 17-10 Fig. 17-11

units below the surface (Fig. 17-11). If OP and OQ make angles of 6, and 6, with a
perpendicular to the surface, show that passage from P to Q is most rapid when sin 6,/sin 6, =
v,/v,.

Let ¢ denote the time required for passage from P to (2, and ¢ the distance from A to B; then

asec®, bsecd,
= +

and c=atanf, + btané,
v, v,

Differentiating with respect to 6, yields

dt asec6 tan®, btan@,sech, db, 5 , de,
o, D, b, 2, and O=asec” 0, + bsec” 4, 7
) de, a sec’ 0, L o
From the last equation, a'_B, = - m. For ¢ to be a minimum, it is necessary that
dt _asechtanf, b sec @, tan 6, (_asec2 31),
de, v, v, bsec’ 6,
from which the required relation follows.
Supplementary Problems
2% Evaluate: (a) i sin2x__21, sin 2x (b) i sin ax (©) lim sin’ 2x
' valuate. ta) m se)m 2x ° e sin bx’ < xsin’3x’
Ans. (a) 2; (b) a/b; (c) 8/9
. ) _y ) cos u 1 .
25. Derive differentiation formula 17, using first (a) cot u = pr— and then (b) cotu = pom— Also derive
differentiation formulas 18 and 19.
In Problems 26 to 45, find the derivative dy/dx or dp/d®.
26.  y=3sin2x Ans. 6cos2x 27. y=4cos ix Ans. —2sinjx
28. y=4tan5x Ans. 20sec’ 5x 29. y=1cot8x Ans. —2csc’ 8x
30. y=9sec ix Ans. 3sec ixtan ix 31. y =1 cscdx Ans. —cscédx cotdx
32, y=sinx—xcosx+x’+4x+3 Ans. xsinx+2x+4

3. p=Vsiné Ans. (cos 8)/(2Vsin 8) 34. y=sin2/x Ans. (—2cos2/x)/x*
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35.

37.

38.

39.

41.

42.

43.

45,

47.

49.

50.

51.

52,

DIFFERENTIATION OF TRIGONOMETRIC FUNCTIONS [CHAP. 17

y =cos(1—x") Ans. 2xsin (1 - x?)
y=cos (1 —x)* Ans. 2(1 - x)sin (1 — x)?
y =sin’ (3x —2) Ans. 3sin (6x —4)
y =sin’ (2x — 3) Ans. —3{cos (6x —9) — cos (2x — 3)}
y = 3 tan x sin 2x Ans. sin2x

1 —3sec 26 tan 26
P = ec26-1)" A ec20 177

tan 26 sec” 20 — 4 csc 40

P= 1T cot26 A 2 1 cot2e)?
y=x*sinx +2xcos x —2sinx Ans. x%cosx
sin y = cos 2x Ans. —2sin2x/cos y
cos 3y = tan 2x Ans. —2sec’2x/3sin3y

Cos y —cos (x +y)
xsin y + cos (x + y)

xcos y=sin(x +y)

2 2n

d
If x = Asin kt + B cos kt for A, B, and k constants, show that d—tf = —k’x and dth = (- 1)"k*"x.

Show: (a) y"+4y =0 when y =3sin (2x +3); (b) y" +y"+y'+ y =0 when y =sin x + 2 cos x.

Discuss and sketch on the interval 0= x <2 ~
(@) y=1%sin2x (b) y=cos’ x —cos x () y=x—2sinx
(d) y=sinx (1+cosx) (e) y=4cos’x—3cosx

Ans. (a) maximum at x = w/4, 57/4; minimum at x = 37/4, 77/4; inflection point at x =0, #/2, m,

3m/2

(b) maximum at x =0, =; minimum at x = 7/3, 5#/3; inflection point at x = 32°32’, 126°23’,
233°37', 327°28’

(¢} maximum at x = 57/3; minimum at x = #/3; inflection point at x =0, 7

(d) maximum at x = 7r/3; minimum at x = 5#/3; inflection point at x =0, m, 104°29’, 255°31’

(¢) maximum at x =0, 27/3, 4#/3; minimum at x = #w/3, 7, S7/3; inflection point at x = 7/2,
3w/2, w/6, 5w/6, Tmw/6, 117/6

If the angle of elevation of the sun is 45° and is decreasing at § rad/h, how fast is the shadow cast on
level ground by a pole 50 ft tall lengthening? Ans. 25ft/h

A kite, 120 ft above the ground, is moving horizontally at the rate of 10 ft/sec. At what rate is the
inclination of the string to the horizontal diminishing when 240 ft of string are paid out?

Ans. # rad/sec

A revolving beacon is situated 3600 ft off a straight shore. If the beacon turns at 47 rad/min, how fast
does the beam sweep along the shore at (a) its nearest point, (b) at a point 4800 ft from the nearest
point? Ans. (a) 2407 ft/sec; (b) 20007/3 ft/sec

Two sides of a triangle are 15 and 20 ft long, respectively. (a) How fast is the third side increasing if the
angle between the given sides is 60° and is increasing at the rate 2°/sec? (b) How fast is the area
increasing? Ans. (a) w/V39 ft/sec; (b) £ ft*/sec



Chapter 18

Differentiation of Inverse Trigonometric Functions

THE INVERSE TRIGONOMETRIC FUNCTIONS.

If x =sin y, the inverse function is written

y = arcsin x. (An alternative notation is y = sin”' x.) The domain of arcsinx is —1=x=<1,
which is the range of sin y. The range of arcsin x is the set of real numbers, which is the domain
of sin y. The domain and range of the remaining inverse trigonometric functions may be

established in a similar manner.

The inverse trigonometric functions are multivalued. In order that there be agreement on
separating the graph into single-valued arcs, we define in Table 18-1 one such arc (called the
principal branch) for each function. In Fig. 18-1, the principal branches are indicated by a

thicker curve.

Table 18-1
Function Principal Branch
y = arcsin x —ir=y=siw
y = arccos x I=sy=nw
y = arctan x —dr<y<inw
y = arccot x O<y<m
y = arcsec x —rE=y<—3im 0sy<3iw
y = arcesc x —r<y=—im O0<y=ir
v ] Y LA
_//_—
RS - i
x z
x
____———_—_&—7;7‘“‘_;—_—.
/ _/ -
-+ - e e e v —————— —— ——
y = arcsin x y = arccos x y = arctan x
Fig. 18-1
DIFFERENTIATION FORMULAS
20 (arcsin x) ! 21 ( ) !
- o = . =~ (arccos x) = —
dx 1-x° dx 1-x°
22. —— (arctan x) = 23. — (arccot = —
4y (arctan x) = = 2y (arceotx) = ————
1 1

24.

d
—— (arcsec x) = ————
dx ) xVxi-1

25.

129

d
o (arcesc x) = —

Wxi-1
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Solved Problems

: d : 1 d 1
1.  Derive: (a) I (arcsin x) = —1\/_——)(2; (b) o (arcsec x) = x—\/T_———l

(a) Let y =arcsin x. Then x =sin y and

_d _d . _d . dy dy —— dy
1= e (x)= p (sin y) = & (sin y) Tp oSy o= 1-x e
. . e . . . dy 1
the sign being positive since cos y =0 on the interval — jo < y < 7. Thus, de —ﬁ
—-x

(b) Let y = arcsec x. Then x =sec y and

_d a4 -9 &y _ dy _ o dy
1—dx(x)—dx(secy)—dy(secy)dx—secytanydx—x X ldx

the sign being positive since tan y =0 on the intervals 0=y <317 and —w <y<—Lia Thus,

d
— (arcsec x) = ————.
a’x( ) Vil —1

In Problems 2 to 8, find the first derivative.

i dy 1 d 1
2. = arcsin (2x — 3): o A 4 53y
g ( ) dx 1—(2,1’—3)2 dx( ) 3Ix—x2 =2
- 2. d_y_._ 1 Bl 2y _ 2x
3. y = arccos x": T — dx(x)_ =
= 2. ﬂ_ 1 _i 2y 6x
4. y =arctan 3x": =TT G & (3x) = s
1+x
5. = .
f(x) = arccot =
Fro=-—2_d(Lx) L (-9-(tach_ |
(1+;‘;)2 dx M1 -x (1+x)2 (1—x)’ 1+x
1-x 1—x
6. f(x) = xVa® - x* + a’ arcsin )EC:
1 1
fx :xlaz_xz '—1/2_2x +a2’"'x2 1/2+a2_—_=2m
100 =x[3(@® = x*)"2(=20)] + (@ ~ 1) =
1
7. y=xarccsc;+\/1—x2;
‘= —_1'—*—i(1) _l.i 1gq _ 2y—1/2 _ ) 1
Y =xl A 7r \x +arccscxdx (x)+3(1-x%) (—2x)—arccsc;

8 —Lart (ét )
. y*ab ctan p an x):
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1 1 d

= — (—t ) -i.___qz—é 2
y_ab b 2dx \a an x ab g*+b*tan’x a
1+(—tanx)

5¢C Xx

2
sec” x _ 1

- 2 2 2 - 2 2 .2
a+b>tan’x a’cos’x+ b¥sin’ x

9. y’sinx+ y=arctanx; find y’.

2yy’sinx + y* +y' =
Yy smx y cosx y 1+x2

. 1-(1+x>)y°cosx
Y T A )2ysinx +1)

Hence, y'(2ysinx +1) = - ~y’cosx  and

1+x

16. In a circular arena (Fig. 18-2) there is a light at L. A boy starting from B runs at the rate of
10 ft/sec toward the center Q. At what rate will his shadow be moving along the side when he
is halfway from B to O?

Let P, a point x feet from B, be the position of the boy at time ¢; denote by r the radius of the arena,
by @ the angle OLP, and by s the arc intercepted by 6. Then s =r(26), and 0 = arctan OP/LO =
arctan (r — x)/r. Hence,

ds o _ DO P
di  x*=2rx+2r dt

r

T R A T YR
When x = 17 and dx/dr = 10, ds/dt = —16 ft/sec. The shadow is moving along the wall at 16 ft/sec.

12

Fig. 18-2 Fig. 18-3

11.  The lower edge of a mural, 12 ft high, is 6 ft above an observer’s eyes. Under the assumption
that the most favorable view is obtained when the angle subtended by the mural at the eye is a
maximum, at what distance from the wall should the observer stand?

Let @ denote the subtended angle, and x the distance from the wall. From Fig. 18-3, tan (6 + ¢) =
18/x, tan ¢ = 6x, and

B ol tan(f + ¢)—tangp  18/x—-6/x = 12x
tan@ =tan[(6 + &) =Sl = 750 o1 $ytand | 1+ (18/0)(6/x) A+ 108
12x d9  12(—x" +108)

The critical value is x = 6V3~10.4. The

Then ¢ =arctan ———— and — = '
en arctan x2 + 108 an dx x4 + 36012 + 11,664

observer should stand 10.4 ft in front of the wall.
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Supplementary Problems

12. Derive differentiation formulas 21, 22, 23, and 25.

In Problems 13 to 20, find dy/dx.

3 1
13. = arcsin 3x Ans. —F—— 14. = arccos 3x Ans. — =
Y Vi-9x® g ? 4-x
15 retan 3 Ans 3 16 arcsin (x — 1) Ans !
. =a - .- . = - .
Y x x*+9 ¢ Vox — x*
2 2 1
17. y = x" arccos 2/x Ans. 2x|arccos = + —=——
X x°—4
x x X
18. y= 7——)52 — arcsin E Ans. (a—z‘:xz—)yg
19. y=(x—-a)V2ax—-x’+a’ arcsinx;a Ans. 2V2ax — x°
2
x*-4 1 X 8
. = +5 = .
20 y 2 5 arcsec 5 Ans ROy ey

21. A light is to be placed directly above the center of a circular plot of radius 30 ft, at such a height that the
edge of the plot will get maximum illumination. Find the height if the intensity at any point on the edge
is directly proportional to the cosine of the angle of incidence (angle between the ray of light and the
vertical) and inversely proportional to the square of the distance from the source. (Hint: Let x be the
required height, y the distance from the light to a point on the edge, and 6 the angle of incidence.) Then

0 k
I=kC(;SZ =(x2+9’:]0)3,2. Ans. 15V2 1t

22. Two ships sail from A at the same time. One sails south at 15 mi/h; the other sails east at 25 mi/h for 1 h
and then turns north. Find the rate of rotation of the line joining them after 3 h. Ans. &5 rad/h
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19

Differentiation of Exponential
and Logarithmic Functions

DEFINE THE NUMBER e by the equation

k
e= lim (1+—1-)

h—+oo h
Then e also can be represented by Il‘m% (1+ k)" In addition, it can be shown that
1 1 1
e=1+1+5+§+---+;—1—!+---=2.71828...

The number e will serve as a base for the natural logarithm function (See Problem 1.)

LOGARITHMIC FUNCTIONS. Assume a>0 and a # 1. If @’ = x, then define y =log, x. Another

definition of log, x will be given in Chapter 40.

NOTATION. Let Inx=log, x. (Then In x is called the natural logarithm of x.) See also Fig. 19-1.

Let log x =log,, x.
The domain of log, x is x > 0; the range is the set of real numbers.

0 0
y=Inz Yy =e” Yy=e ™
Fig. 19-1
DIFFERENTIATION FORMULAS

d 1 d 1
L= == > Lo ==
26 o (log, x) . log,e,a>0,a#1 27 . (In x) Z

28 —d—(")— *1 >0 29 i("—"

. dxa =a Ina, a C I e)=e

(See Problems 2 to 17.)

LOGARITHMIC DIFFERENTIATION. If a differentiable function y = f(x) is the product and/or
quotient of several factors, the process of differentiation may be simplified by taking the natural
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logarithm of the function before differentiation. This amounts to using the formula

d d
30. - (y)=y 7 (ny)
(See Problems 18 and 19.)

BASIC PROPERTIES OF LOGARITHMS
Property 19.1: log, 1 =0 (In particular, In1=0.)
Property 19.2: log,a =1 (In particular, Ine=1.)
Property 19.3: log, uv =log, u+log, v

Property 19.4: log, g =log, u —log, v

Property 19.5: log, u" = rlog, u

Solved Problems

1. Verify: 2< lim <1+%> <3.

n— -+

By the binomial theorem, for n a positive integer,

R R e O e

e (D300 D010 o

. 1)"
(:,‘Zlearly, for every value of n # 1, <1+ ;) > 2. Also, if in (1) each difference (1 - 1),

n
1- ) is replaced by the larger number 1, we have
l)" 1 1 1
(l + " <2 + 3' + o

<2+1+l+1+--+ 1 (S' l< 1)
2T or1 mnce nt S pret

. 1 1 1 1 )
<3 (Smce2+22+?+ -+F<l

Hence, 2<(1 + %) <3.

Let n— < through positive integer values; then

LR (=)0-2) (-2 s
1 n—>l,1 n—>l,.,., and 1 p 1 " 1-= k— il
. . 1\" 1 1 1
This suggests that 11111 1+; -1+1+—+§+ +;T+'-~=2.71828....

2. Derlve - (log,, x)= loga e and —-— (ln x)=



CHAP. 19] DIFFERENTIATION OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Let y =log, x. Then
y+ Ay =log, (x + Ax)

Ay=log, (x + Ax) —log, x = loga

e 142

&y Lig(1+85) -1 x ( &) ( éﬁ)"“‘"
Ax_Axlg 1+ . _xAxlg 1-!-Jr log, |1+
dy 1 ( H)XIAX 1 [ ( _A_x)x/Ax]_ 1

and o Alir_lzlo log {1+ log, ﬁl;r_n_0 1+ . =3 log, e

1
When a=e¢, log,e=log,e=1 anda(lnx)—;.

In Problems 3 to 9, find the first derivative.

log. (35 - 5): b1 d s o 6
3. y=log, (3x" —5): dx—3x2—5(10g“e) e (3x 5)_3x2—510g“e
_ 2 ) dy 1 d 2
4. y=In(x+3)"=2In(x+3): dx—2x+3dx(x+3)_x+3
5. y=In"(x+3):
1 21n(x +3)

y —21n(x+3)d [In(x+3)]=2In(x+3) — P d x+3)= <13
6. y=In(x’+2)(x*+3)=In(x’ +2)+In(x*+3):

1 d 1 d ., 3x? 2x
e — (P 4+ + 55— — (P +3)= +
y x3+2dx(x 2) x*+3 dx(x ) 42 xX*43

7. f(x)*ln( =) =Inx*—In(Bx—4)Y=4Inx—2In(3x — 4):
1 4 6
F=ay o) -25 o Gr )= L -
: ) ,_ 1 d . _, cos3x
8. y=Insin3x: Y = T3y dn (sin3x)=3 “in3x =3 cot 3x

9. y=In{x+V1i+x):

B 1+ %(1+x2)——1,’2(2x) B 1+x(1+x2)m1/2 (1+x2)1/2 1

x+(1+x)'"? B x+ 1+ A+ B V1+ x?

d d
10.  Derive - (a*)=(l “and — (¢*) = €".
erive (a’)=(lna)a" an e (e )=¢
Let y=a". ThenIn y=xIna and
d _lady dy _ .
dx(lny)_ydx_lna or dx—ylna—a Ina
When a = e, lna—lne——landwehave—(e)—e

In Problems 11 to 15, find the first derivative.
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_ b ' = -%x_d_(_l )=_1 ~4x
11. y e y=e ¥ \m5x 5 €
x? d
12. y=¢"": y’=e"2£(xz)=2xe“:2
_ 3xZ ;o 3x? i 2y _ 3x2
13. y=a": y =a (lna)dx(3x)—~6xa Ina
14 — 2317. r 2£ x x d 2y . 2~x x _ x
. y=x3" y =x dx(3 ) +3 Ex-(x)~x3 In3+32x=x3"(xIn3+2)
ax —ax _'d_. ax — —ax — ax _ —ax _d_ ax —ax
o™ — o (e” +e )dx(e e “F)—(e e )dx(e +e ™)
18. Y= —ax —ax - y'= ax —ax~2
e +e (e +e %)

_ (eax + efax)(a)(eax + e*nx) _ (eax _ e—ax)(a)(eax _ e—ax)
(eax+e—ax)2
(e2ax +2+e—2aX)_(62ax_2+e—2a1) N 4a
(eax+e~ax)2 (eax+e—ax)2

16. Find y”, given y=¢ " In x.

[ — —Xx d i —X _e_x_ -X — _x__
y=e dx(lnx)+lnxdx(e )= — e Inx = y
d  _. o d
i "E(e )-e dx (x) ,  —xe T—e " e _, =2 1
y'= 5 -y =— - +e "Inx=-e"|-+—5-Inx
x X x X x

2

17.  Find y", given y = ¢~ “* sin 3x.

’

d ok . _
y'=e ¥ % (sin 3x) + sin 3x — (e7**) =3e™* cos 3x — 2~ sin 3x = 3¢ ** cos 3x — 2y

"o __ —2x i i —2xy _ '
y”"=3e dx(cosSx)+3cos3xdx(e ) —2y
= —~9¢" " sin3x — 6e > cos 3x — 2(3e¢ > cos 3x — 2¢~** sin 3x)
= —e **(12 cos 3x + 5sin 3x)

In Problems 18 and 19, use logarithmic differentiation to find the first derivative.

18. y=(x"+2)’(1-x")"
Iny=In(x*+2’1-x")=3In(x*+2)+4In(1-x%)

6x 12x7 )

o _‘i_ 2 3 — 2 3 _ 34( —
y ydx[3ln(x +2)+4In(1-x)]=(x"+2)’(1—-x") 210 11—

= 6x(x* +2)°(1— x*)’(1 — 4x — 3x%)

_ox(1— xz)2

19. = ——
(1 + x2)1/‘2
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Iny=Inx+2In(1-x")—1In(1+x)
x(1—x%)? (1 4 x )_ (1-x°) 4’1 -x) x(1-x*)

[ —

_m x 1-x* 1+x/ (1+x5)V*  (1+x)'? (1+ x*)*?
_(1-5x"—4xM)(1 - x*)
- (1+x2)3/2

20. Locate (a) the relative maximum and minimum points and (b) the points of inflection of the
curve y = f(x) = x°¢* (Fig. 19-2).
(%) =2xe* + x’¢" = xe*(2 + x)
f(x)=2e"+dxe* + x’e* =" (2+ dx + x7)
"(x) = 6€* + b6xe* + x’e* = €*(6 + 6x + x°)
(a) Solving f'(x) =0 gives the critical values x =0 and x = —2. Then f(0)>0; so (0, 0) is a relative
minimum point. Also, f"(—2)<0; so (—2,4/¢’) is a relative maximum point.
(b) Solving f"(x) =0 gives possible points of inflection at x = -2 * V2. Since f"(—2—V2)#0 and
f"(—=2+V2)#0, the points at x = —2 = V2 are points of inflection.

4 Y

—/\M’“ /N
—2-yZ -2 —24+V2

—vzizb O oze %

Fig. 19-2 Fig. 19-3

21.  Discuss the probability curve y = ae™ "™ a>0 (Fig. 19-3).

. . . . —p2y2
The curve lies entirely above the x axis, since e *™ >0 for all x. As x— *+o, y—0; hence the x axis
is a horizontal asymptote.

The first two derivatives are
y' = —2ab’xe "™ and y" =2ab’*(2b%x* — 1)e_bzxz

When y' =0, x =0, and when x =0, y" <0. Hence the point (0, a) is a maximum point of the curve.
When y" =0, 2b°x* — 1 =0, yielding x = =V2/2b as possible points of inflection. We have:

~V2/2b V2/2b
| 0 |
y">0 yﬂ<0 yH>O
concave up concave down concave up

Hence the points (+V2/2b, ae”''?) are points of inflection.

22.  The equilibrium constant K of a balanced chemical reaction changes with the absolute
temperature T according to K = K, #9710 ToT where K,, q, and T, are constants. Find the

percentage rate of change of K per degree of change of T.

o 100 dK d
The percentage rate of change of K per degree of change of T is given by X 9T 100 @ {In K).
Then,
1 T-T, d 100q 50q
= - = — (InK)=-— =— Te
In K=1n K, 5 4 T.T and 100 dT(n ) ST 72 %
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. . _i, .
Discuss the damped-vibration curve y = f(t) = e *' sin 27t.

When 1t =0, y =0. The y intercept is thus 0.

When y =0, we have sin2#t=0 and t=...,—-3, —1, =4, 0, %, 1, 2,.... These are the ¢
intercepts. L
Whent=..., -7, —4,4,%,...,we have sin27mt=1and y=e¢ . When t=..., -5, —1 3
Ty ., We ha}ve sin27rt=—1and y = —e 1" The given curve oscillates between the two curves y = e ¥
and y = ~e” %, touching them at these points, as shown in Fig. 19-4.
Yy

b,
-
P L ey
_ =
.

Fig. 19-4
Differentiation yields

y =f(t)= 67%5(217 cos 27rt — % sin 27rt)
y'=f"1) = eié’[(% — 4172) sin 27t — 277 cos 2rt]

When y_’ =0, then 27 cos2mt — 3 sin2mw¢=0; that is, tan27t=47. If t= ¢ =0.237 is the smallest
positive angle satisfying this relation, then r=... ¢—-3, ¢—1, é—1, ¢ ¢+ 1, £+1,... are the
critical values.

+1
For n=0,1,2,..., f'(¢ *+ in) and f”(§ + L 3 ) have opposite signs, whereas (£ = ;n) and

f”(§ + 3 ) have the same sign; hence, the critical values yield alternate maximum and minimum

points of thelcurve. These points are slightly to the left of the points of contact with the curves y = e ¥
and y = —e” %
When y"=90, tan2«t =

2 87
1/4—4n*  1-167"
satisfying this relation, then r=...,n~1, n—3%, n, n+ 4%, n+1,... are the possible points of
inflection. These points, located slightly to the left of the points of intersection of the curve and the ¢
axis, are points of inflection.

If t=1=0.475 is the smallest positive angle

The equation s = ce” " sin (kt +0), where ¢, b, k, and 0 are constants, represents damped

vibratory motion. Show that a = —2bv — (k2 + bz)s, where v = ds/dt and a = dv/dt.

v = % =ce "[—bsin (kt + ) + k cos (kt + 6)]
o= % = ce (b7 = k) sin (kt + 8) — 2bk cos (kt + 0)]

= ce " {—2b[—bsin (kt + 8) + k cos (kr + 8)] - (k* + b*)sin (kt + 9))
=—2bv ~ (k> + b*)s

Supplementary Problems

In Problems 25 to 35, find dy/dx.

25.

y=In(4x-5) Ans. 4/(4x —3) 26. y=InV3-x’ Ans. x/(x*—=3)
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27. y=1In3x’ Ans. 5/x

28. y=In(x’+x-1) Ans. (6x+3)/(x*+x—1)

29. y=x'lnx—x Ans. Inx

30. y = In (sec x + tan x) Ans. secx

31. y =In(Intan x) Ans. 2/(sin2x In tan x)

32. y=(nx")/x’ Ans. (2—4inx)/x’

33.  y=1ix(Inx-1) Ans. x'Inx

M. y = x[sin (In x} — cos (In x)] Ans. 2sin (In x)

35. y=xIn(4+ x°)+ 4arctan $x ~ 2x Ans. In(4+x%)

36. Find the equation of the line tangent to y = In x at any one of its points (x,, ¥,). Use the y intercept of

the tangent line to obtain a simple construction for the tangent line.
Ans. y_y():(l/xu)(xmxo)

37.  Discuss and sketch: y = x” In x. Ans. minimum at x = 1/ve; inflection point at x = 1/¢"’?

38. Show that the angle of intersection of the curves y =In (x —2) and y = x* — 4x + 3 at the point (3,0) is
¢ = arctan 3.

In Problems 39 to 46, find dy/dx.

3

39. y=e" Ans. Se** 40. y=e" Ans. 3x’e”

41. y=e"* Ans. 3e”"* cos 3x 42. y=3" w Ans. —2)c(3f"Z In 3)
43. y=e “cosx Ans. —e “(cosx +sinx) 4. y = arcsin e” Ans. V1 —e>
45. y=tan’e” Ans. 6¢’* tan e sec” e 46. y=¢" Ans. et

47.  If y = x’¢", show that y” = (x* + 6x + 6)e”.
48. If y = e **(sin 2x + cos 2x), show that y" + 4y’ + 8y =0.

49. Discuss and sketch: (a) y = x’¢ " and (b) y = xle % .

Ans. (@) maximum at x =2; minimum at x = 0; inflection points at x =2 + V2
(b) maximum at x = =1; minimum at x = 0; inflection points at x = £1.51, x = £0.47

50. Find the rectangle of maximum area, having one edge along the x axis, under the curve y = e v (Hint:
A=12xy =2xef"2, where P(x, y) is a vertex of the rectangle on the curve.) Ans. A=V2e

51. Show that the curves y =¢®" and y =e" cosax are tangent at the points for which x =2nw/a
(n=1,2,3,...), and that the curves y = e “/a” and y = e"* cos ax are mutually perpendicular at the
same points.
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52. For the curve y = xe”, show (a) (=1, —1/e) is a relative minimum point, (b) (—2, —2/e”) is a point of
inflection, and (c) the curve is concave downward to the left of the point of inflection, and concave
upward to the right of it.

In Problems 33 to 56, use logarithmic differentiation to find dy/dx.

53. y=x" Ans. x*(1+Inx)
54. y =x’e* cos 3x Ans. x°e™ cos3x(2/x +2 -3 tan 3x)
55. y=x"" Ans. 2x"* VInx
2 a2
56. y=x° Ans. e x° (1/x—2xInx)
d" xy x, d" n—1 - (n—l)'
57. Show (a) e (xe*)Y=(x + n)e"; (b) o (x"" Inx)= g



Chapter 20

Differentiation of Hyperbolic Functions

DEFINITIONS OF HYPERBOLIC FUNCTIONS.
hyperbolic functions are defined as

X

x —
e —¢€

sinh x = )
ef+e”
cosh x = 2
tanh _sinhx e —e”
anh x shx e +e”
DIFFERENTIATION FORMULAS
d . _
31. I (sinh x) = cosh x 32.
—_— p— 2
33. I (tanh x) =sech” x 34,
d
35. o (sech x) = —sech x tanh x 36.

(See Problems 1 to 12.)

For x any real number, except where noted, the

1 e +e”

DEFINITIONS OF INVERSE HYPERBOLIC FUNCTIONS

sinh ' x=1In(x+V1+x*) forall x

cosh 'x=In(x+Vx’-1), x=1

1+ x
, <1

tanh ™' x=11In
2 1—x

Only principal values of cosh™' x and sech ' x are included here.
Yp p

DIFFERENTIATION FORMULAS

d .. 1
37. — (sinh "x)=
dx( ) V1+x?
d o, 1 2
39. dx(tanh x)—l_xz,x<1
d -1 _1
41. ——(sech " x)= ———, 0<x <1
dx xV1-x?

(See Problems 13 to 19.)

coth x = = — —, x#0
tanhx e —e
sech x = ! = — 2 —
coshx e +e
1
csch x = = = — 2 —, x#0
sinhx e —e
i (cosh x) =sinh x
— (coth x) = —csch® x
dx(
o (csch x) = —csch x coth x
_ +1
coth l)CZ%lnx_l, x’>1
. 1+V1-x°
sech 1)c=1n—x—x, O<x=1
B 1 Vi+x?
csch 1x=ln()—C+|T|x), x#0
d 1 1
38. dx(COSh x)= xz_l,x>1
.o =—, X >1
40 . (coth " x) - X
-1
42. — (csch™ ' x) = , X #0
dx Ix|V1+x?

141
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Solved Problems

1. Prove that cosh® u —sinh? u =1.

u+ —u 2 u o ,—uN2 ~ B
coshzu—sinh2u=(e 2e )_(e = ) =i +2+e )= f(e -2+ ™) =1

d
2. Derive o (sinh x) = cosh x.

d . _i(e‘—e”)_e’+e_"_
dx(smh x)= e 3 = 3 = cosh x
In Problems 3 to 10, find dy/dx.
— ik 3 dy _ 4 any -
3. y=sinh3x: dx_COSh 3xdx(3x)—3cosh 3x
4 = cosh jx: A (1x)=1sinh ix
. y 2X: dx x 2 2 3
_ 2y. d_y_ 2 2 i 2y _ 2 2
S. y=tanh(1+x%): =sech® (1+ x*) — (1 + x*) =2x sech’ (1 + x%)
dx dx
_ 1 dy 2ld(l)__l . 1
6. y—COth ; EC'—""CSCh * dx ; —?CSCh x

dy _d 2 » d —or 2 2 2
I (sech x”) + sech x e (x) = x(—sech x” tanh x°)2x + sech x

= —2x? sech x” tanh x° + sech x°
8. y=csch’ (x* +1):
d d
& gesch(x? +1) p [esch (x* + 1)] =2 csch (x® + 1)[—csch (x* + 1) coth (x* + 1) - 2x}

dx
= —4x csch’® (x> + 1) coth (x* + 1)

. d .
9, y = % sinh2x — 3x: d—i = 1(cosh 2x)2 — § = {(cosh2x — 1) =sinh® x
_ ) dy _ 1 2h o 2 _
10. y=Intanh2x: Iy = tanh % (2sech” 2x) = sinh 2x cosh 2x 4 csch dx

. . . : x
11.  Find the coordinates of the minimum point of the catenary y = a cosh —.
a

, _1( . x)__ x w1 x _ 1e' +e*
f'x)= p a sinh p = sinh p and f'ix)= acosh Pl >
x/a_e“x/a

When f'(x) = & :

=0, x=0; and f"(0) > 0. Hence, the point (0, a) is the minimum point.

12. Examine (a) y =sinh x, (b) y = cosh x, and (c) y = tanh x for points of inflection.
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(a) f'(x) =coshx, f"(x) =sinh x, and f"(x) = cosh x.

f"(x) =sinh x =0 when x =0, and f"(0) #0. Hence, the point (0, 0) is a point of inflection.

(b) f'(x)=sinhx, and f"(x) = cosh x # 0 for all values of x. There is no point of inflection.
. 2 _
(¢) f(x)=sech’x, f'(x) = ~2sech® x tanh x = —2 % nd f"(x) = %

f"(x)=0 when x =0, and f"(0) # 0. The point (0, 0) is a point of inflection.

13. Derive: (@) sinh ' x=In(x + Vx> + 1), for all x

a1 1+V1-—x2
X X

(b) sech™ ' x = cosh ,for0<x=1

143

(a) Let sinh™' x = y; then x =sinh y = }(¢” — ¢™”) or, after multiplication by 2¢”, ¢* —2xe’ — 1 =0.

Solving for e’ yields e’ = x + Vx® + 1, since e’ >0. Thus, y =In(x + Vx> + 1).

- _ 1
(b) Let sech™ x=y; thenx—sechy—coshy

x=sechy=W,from which e*x —2e” + x =0.
+V1 = 42 +V1 =2
Solving for ¢’ yields e’ = % for y =0. Thus, y = In —1% 0<x=1.

1

V1+x2.

d
Let y =sinh ™' x. Then sinh y = x and differentiation yields cosh y d—i =1; so

ood
14.  Derive p (sinh " x)=

dx coshy \/1+sinh®y V1+x2
In Problems 15 to 19, find dy/dx.

15. y=sinh™' 3x: %=ﬁ %(315):_\/9)(_?;—;
16. y=cosh™'e": % \/17 ax (¢ )_—*\/;——1
17. y=2tanh '(tan ix): % =2 TTalnr%; d% (tan 3x)
=2 e e 1)) = %‘ = secx
8. y=coth ' = iy & ) T

dy -1 sin x

19. =sech™" (cos x): —= (cos x) = =secx
y ( ) cos xV1—cos’ x dx cos xV1—cos’ x

Supplementary Problems

1 1 1 _
, so cosh y = P Hence y = cosh™" 2= sech™ x. Also,

20. (a) Sketch the curves of y =e¢" and y = —e™*, and average the ordinates of the two curves for various

values of x to obtain points on y = sinh x. Complete the curve.
(b) Proceed as in (a), using y =e¢* and y = ¢~ * to obtain the graph of y = cosh x.
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21.  For the hyperbola x* — y* =1 in Fig. 20-1, show that (a) P(cosh u, sinh «) is a point on the hyperbola;
(b) the tangent line at A intersects the line OP at T(1, tanh u).

Fig. 20-1

22, Show: (a) sinh (x + y) = sinh x cosh y + cosh x sinh y
(b) cosh (x + y) = cosh x cosh y + sinh x sinh y
(c) sinh2x = 2 sinh x cosh x
(d) cosh 2x = cosh® x + sinh® x =2 cosh’ x =1 =2sinh’ x + 1

2 tanh x
2 - —_—
(e) tanh 2x 1+ tanh® x

In Problems 23 to 28, find dy/dx.

23, y=sinhix Ans. 1 cosh lx 24.  y=cosh®3x Ans. 3sinh 6x
25. y = tanh 2x Ans. 2sech®2x 26. y=Incoshx Ans. tanhx
27. y = arc tan sinh x Ans. sechx 28, y =InVtanh2x Ans. 2csché4x

29.  Show: (a) If y = a cosh g then y" = % Vit (y)2
(b) If y = A cosh bx + B sinh bx, where b, A, and B are constants, then y" = b’y.

- 1+
0. Show: (@) cosh 'w=ln(u+Ve'=1), u=1, and (b) tanh " u=}In o uP<1.
31. (a) Trace the curve y =sinh~ ' x by reflecting the curve y =sinh x in the 45° line.

(b) Trace the principal branch of y = cosh™ x by reflecting the right half of y = cosh x in the 45° line.
32. Derive differentiation formulas 32 to 36, 38 to 40, and 42.

In Problems 33 to 36, find dy/dx.

_ 1 a1 1
3. y=sinh™' ix Ans. 34. =cosh™' = Ans. ——m—
’ X+ 4 Y x xV1-—x*
35. y=tanh ' (sinx) Ans. secx
36. x=asech™ % -Va’-y® Ans. — Zy =
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Parametric Representation of Curves

PARAMETRIC EQUATIONS. If the coordinates (x, y) of a point P on a curve are given as
functions x = f(u), y = g(u) of a third variable or parameter u, the equations x = f(u) and
y = g(u) are called parametric equations of the curve.

EXAMPLE 1: (a) x =cos 6, y =4sin’ 6 are parametric equations, with parameter 8, of the parabola
4x* +y =4, since 4x° + y =4cos’ @ + 4sin> 8 = 4.
(b) x = 31, y =4 — t* is another parametric representation, with parameter f, of the same curve.

[t should be noted that the first set of parametric equations represents only a portion of the parabola
(Fig. 21-1(a)), whereas the second represents the entire curve (Fig. 21-1(b)).

6 =4z 0= ir

(a) (b)
Fig. 21-1

EXAMPLE 2: (a) The equations x = r cos 0, y = r sin @ represent the circle of radius r with center at the
origin, since x° + y° = r* cos® 6 + r” sin> 8 = r’(cos’ @ + sin” §) = > The parameter § can be thought of as
the angle from the positive x axis to the segment from the origin to the point P on the circle (Fig. 21-2).
(b) The equations x = a + rcos 8, y = b + r sin 8 represent the circle of radius r with center at (a, b), since
(x —a)’ + (y — b)> =r’cos’ 8 + r’sin’ 8 = r’(cos” 6 +sin’ §) = r.

y
P(x, y)
.
K 0 |

Fig. 21-2
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dy dy _ dyldu
THE FIRST DERIVATIVE —~ is given by - = ———.
THE SECOND DERIVATIVE dy b d’y _d (d)’) du
o dx’ 's given by -, 5 del  du \dx/ dx

Solved Problems

2

d : .
1. Fmdgi—;and;i—%,g1venx=0—sm0,y=1—cosf).
dx dy . dy _dyldd _ sing
gp~!Tcost and g =sinb. S0 T &idd T-cosd
Al d_zy__i( sin @ )d() cos §— 1 1 1
50 dx* d6\1—cosB/ dx (1—cos8)® 1—-cos 6 (1 — cos 8)°
dy dzy . r r s
2. Fmdaand PR given x =e¢ cost, y=e sint.
dx : dy . dy _dy/dt sint+cost
dt_e(COSt sin ¢) dt—e(smtJrcost) dx = deldi - cosi—sint
Also ﬂ_i(sint+cost)£d£_ 2 1 B 2
’ dx® dt \cost—sint/ dt  (cost~-sint)’ e'(cost—sin¢)  e'(cos s —sin ¢)’

3. Find the equation of the tangent to x =V, y =t — 1/V/1 at the point where ¢ = 4.

dx 1 dy _ 1 dy dyldt
a~avi ™M w TV S T dva
Att = 4, x = 2,y = 7/2, and m = dy/dx = 17/4. The equation of the tangent is then

(y—7/2)=(17/4)(x = 2) or 17x — 4y =20.

1
=2\/_i+;

4. The position of a particle that is moving along a curve is given at time ¢ by the parametric
equations x =2 — 3 cos ¢, y =3 + 2sin ¢, where x and y are measured in feet, and ¢ in seconds.
Find the time rate and direction of change of (a) the abscissa when ¢ = 7/3, (b) the ordinate
when 1 =5m/3, (c) 6, the angle of inclination of the tangent, when ¢ =27/3. (See Fig. 21-3.)

Fig. 21-3
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dx . dy dy ,
— = _— = = —=— =% cott
ar 3sint and I 2cost. So tan 8 il co

(a) When t=1/3, dx/dt =3V3/2. The abscissa is increasing at 3V3/2 ft/sec.

(b) When t=57/3, dy/dt=2(%)=1. The ordinate is increasing at the rate 1 ft/sec.
(c) 8 =arctan (2 cot), and a6 ——6—@ When = 2m 46 _ —6(2/V3) -
’ ’ 9+4(-1/V/3)7 31

= . -, . The angle
dt ~ 9+4cot’ ¢ 3 dr 8
of inclination of the tangent is decreasing at a rate of 2 rad/sec.

Supplementary Problems

In Problems 5 to 9, find (a) dy/dx and (b) d*y/dx’

3.

10.

11.

12,

13.

14.

x=2+t y=1+7¢ Ans. (a) 2t; (b) 2

x=t+1/t, y=t+1 Ans. (a) /(£ - 1); (b) —205(1* = 1)°
x=2sint, y=cos2t Ans. (a) ~2sint; (b) —1

x=cos’ 6, y=sin" ¢ Ans. (a) —tan6; (b) 1/(3cos* #sin @)

x =a(cos ¢ + ¢sin¢), y = a(sin ¢ — ¢ cos ¢) Ans. (a) tan ¢; (b) 1/(a¢ cos® ¢)
Find the slope of the curve x = ¢™ cos 2t, y = ¢ * sin 2r at the point ¢ = 0. Ans. -2

Find the rectangular coordinates of the highest point of the curve x = 96¢, y =96t — 16¢’. (Hint: Find t
for maximum y.) Ans. (288, 144)

Find the equation of the tangent and the normal to the curve (@) x = 3¢, y = Se " at 1 = 0;
(b)) x=acos*h, y=asin*@at 6=17.

Ans. (@) 5x+3y-30=0,3x-5y+16=0; (b) 2x +2y —a =0, x—y=0

Find the equation of the tangent at any point P(x, y) of the curve x = a cos’ t,y = asin’ t. Show that the
length of the segment of the tangent intercepted by the coordinate axes is a.

Ans.  xsint+ycost= iasin2t

For the curve x =¢*—1, y =+t — 1, locate the points where the tangent line is () horizontal and (b)

vertical. Show that at the point where the curve crosses itself, the two tangents are mutually
perpendicular.  Ans. (a) t=+*V3/3; (b) =0



Chapter 22

Curvature

DERIVATIVE OF ARC LENGTH. Let y = f(x) be a function having a continuous first derivative.
Let A (see Fig. 22-1) be a fixed point on the graph, and denote by s the arc length measured
from A to any other point on the curve. Let P(x, y) be an arbitrary point, and Q(x + Ax, y +
Ay) a neighboring point on the curve. Denote by As the arc length from P to Q. The rate of
change of s (= AP) per unit change in x and its rate of change per unit change in y are given
respectively by

@ B0\ (D) Ay L ()
dx  ato Ax dx dy Ay50 Ay dy

The plus or minus sign is to be taken in the first formula according as s increases or decreases as
x increases, and in the second formula according as s increases or decreases as y Increases.
When a curve is given by the parametric equations x = f(u), y = g(u), the rate of change of

I+

2 2
s with respect to u is given by g% =+ \/ (%) + (%) . Here the plus or minus sign is to be
taken according as s increases or decreases as u increases.
To avoid the repetition of ambiguous signs, we shall assume hereafter that direction on
each arc has been established so that the derivative of arc length will be positive. (See Problems

1to 5.)

Q(x + Az, y + Ay)

Fig. 22-1 Fig. 22-2

CURVATURE. The curvature K of a curve y = f(x), at any point P on it, is the rate of change in
direction (i.e., of the angle of inclination 7 of the tangent line at P) per unit of arc length s.
(See Fig. 22-2.) Thus,

292 _ g2 2
K= dr _ lim At d’yldx d“x/dy

ds as—0As  [1+(dy/dx)’]’"” [1+ (dx/dy)’]*"*
From the first of these formulas, it is clear that K is positive when P is on an arc that is concave
upward, and negative when P is on an arc that is concave downward.

K is sometimes defined so as to be positive, that is, as only the numerical values given by
(22.1). With this latter definition, the sign of K in the answers below should be ignored.

(22.1)

THE RADIUS OF CURVATURE R for a point P on a curve is given by R = |1/K]|, provided K #0.

148
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THE CIRCLE OF CURVATURE or osculating circle of a curve at a point P on it is the circle of

radius R lying on the concave side of the curve and tangent to it at P (Fig. 22-3).
To construct the circle of curvature: On the concave side of the curve, construct the normal
at P, and on it lay off PC = R. The point C is the center of the required circle.

P x

Fig. 22-3

THE CENTER OF CURVATURE for a point P(x, y) of a curve is the center C of the circle of

curvature at P. The coordinates («, 8) of the center of curvature are given by

2[+(2)] (2)
e dx 1+ dx . L dx
* d’yldx’ Y d’yldx*
(dx)2 dx [ (dx)z]

1+ (== i+ (=
or b X dy B dy 4
a= —_——— = _ >
y dx/dy’ Y dx/dy’

THE EVOLUTE of a curve is the locus of the centers of curvature of the given curve. (See Problems

6 to 13.)

Solved Problems

o () 10 ()
Derive (dx =1+ )

Refer to Fig. 22-1. On the curve y = f(x), where f(x) has a continuous derivative, let s denote the
arc length from a fixed point A to a variable point P(x, y). Denote by As the arc length from P to a
neighboring point Q(x + Ax, y + Ay) of the curve, and by PQ by the length of the chord joining P and

Q. Now % = ?,% —g% and, since (PQ)* = (Ax)* + (Ay),
(5) = (7a) (52) = (55) SO - (22) 1+ (2)]

As  arc PQ
As Q approaches P along the curve, Ax—>0, Ay—0, and PO~ chord PO — 1. (For a proof of the

latter, see Problem 22 of Chapter 47.) Then

) - am (52) = pm [1+(82) ] =1+ (2)
(dx -Alalrr—l;lo Ax —Al}rr—?o 1+ Ax =1+ dx
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6.

CURVATURE [CHAP. 22

Find ds/dx at P(x, y) on the parabola y = 3x°.

b 3] v T
i 1+ p -—\/1+(6x) =V1+36x

Find ds/dx and ds/dy at P(x, y) on the ellipse x* + 4y’ = 8.

dy . dy X dx 4y
Since 2x + 8y - o =0, P 4y and - x . Then

1+ (dy) -1+ x* xX*+16y*  32-3x° and ds _ /32 - 3x?
dx 16y’ 16y° 32 —4x° dx 32 —4x°
dx\’ 16y°  x*+16y° 2+3y° +3y°
1+(—) S+ oy rley 2ty and B2ty
dy x X 2y dy 2—y
Find ds/de at P(0) on the curve x =sec 6, y = tan 6.

R R
-3 T\5% =Vsec® 6 tan® 0 + sec” § = |sec 8|Vtan" 0 + sec’ 0

The coordinates (x, y) in feet of a moving particle P are given by x =cost —1, y =2sint + 1,
where ¢ is the time in seconds. At what rate is P moving along the curve when (a) t = 57/6,
(b) t=5m/3, and (c) P is moving at its fastest and slowest?

ds_\/(dx)2 (@)2_ — T _ 5
4 it + dr =Vsin®t+4cos’t=V1+3cos ¢
(a) When ¢ =5x/6, ds/dt =\/1+3(3)=V13/2 ft/sec.

(b) When t=51r/3 ds/dt = \/1+3( \/_/2 ft/sec.

- !
(c) Let §= E 1+3cos’t. Then = = M— Solving dS/dr=90 gives the critical values

dt S
t=0, w/2, m, 3uw/2.
When t =0 and 7, the rate ds/dt = V1 + 3(1) = 2 ft/sec is fastest. When t = 77/2 and 37/2, the
rate ds/dt =\/1 + 3(0) = 1 ft/sec is slowest. The curve is shown in Fig. 22-4.

t=§r

Fig. 22-4

Find the curvature of the parabola y* =12x at the points (a) (3, 6); (b) (3, —3); (c) (0,0).
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10.

%=S; $O 1+(%)=1+i—? and g%=-)%%=-%
(a) At (3,6): 1+(%)2=2 and%}=—%, 50 K=:231,—/26=-¥.
(b) At (3, —3): 1+(%)2=5 andj—;):%,so K=-;—3%=¥.
(©) At (0,0),%i5 undefined. But%=%=0, 1+(3—;)2=1, Z—2§=%, and Kz—-%.

Find the curvature of the cycloid x =6 —sin 8, y =1 — cos 8 at the highest point of an arch
(see Fig. 22-5).

To find the highest point on the interval 0 <x <2#: dy/d6 = sin 6, so that the critical value on the
interval is x = 7. Since d°y/d6* = cos 8 <0 when 6 = m, the point 8 = 7 is a relative maximum point and

is the highest point of the curve on the interval.
To find the curvature,

t—if*l—cosﬂ ﬂ—'(9 Q—ﬂ_ﬂ_ Q_i(ﬂ)ﬁdf__ 1
de de ~ " dx  1-cosf  di’° df\1-cos8/ dx  (1—cos@)

At 0=, dyldc =0, d’y/dx*=—} and K= -1,

L1

Fig. 22-5 Fig. 22-6

Find the curvature of the cissoid y*(2 — x) = x” at the point (1, 1). (See Fig. 22-6).
Differentiating the given equation implicitly with respect to x, we obtain
=y +(2-x)2py' =35 (1)
and =2yy' + (2 x)2yy" + (2—x)2(y')’ - 2yy’ =6x (2)

From (1), forx=y=1, ~1+2y’=3 and y' =2. Similarly, from (2), forx=y=1 and y’ =2, we find
y"=3. Then K =3/(1+ 4)*> =3V3/25.

Find the point of greatest curvature on the curve y =In x.

dy 1 dy 1 . —x dKk  2x* -1
dx = ; and dx2 = x2 . So K= (1 +x2)3,2 and dx = m

The critical value is thus x = 1/V2. The required point is (1/V2, — § In2).

Find the coordinates of the center of curvature C of the curve y = f(x) at a point P(x, y) at
which y’#0. (See Fig. 22-3.)

The center of curvature C(a, B) lies (1) on the normal line at P and (2) at a distance R from P
measured toward the concave side of the curve. These conditions give, respectively,
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1 1+ (¥’
B-y=——(a—x) and (a—x)2+(B—y)2=R2=[——m(;Y#
y (")
From the first, @ — x = —y’(B8 — y); substituting in the second yields
1+ 213 1_+_ 2
Byt y)= 0T e gyt

To determine the correct sign, note that when the curve is concave upward y” > 0 and, since C then lies
above P, B — y>0. Thus, the proper sign in this case is +. ('You should show that the sign is also +
when y” < 0.) Thus,
+ r\2 1] 1+ N2
B=y+-—--~—-———1 ;,,y) and a=x—y—-——-—[ ySY)]

11.  Find the equation of the circle of curvature of 2xy + x + y =4 at the point (1, 1).

Differentiating yields 2y + 2xy’ + 1+ y'=0. At (1,1), y'=—1and 1+ (y')* =2.
Differentiating again yields 4y’ +2xy” + y"=0. At (1,1), y"= 5. Then

413 3V2 -1(2) 5 2 5
K=z £ a=l-—735 =7 F 432
The required equation is (x — @)’ +(y - B)Y’ =R>or (x —3)*+(y —3)*=3.
12.  Find the equation of the evolute of the parabola y* = 12x.
At P(x, y):
2 2
dx y X dx y x dx y 2x
V3/7x(1+3/x) 2V3(x +3)
Then a=x— _\/%/2)(3,2 =x+—\/_3—=3x+6
1+36/y° y* + 36y y?
= + —_— _—— e -
and B=y* T3 TY T 36 36

The equations a =3x + 6, 8 = —y°/36 may be regarded as parametric equations of the evolute with
x and y, connected by the equation of the parabola, as parameters. However, it is relatively simple in
this problem to eliminate the parameters. Thus, x=(a —6)/3, y = —V/368, and substituting in the
equation of the parabola, we have

(368" =4(a—-6) or 818°=4(a —6)’

The parabola and its evolute are shown in Fig. 22-7.

Q 1

Fig. 22-7 Fig. 22-8

13.  Find the equation of the evolute of the curve x =cos ¢ + @sin 8, y =sin 8 — 8 cos 6.
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At P(x, y):
Z—;;:Ocoso %=Osin0 d—i}=tan0 —f;—}z]=;iisi=seia
Then a=x—-t—?%o—0=x—05in0=coso
and B=y+(sj—?i)—%=y+00050=sin0

and a = cos 6, B = sin @ are parametric equations of the evolute (see Fig. 22-8).

Supplementary Problems

In Problems 14 to 16, find ds/dx and ds/dy.

B, 1+y*=25 Ans. ds/dx=5/V25—- x> ds/dy=51/25-y"
15, y'=x' Ans. dsldx= A+ 9x, ds/dy =\4+9y~"3y'"?

16. Pyt =gt Ans. dsidx =(alx)'"? dsidy = (aly)'"’

In Problems 17 to 19, find ds/dx.

17. 6xy=x*+3 Ans. dside=(x'+1)/2x"

18. 27ay’ = 4(x — a)’ Ans. ds/dx=V\(x + 2a)/3a

9. y=acosh x/a Ans. ds/dx =coshx/a

20.  For the curve x = f(u), y = g(u), derive (ds/du)’ = (dx/du)’ + (dy/du)’.

In Problems 21 to 24 find ds/dt.

2. x=4Fy=r Ans. V4 +9¢ 22. x=cost, y=sint Ans. 1

23.  x=2cost, y=3sint Ans. V4+5cos’t 2. x=cos’t, y=sin’t Ans. 3 sin 2¢

25. Use dy/dx =tan 7 to obtain dx/ds = cos , dy/ds =sin 7.

_ dy) . _dr _dr dx y"
26. Use 7 = arctan <dx to obtain K = s de ds —~—————-{1 T (y’)2}3"2'
27. Find the curvature of each curve at the given points.
(@) y=x¥3atx=0,x=1,x=-2 (b) x*=4ay at x=0, x=2a
(¢) y=sinxatx=0, x=4=w (d)y=e* atx=0

Ans. () 0, V212, —4VT17/289; (b) 1/2a, V2/8a; (c) 0, —1; (d) —2

28. Show that (&) the curvature of a straight line is zero and (b) the curvature of a circle is numerically the
reciprocal of its radius.
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29.

31.

32.

33.

CURVATURE [CHAP. 22

Find the points of maximum curvature of (a} y =¢%, (b) y = x13.

Ans. (@ x=3ili; (B)x=1/3

Find the radius of curvature of (a) x* + xy> —6y* =0at (3,3); (b) x =asech ' y/a—Va’ -y at(x, y);
() x=2atanf, y=atan’ 8; (d) x=acos' 8, y=asin" 6.

Ans.  (a) 5V3; (b) aVa® — y7|yl; (¢) 2a|sec’ 8]; (d) 2a(sin® @ + cos” )"

Find the center of curvature of (2) Problem 30(a); (b) y =sin x at a maximum point.

Ans. (a) C(—7,8); (b) C(3m,0)

Find the equation of the circle of curvature of the parabola y® = 12x at the points (0,0) and (3, 6).
Ans. (x—6) +y*=36; (x — 15)*+ (y + 6)° =288

Find the equation of the evolute of (a) b°x” + a’y® = a’b?; (b) x*° + y*"* = a®"; (¢) x =2 cos ¢ + cos 2,

y = 2sin £ + sin 2¢.

Ans.  (a) (aa)zu + (bB)ZB — (a:'. B b2)2/3; (b) (a + 6)2/3 + (a - B)2/3 =2a2/3;
(¢) @ = §(2cos t —cos2t), B=3(2sint—sin2r)



Chapter 23

Plane Vectors

SCALARS AND VECTORS. Quantities such as time, temperature, and speed, which have mag-
nitude only, are called scalar quantities or scalars. Scalars, being merely numbers, obey all the
laws of ordinary algebra; for example, 5 sec + 3 sec = 8 sec.

Quantities such as force, velocity, acceleration, and momentum, which have both mag-
nitude and direction, are called vector quantities or vectors. Vectors are represented geometri-
cally by directed line segments (arrows). The direction of the arrow (the angle which it makes
with some fixed line of the plane) is the direction of the vector, and the length of the arrow (in
terms of a chosen unit of measure) represents the magnitude of the vector. Scalars will be
denoted here by letters a, b, ¢, ... in ordinary type; vectors will be denoted in bold type by
letters a, b, ¢, . .. or OP (see Fig. 23-1{(a)). The magnitude of a vector a or OP will be denoted
|a| or |OP|.

P B
B
a/ b —a b b 4 b
a a 4
P a
0 a=bh F
(d)

(a) () (e)
Fig. 23-1

Two vectors a and b are called equal (a = b) if they have the same magnitude and the same
direction. A vector whose magnitude is that of a but whose direction is opposite that of a is
defined as the negative of a and is denoted —a.

If a is a vector and k is a scalar, then ka is a vector whose direction is that of a and whose
magnitude is & times that of a if k is positive, but whose direction is opposite that of a and
whose magnitude is |k| times that of a if k is negative.

Unless indicated otherwise, a given vector has no fixed position in the plane and so may be
moved under parallel displacement at will. In particular, if a and b are two vectors (Fig.
23-1(b)), they may be placed so as to have a common initial or beginning point P (Fig. 23-1(c))
or so that the initial point of b coincides with the terminal or end point of a (Fig. 23-1(d)).

We also assume a zero vector 0 with magnitude 0 and no direction.

SUM AND DIFFERENCE OF TWO VECTORS. If a and b are the vectors of Fig. 23-1(b), their
sum or resultant a + b is found in either of two ways:

1. By placing the vectors as in Fig. 23-1(c) and completing the parallelogram PAQB of
Fig. 23-2(a). The vector PQ is the required sum.

2. By placing the vectors as in Fig. 23-1(d) and completing the triangle PAB of Fig.
23-2(b). Here, the vector PB is the required sum.

It follows from Fig. 23-2(d) that three vectors may be displaced to form a triangle provided
one of them is either the sum or the negative of the sum of the other two.

If a and b are the vectors of Fig. 23-1(b), their difference a — b is found in either of two
ways:

155



156 PLANE VECTORS [CHAP. 23

() (c) (d)
Fig. 23-2

1. From the relation a—b=a+ (—b) as in Fig. 23-2(c).
2. By placing the vectors as in Fig. 23-1(c) and completing the triangle. In Fig. 23-2(d),
the vector BA =a—b.

If a, b, and ¢ are vectors and k is a scalar, then
Property 23.1 (commutative law): a+b=b-+a
Property 23.2 (associative law): a+(b+c)=(a+b)+c
Property 23.3 (distributive law): k(a+b)=ka+ kb
(See Problems 1 to 4.)

COMPONENTS OF A VECTOR. In Fig. 23-3(a), let a = PQ be a given vector, and let PM and PN
be any two other lines (directions) through P. Construct the parallelogram PAQB. Now

a=PA+PB

and a is said to be resolved in the directions PM and PN. We shall call PA and PB the vector
components of a in the pair of directions PM and PN.

(b)

Fig. 23-3

Consider next the vector a in a rectangular coordinate system (Fig. 23-3(b)) having equal
units of measure on the two axes. Denote by i the vector from (0, 0) to (1,0), and by j the
vector from (0, 0) to (0, 1). The direction of i is that of the positive x axis, the direction of j is
that of the positive y axis, and both are unit vectors, that is, vectors of magnitude 1.

From the initial point P and the terminal point Q of a, drop perpendiculars to the x axis
meeting it in M and N, respectively, and to the y axis meeting it in § and T, respectively. Now
MN = a,i, with a, positive, and ST = a,j, with a, negative. Then MN = RQ = a,i, ST=PR =
a,j, and

a=a,i+taj (23.1)
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We shall call a,i and a,j the vector components of a (the pair of directions need not be
mentioned), and the scalars @, and a, the scalar components or x and y components or simply
components of a. Note that the zero factor 0 = 0i + (j.

Let the direction of a be given by the angle 8, for 0 < 6 <2, measured counterclockwise
from the positive x axis to the vector. Then

al=Val +a,
and tan 6 = a,/a,
with the quadrant of 6 being determined by
a, = |a| cos 6 a, = |a|sin @

Ifa=aqa,i+a,jand b=b,i+ b,j, then
Property 23.4: a=bifand onlyifa, =b, and a, =0,
Property 23.5: ka= ka i+ ka,j
Property 23.6: a+b=(a, +b))i+(a,+b,)j
Property 23.7: a—b={(a, — b))it+ (a,— b,)j
(See Problem 5.)

SCALAR OR DOT PRODUCT. The scalar or dot product of two vectors a and b is defined by
a-b=la||b|cos 8 (23.4)

where € is the smaller angle between the two vectors when they are drawn with a common
initial point (see Fig. 23-4). We also let a-0=0-a=0.
From (23.4) we have

Property 23.8 (commutative law): a-b=b-a

Property 23.9: a-a=|a||a|=|a|° and |a| =va-a

Property 23.10: a-b=0ifa=0 or b=0 or a is perpendicular to b
Property 23.11: i-i=j-j=1landi-j=0

Property 23.12: a-b=(g,i+a,j)-(b,i+ b,j)=a,b, +a,b,
Property 23.13 (distributive law): a-(b+c¢)=a-b+a-c

Property 23.14: (a+b)-(ct+d)=a-c+a-d+b-c+b-d

B
b
9 A
P a
Fig. 23-4 Fig. 23-5

SCALAR AND VECTOR PROJECTIONS. In (23.1), the scalar a, may be called the scalar
projection of a on any vector whose direction is that of the positive x axis, while the vector a,i
may be called the vector projection of a on any vector whose direction is that of the positive x



158 PLANE VECTORS [CHAP. 23

. o b L b\ b
axis. In Problem 7, the scalar projection a- m and the vector projection (a' m) m of a
vector a on another vector b are found. (Note that when b has the direction of the positive x
axis, then IF =1i.)
There follows

Property 23.15: a-b is the product of the length of a and the scalar projection of b on a, or the product
of the length of b and the scalar projection of a on b. (See Fig. 23-5.)

(See Problems 8 and 9.)

DIFFERENTIATION OF VECTORS. Let the curve of Fig. 23-6 be given by the parametric
equations x = f(u) and y = g(u). The vector

r=xi+ yj=if(u) +jg(u)

joining the origin to the point P(x, y) of the curve is called the position vector or radius vector
of P. (Hereinafter, the letter r will be used exclusively to denote position vectors; thus,
a=3i+4j is a “free” vector, while r = 3i + 4j is the vector joining the origin to P(3,4).)

Fig. 23-6

The derivative of r with respect to u is given by
dr  dx . d_y )

— = — +

du du'" du’

Let s denote the arc length measured from a fixed point P, of the curve so that s increases
with u. If 7 is the angle that dr/du makes with the positive x axis, then

dy/du dy

deida -~ dx slope of curve at P

Moreover, dr/du is a vector of magnitude
) () (&) -
dul du du/  du
whose direction is that of the tangent to the curve at P. It is customary to show this vector with
P as initial point.
If now the scalar variable u is the length of arc s, (23.5) becomes
_dr _dx, dy

t—d—s=El+$J (236)

(23.5)

tan T =
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1.

The direction of t is 7 as before, while its magnitude is \/(dx/ ds)* + (dy/ds)* = 1. Thus,
t = dr/ds is the unit tangent to the curve at P.

Since t is a unit vector, t and dt/ds are perpendicular (see Problem 11). Denote by n a unit
vector at P having the direction of dt/ds. As P moves along the curve shown in Fig. 23-7, the
magnitude of t remains constant; hence, dt/ds measures the rate of change of the direction of t.

Thus, the magnitude of dt/ds at P is the numerical value of the curvature at P, that is,
|dt/ds| = | K|, and

% — |K|n (23.7)

(See Problems 10 to 13.)

Fig. 23-7

Solved Problems

Prove a+b=b+a.

From Fig. 23-8, a+ b=PQ=b + a.

Fig. 23-8

Prove (a+b)+c=a+(b+c)

From Fig. 23-9, PC=PB+BC=(a+b)+c. Also, PC=PA+AC=a+(b+c¢).

Let a, b, and ¢ be three vectors issuing from P such that their endpoints A, B, C lic on a line
as shown in Fig. 23-10. If C divides BA in the ratio x:y where x +y=1, show that
c=xa+ yb.
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P
Fig. 23-10 Fig. 23-11

c=PB+BC=b+x(a—b)=xa+(1-x)b=xa+yb
For example, if C bisects BA, then ¢= j(a+b) and BC=i(a—b).

Prove: The diagonals of a parallelogram bisect each other.

Let the diagonals intersect at @, as in Fig. 23-11. Since PB=PQ + QB =PQ — BQ, there are
positive numbers x and y such that b=x(a+b)—y(@a—b)=(x —y)a+ (x + y)b. Then x+ y =1 and
x —y=0. Solving for x and y yields x =y = 1, and Q is the midpoint of each diagonal.

For the vectors a=3i+4j and b=2i —j, find the magnitude and direction of (&) a and b,
(b) a+b, (c) b—a.

(a) For a=3i+4j: |a|=Va’+a2=V3’+4>=5; tan6 =a,/a, =  and cos 8 = a,/|a| = 2; then 8 is a
first quadrant angle and is 53°8’.
For b=2i—j: [b|=V4+1=V5; tan 6 = — 1 and cos 8 =2/V5; 6 = 360° — 26°34’ = 333°26".

(b) a+b=(3i+4j)+(2i—j)=5i+3j. Then Ja+b|=V5*+3°=V34. Since tan® =2 and cosf =
5/V34, 6 =30°58".

(¢) b—a=(2i—j)—(3i+4j)=—i—35j. Then |b—a|=V26. Since tan# =5 and cos 6 = —1/V26, § =
258°41".

Prove: The median to the base of an isosceles triangle is perpendicular to the base. (In Fig.
23-12, |a| = |b].)

From Problem 3, since m bisects the base,

m= 3(a+b)
Then m-(b—a)=j(a+b)-(b—a)
= 3(ab—a-a+b-b—b-a)=i(b-b—a-a)=0

as was to be proved.

asz

Fig. 23-12 Fig. 23-13



CHAP. 23] PLANE VECTORS 161

7. Resolve a vector a into components a, and a,, respectively parallel and perpendicular to b.

In Fig. 23-13, we have a=a, + a,, a, = cb, and a, -b=0. These relations yield
a,=a-a =a—-cb and a,-b=(a-cb)-b=a-b—cb]*=0 or C=W

‘b ‘b
Thus, al=cb=%l—2-band a2=a—cb=a—-TbTb.

b . — b) b . o
The scalar a- m is the scalar projection of a on b; the vector (a . H) m is the vector projection of

aonb.

8. Resolve a=4i+ 3j into components a, and a,, parallel and perpendicular to b= 3i +j.

‘b _12+3 3
FromProblem?,c=i|]E|—2= 10 =§.Thenal=cb=%i+§jandaz=a—alz~%i+%j.

9. Find the work done in moving an object along a vector a=3i+ 4j if the force applied is
b=2i+]j.
Work done = (magnitude of b in the direction of a)(distance moved)
=(|b|cos 0)|la| =b-a= (2i+j)- (3i+4j)=10

. . . . d _da db
10. If a=if(u)+jf,(u) and b=ig,(u) +jg,(4), show that o (a-b)= T b+a T

By Property 23.12, a-b=(if, +jf,) - (ig, +ig.) = f,& + f-g,. Then
d , o , ,_ dfi(w)
L a-by=fig, + g+ frg+ s (1= 22)

=(fig +1:8) +(figi+1:82)
= (if;+jf;;_)'(ig1 +jg2)+(if1 +jf2)'(ig; +jg;)3 % ‘b+a- %

11. If a=if,(u) +jf,(u) is of constant magnitude, show that a and da/du are perpendicular.

. . ) d
Since |a| is constant, a-a = constant ¥ 0, and we obtain, by Problem 10, —— (a-a) =
du
da + @—2 @—0 Th -@—0 that d@ dicul
o, ata g, ~a =0 ena- - = so that a and — are perpendicular.

Thus (as a geometric example), the tangent to a circle at one of its points P is perpendicular to the
radius drawn to P.

12. Given r =icos’ 6 +j sin” 0, find t.

dr . . ds dr dr dr .
—_— = — + —_— = | e— | = —_—r — =
70 isin28 +jsin20  and - |7 76 46 V2sin 26
Hence t=£_££fg__L.+_1_.
ds _dods  V2'H V2?
13. Givenx=acos’ 0, y=asin’ 6, find t and n when § = }7.
We have r = aicos’ 8 + aj sin’ 9. Then

dr ds i dr

dr g g a2 _:_‘2 :
70 3aicos” 0sin @ + 3ajsin” @ cos 8 and 20 P 3a sin 6 cos @
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14.

15.

16.
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d dr do
Hence tzagz-d—gagz—icoseﬂsin@
dt . . de 1 A 1 A
and £2(15|n0+"cose)d_s:3acos()'+3asin01
— 1 . ~_L'+ 1 'ﬂ-_@‘.‘,_\/_ﬁ“ K._gzg,, d W-‘.}.,ﬂ!.:“l_.i+__]_"
Atb=am == ir b a3 P R g T M g s TV T v

Show that the vector a = ai + bj is perpendicular to the line ax + by + ¢ = 0.

Let P(x,,y,) and P,(x,, y,) be two distinct points on the line. Then ax, + by, + ¢=0 and
ax, + by, + ¢ = 0. Subtracting the first from the second yields

a(xz'_xl)'*’b(yszl):U (N
Now a(x, —x,) + b(y, =y,)=(ai+ bj) - {(x, 7x|)i+(yz =yl
=a-PP,

By (1), the left side is zero. Thus, a is perpendicular (normal) to the line.

Use vector methods to find:
(a) The equation of the line through P,(2,3) and perpendicular to the line x +2y +5=0
(b) The equation of the line through P,(2,3) and P,(5, —1)

Take P(x, y) to be any other point on the required line.

(a) By Problem 14, the vector a =i+ 2j is normal to x + 2y +5=0. Then P,P=(x —-2)i+ (y — 3)j is
parallel to a if
(x=2)i+(y—3)j=k(i+2j) (ka scalar)
Equating components, we have x —2=k and y — 3 =2k. Eliminating k, we obtain the required
equation as y —3=2(x —2) or 2x—y —1=0.
(b) We have PP=(x-2)i+(y—3)j and PP, =3i—4j
Now a = 4i + 3j is perpendicular to P,P, and, hence, to P,P. Thus, we may write

O0=a-PP=(4i+3j)-[(x-2)i+(y—3)j] or 4x+3y—17=0

Use vector methods to find the distance of the point P,(2, 3) from the line 3x + 4y — 12 =0.

At any convenient point on the line, say A(4, 0), construct the vector a = 3i + 4j perpendicular to
the line. The required distance is d = |AP,| cos 6 in Fig. 23-14. Now a- AP, = |a| |AP, | cos 6 = |a| d; hence
a-AP, (3i+4j)-(-2i+3j) -6+12 6

4=l 5 575

A4,0

Fig. 23-14
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17.

18.

19.

20.

2L

22.

23.

24.

25.

26.

Supplementary Problems

Given the vectors a. b, ¢ in Fig. 23-15, construct («) 2a; (b) —3b: (¢) a+2b; (d) a+b—c: (e)
a—2b+ 3c.

Fig. 23-15 Fig. 23-16

Prove: The line joining the midpoints of two sides of a triangle is parallel to and one-half the length of
the third side. (See Fig. 23-16.)

If a, b, ¢, d are consecutive sides of a quadrilateral (see Fig. 23-17), show that a+ b+ c+d = 0. (Hint:
Let P and Q be two nonconsecutive vertices.) Express PQ in two ways.

p la a

Fig. 23-17 Fig. 23-18 Fig. 23-19

Prove: If the midpoints of the consecutive sides of any quadrilateral are joined, the resulting
quadrilateral is a parallelogram. (See Fig. 23-18.)

Using Fig. 23-19, in which |a| = |b| is the radius of a circle, prove that the angle inscribed in a semicircle
is a right angle.

Find the length of each of the following vectors and the angle it makes with the positive x axis: (a) i +J;
(b) —i+j: (¢)i+ V3 (d) i~ V3.
Ans. (@) V2, 0="1m(b) V2, 0=37/4;(c) 2, 8=m/3;(d) 2, 8 =57/3

Prove: If u is obtained by rotating the unit vector i counterclockwise about the origin through the angle
0, then u=icos @ + jsin 8.

Use the law of cosines for triangles to obtain a-b = |a||b| cos 8 = 4(Ja|® + |b|* — |c|*).
Write each of the following vectors in the form ai + bj:
(a) The vector joining the origin to P(2, —3) (b) The vector joining P,(2,3) to P,(4,2)

(¢} The vector joining P,(4,2) to P,(2, 3) (d) The unit vector in the direction of 3i + 4j
(e) The vector having magnitude 6 and direction 120°

Ans.  (a) 2i-3j; (b) 2i—J; (¢) =20 +j; (d) 2i+ 4j; (&) —3i+3V3j

Using vector methods, derive the formula for the distance between P,(x,, y,) and P,(x,, y,).
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27.

28.

29,

31.

32.

33.
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Given 0(0,0), A(3,1), and B(1,5) as vertices of the parallelogram OAPB, find the coordinates of P.
Ans. (4,6)

(a) Find k so that a=3i— 2j and b=i+ kj are perpendicular.
(b) Write a vector perpendicular to a = 2i + 5j.

Prove Properties 23.8 to 23.15.

Find the vector projection and scalar projection of b on a, given: (a) a=i—2j and b= —-3i+j;
() a=2i+3jand b=10i+2j.  Ans. (a) —i+2j, —V5; (b) 4i+6j, 2V13

Prove: Three vectors a, b, ¢ will, after parallel displacement, form a triangle provided (a) one of them is
the sum of the other two or (b} a+b+c=0.

Show that a=3i—6j, b=4i+2j, and ¢ = —7i +4j are the sides of the right triangle. Verify that the

midpoint of the hypotenuse is equidistant from the vertices.

Find the unit tangent vector t = dr/ds, given: (a) r = 4icos@ + 4jsin@; (b) r = e’i + e7%;

(c) r=6i+8%. ,

e’i— e % i+ 20j

Ans. a) —isin9 +jcos@; (b 3 (4 =
() J ()v629+€,29 ()\/1+40‘_

{a) Find n for the curve of Probiem 33(a).
(b) Find n for the curve of Problem 33(c).
(¢) Find t and n given x =cos 8 + 8sin 6, y =sin 8 — 6 cos 6.

-26 1 . .
Ans. (a) —icos@ —jsin8; (b) \/1+492i+mj; (c) t=icos @ +jsing, n=—isin 6 + jcosé




Chapter 24

Curvilinear Motion

VELOCITY IN CURVILINEAR MOTION. Consider a point P(x, y) moving along a curve with the
equations x = f(¢), y = g(t), where ¢ is time. By differentiating the position vector

r=ixtjy (24.1)
with respect to ¢, we obtain the velocity vector
dr . dx .dy . .
v T i, =i, +jvu, (24.2)

where v, = dx/dt and v, = dy/dt.
The magnitude of v is called the speed and is given by

ds
— _ p) 7 _
IVl—\/V'V— Ux+vy*~E

The direction of v at P is along the tangent to the path at P, as shown in Fig. 24-1. If 7 denotes
the direction of v (the angle between v and the positive x axis), then tan 7 =v /v,, with the
quadrant being determined by v, = |v| cos 7 and v, = |v| sin .

¥y

a v

. . ¢
vy ayj 9

a.i P
r
&x* x
0]
Fig. 24-1 Fig. 24-2

ACCELERATION IN CURVILINEAR MOTION. Differentiating (24.2) with respect to ¢, we
obtain the acceleration vector

dv _d’vx dx . d% . |
E = dtz =i i +] dtz =|ax+_|ay (24.3)

where a, = d*x/df* and a,= d’y/df’. The magnitude of a is given by

a:

la|=vaa=Va, +a,

The direction ¢ of a is given by tan ¢ =a /a,, with the quadrant being determined by
= |a| cos ¢ and a, = |a| sin ¢. (See Fig. 24-2.)
In Problems 1 to 3, two solutions are offered. One uses the position vector (24.1), the
velocity vector (24.2), and the acceleration vector (24.3). This solution requires a parametric
representation of the path. The other and more popular solution makes use only of the x and y

165
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components of these vectors; a parametric representation of the path is not necessary. The two
solutions are, of course, basically the same.

TANGENTIAL AND NORMAL COMPONENTS OF ACCELERATION. By (23.6 ),
_dr _drds  ds

V—E—d—sa—ta (24.4)
o Ly _ 4y deds (b
n w Tt Tda e T B\
d’s (ds)2
—t:i?+|K|n E (24.5)

by (23.7).

Equation (24.5) resolves the acceleration vector at P along the tangent and normal there.
Denoting the components by a, and a,, respectively, we have, for their magnitudes

d’s _ (dstdty’  |v[?

dr* R R

where R is the radius of curvature of the path at P. (See Fig. 24-3.)
Since |a|* = a; + a} = a; + a.,, we have

|a,| = and e,

2

ai = |a|2 —4a,

as a second means for determining |a,|. (See Problems 4 to 8.)

Fig. 24-3

Solved Problems

1. Discuss the motion given by the equations x = cos 27rt, y = 3 sin 2#r¢. Find the magnitude and

direction of the velocity and acceleration vectors when (a) = § and (b) t= 2.

The motion is along the ellipse 9x* + y*=9. Beginning (at £=0) at (1,0), the moving point
traverses the curve counterclockwise.



CHAP. 24] CURVILINEAR MOTION 167

First solution:

r=ix+jy=icos2wt+3jsin2nt

v= -d—: =iv, + jv, = —2misin 2at + 6j cos 2t
dv . 2. 2. .
a= - =ia, +ja,=—4m7icos 2wt~ 127"jsin 27t
(a) Atr=1L: v=—V3mi+3mj and a=-2#%-6V3r’
Iv|=vv v =V(-V3n)’ +(37)* =2V37
v v 1
tant=—"=-V3, cost=i2=--,; so r1=120°
v |v] 2

X

la| =vara=V(-27°) + (-6V37’) = 4V7x’

a a 1
t =2 = = X . :25906'
an ¢ Z V3, cos¢ a 57 SO ¢
(b) At r=%: v=V37i—-37j and a=27li+6V3r’j
1 5
lv|=2V3xr, tanfr=—\/§cos'r=§; $0 7=?‘"
1
= 2 = = —— - %G’
lal=4VT7#>, tan¢ =3V3cos ¢ A ¢ =79°
Second solution:
2
x =cos 2mt v =@=—2wsin27rt 0, =52 = —4n® cos2mt
Toodt *odr
. dy dzy 2.
y=3sin27t vy=E=617c0527rt ay=—t7=—121r sin 24t
(a) At t=g: v,==V3m  v,=37 |v|=Vuv,+v,=2V3n
v 1
tant= = =—-V3, cos'r=£‘-=——; SO T =120°
v, |v| 2
a,=-2n" a,=-6V3x’ |a|=Va+a,=4Vin’
tan p= - =3v/3 o=L__ 1 o =250
a a, - 08 |a 2V7
(b) At t=13: v,=V3m v,=—3m |v| =2V3an
5
tant=-V3, cosTt=31,; so T=Tﬂ
a,=27" a,=6V3n’ |a|=4V7r’
1 oL !
tan ¢ = 3V3, cos¢—m, SO ¢ =T79°6
2. A point travels counterclockwise about the circle x* + y* = 625 at the rate |v| = 15. Find 7, |a|,

and ¢ at (a) the point (20, 15) and (b) the point (5, ~10V6). Refer to Fig. 24-4.

First solution: We have .
Iv]*=v] + v} =225 (1)

and, by differentiation with respect to ¢,

va, tva =0 (2)
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(3" v

(8,~10V6)
Fig. 24-4
From x* + y* = 625, we obtain by repeated differentiation
xvx+yuy:() (3)
and xa, + v+ ya, + v’y =0
or xd, + ya, = —225 4)
Solving (1) and (3) simultaneously, we have
v, =3y (5)
Solving (2) and (4) simultaneously, we have
2250,
T (6)
(a) From F]g 24-4, v <0 at (20,15). From (5) v, =—9; from (3) v,=12. Then tan7=—1%
cos T=~3, and T =126°52". From (6), a, from (4) a, hence la| =9. Then tan ¢~ =
i.c08p=—12 and ¢ =216°52".
(b) From the ﬁgure v, >0at (5, ~10/\/_) From (‘T) v, =6V6; from (3), v, = 3. Then tan 7 = V6/12,
sint=1%, and 7 = 11°32' From (6), a_ ; from (4) a, = 18V6/5; hence |a| =9. Then tan ¢ =

~2V6, cos ¢ =~ 1 and ¢ = 101°32".

Second solution: Using the parametric equations x = 25 cos 6, y = 25sin §, we have at P(x, y)
r = 25i cos 8 + 25j sin ¢
d d
= d—: = (—25isin @ + 25j cos 6) £ = —15isin 8 + 15jcos @

dv . . ae . .
a—d—t—(-—15|c056‘ 15j sin 6) i 9icos 6 — 9jsin @

since |v| =15 is equivalent to a constant angular speed of d/dt = 3
(a) At the point (20,15), sin# = 2 and cos 8 = . Thus,

v=—9i+12j, tant=—-1%, CosT=—3; SO T =126°52'

a=—-%i—¥j, laj]=9, tan¢p=3, cosdp=-%; so b =216°52’

(b) At the point (5, —10V6), sin 8 = - 26 and cos 0 = . Thus,

v=6V6i+3j, tan7=V6/12, cost=2u6: so =113
a=-3i+¥Ve6j, |a|=9, tangp=-2V6, cosd=-1: so ¢ =101°32
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3. A particle moves on the first-quadrant arc of x* = 8 so that v, =2. Find |v|, 7, |aj, and ¢ at
the point (4, 2).

First solution: Differentiating x* = 8y twice with respect to ¢ and using v, =2, we have

2xv,=8v,=16 or xv,=8 and xa,+v =0

8
At (4,2): vx=;=2V, lv|=2V2, tanr=1, cost=%V2;, so r=!lx
a=-1, a,=0, laj=1, tan¢d =0, cosp=—1; SO o=
Second solution: Using the parametric equations x = 46, y = 26°, we have
do do
— A3 + en2 — A == . wv
r=4if + 2j6 and v=4i a + 4j6 o
. dé de 1
Since v, =46 I =72 and kT we have
2. .. 1.
v=51+2‘; and 2="E;l
At the point (4,2), 8 =1. Then
v=2i+2j, |v|=2V2, tant=1,  cost=%V2;, so r=1im
a=-—i, laj=1, tan¢p =0, cosp=—1; SO b=
4. Find the magnitudes of the tangential and normal components of acceleration for the motion
x=¢e' cost, y=e'sint at any time ¢.
We have r=ix+jy=ie cost+je sint

v =ie'(cos t -~ sin £) + je'(sin ¢ + cos ¢)
a=—2ie'sint+ 2je’ cos ¢

=V2e¢' Finally, |a,|=Vla|’ — a’ = V2e¢'".

ds
Then [a] =2¢". Also, — =|v|=V2e¢' and |a,| =

T dt
5. A particle moves from left to right along the parabola y = x* with constant speed 5. Find the
magnitude of the tangential and normal components of the acceleration at (1, 1).
dZ
Since the speed is constant, |a,| = 3;2 =

1+ ()] 5V5S
At (1,1), y"=2x =2 and y" = 2. The radius of curvature at (1, 1) is then R = [ Tj:"|) ] = \2/—
2

Hence |a, | = '% =2V3.

6. The centrifugal fovg;:e F exerted by a moving particle of weight W (both in pounds) at a point
in its path is F= — |a,|. Find the centrifugal force exerted by a particle, weighing 5 Ib, at the

ends of the major and minor axes as it traverses the elllptlcal pathx =20cos ¢, y = 15sin ¢, the
measurements being in feet and seconds. Use g =32 ft/ sec’

We have r=20icost+ 15jsin¢
v=—20isin ¢+ 15j cos ¢
a=—20icost—15jsin¢

ds

Then o = |v| = V400sin® 1 + 225 cos”

At the ends of the major axis (+=0 or t = m):

2
a3 1
% =0 o, [=V20°—0°=20 F= 3—5220 371

izﬁ _ 175sintcos t
dr’  V400sin® t + 225 cos®

la| =20 la,| =
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At the ends of the minor axis (= #w/2 or t =3#7/2):

5 75
jal=15 laJ=0 Jaj=15 F=z15=21b
7. Assuming the equations of motion of a projectile to be x = vyt cos ¢, y = vytsin  — 1gt’,

where v, is the initial velocity, ¢ is the angle of projection, g =32 ft/sec’, and x and y are
measured in feet and ¢ in seconds, find: (a) the equation of motion in rectangular coordinates;
(b) the range; (c) the angle of projection for maximum range; and (d) the speed and direction
of the projectile after 5 sec of flight if v, = 500 ft/sec and ¢ = 45°. (See Fig. 24-5.)

Y
o
¥ x
0|
Fig. 24-5
(a) We solve the first of the equations for ¢t = 5 cxos v and substitute in the second:
0
2 2
-y — sing— L - o &
Y= pycos g v Zg( v, €Os l/f) x tan ¥ 207 cos” ¢

(b) Solving y = v,tsin ¢ — $gr” =0 for 1, we get £ =0 and t = (2u, sin )/g. For the latter, we have

2u,sin g v)sin 24

Range=x = v, cos ¢

8 g
2v, cos 2
(¢) For x a maximum, % = ﬂig(—)s——w =0; hence cos2¢ =0 and ¢ = 7.
(d) For v, =500 and ¢ = }m, x =250V2¢ and y = 250V2t ~ 16¢°. Then v, =250V2 and v, = 250V7 —

321,
When 7 =35, v, =250V2 and v, =250V2 — 160. Then

v,
tan 7 = ;‘— =0.5475 . So T =12842 and [v| = Vvi+ v} =403 ft/sec

8. A point P moves on a circle x = rcos B, y = rsin 8 with constant speed v. Show that, if the
radius vector to P moves with angular velocity w and angular acceleration «, (a) v = re and
M) a=rVeo'+a’

I ag _ . _ g
(a) v, =-—rsin B o rw sin B and v),—rcosﬁz—rwcosﬁ
Then v=\vl+ v =V(r’sin’ B+ 1’ cos’ B)o’ = re
dv, d . d
(h) ar‘=717=—rwcosﬂ7?~—rsmBTj):—rwécosﬁ—rasinﬁ
do, . d d
a,= dt'=—rwsmB£+rcosB-g‘;:—rwzsinBJrracosB

Then a=\/af+ai =Vri(w* +a®)=rVou' + o’



CHAP. 24] CURVILINEAR MOTION 171

10.

11.

12.

13.

14.

15.

16.

17.

Supplementary Problems

Find the magnitude and direction of velocity and acceleration at time f, given

(@) x=e€,y=¢"—4e'+3;at1=0 Ans. (a) |v|=V35, 71=296°34"; |a| =1, ¢ =0

(b) x=2—-t,y=2'-t;at =1 Ans. (b) lvl— 6 T=101° 19’ |a|_12 o=

(¢) x=cos3t, y=sint;att=tn Ans. (c) |v|=V5, 1=161°34"; |a| = \/__ ¢> 353°40‘
(d)y x=¢'cost, y=e'sint; at t=0 Ans. (d) |v|= \/_ =4, |a|—2 ¢ =

A pdrtlcle moves on the first-quadrant arc of the parabola y* = 12x with v, = 15. Find v, |vl, and 7; and
.- |al, and ¢ at (3, 6).

Ans. v, =15, |v|=15V2, r=}m; a, =0, a,=-75/2, |a| =75/2. & = 3m/2

A particle moves along the curve y = x/3 with v, =2 at all times. Find the magnitude and direction of
the velocity and acceleration when x = 3. Ans. |v|=2V82, 1=83°40"; |a] =24, ¢ = }

A particle moves around a circle of radius 6 ft at the constant speed of 4 ft/sec. Determine the
magnitude of its acceleration at any position. Ans. |a,|=0, |a| =]a,| =8/3 ft/sec’

Find the magnitude and direction of the velocity and acceleration, and the magnitudes of the tangential
and normal components of acceleration at time ¢, for the motion

(@) x=3t,y=9t—3¢"; att=2

(b) x=cost+1rtsint, y=sint—tcost; at t=1.

Ans. (a) |v|=3V2, r=7n/4; |a|=6, ¢ =37/2; |a,|=|a,|=3V2
(B) |v|=1, 7=1; [aj=V2, ¢ =102°18'; |a,| =|a,| =1

A particle moves along the curve y = 1x* — ! In x so that x = 4¢% for t > 0. Find v..v,,|v],and 7; a_, a,
la|, and ¢; |a,| and |a,| when ¢ = 1.

Ans. v, =1,v,=0,|v[=1,7=05a,=1,a,=2 [a|=V5, ¢ =6326"; |a|=1, |a,|=2

A particle moves along the path y =2x —x* with v, =4 at all times. Find the magnitudes of the
tangential and normal components of acceleration at the position (a) (1, 1) and (b) (2,0).

Ans.  (a) |a,| =0, |a,| =32; (b) |a,|=64/V5, |a,| =32/V3

If a particle moves on a circle according to the equations x = r cos wt, y = r sin wt, show that its speed is
wr.

Prove that if a particle moves with constant speed, then its velocity and acceleration vectors are
perpendicular; and, conversely, prove that if its velocity and acceleration vectors are perpendicular, then
its speed is constant.



Chapter 25

Polar Coordinates

THE POSITION OF A POINT P in a given plane, relative to a fixed point O of the plane, may be
described by giving the projections of the vector OP on two mutually perpendicular lines of the
plane through O. This, in essence, is the rectangular coordinate system. Its position may also be
described by giving the directed distance p = OP and the angle  which OP makes with a fixed
half-line OX through O. This is the polar coordinate system (Fig. 25-1), in which point O is
called the pole.

To each number pair (p, 8) there corresponds one and only one point. The converse is
not true; for example, the point P in the figure may be described as (p, 8 =2n7) and
(—p, 0 =(2n + 1)), where n is any positive integer including 0. In particular, the polar
coordinates of the pole may be given as (0, 8) with 8 perfectly arbitrary.

The curve whose equation in polar coordinates is p = f(0) or F(p, 8) =0 consists of the
totality of distinct points (p, #) that satisfy the equation.

P(Pr 0)

Fig. 25-1 Fig. 25-2

THE ANGLE ¢ from the radius vector OP to the tangent PT to a curve, at a point P(p, 8) on it, is
given by
_ 46 _p ,_dp
tann,b—pdp—p, where p ~ o
Tan ¢ plays a role in polar coordinates somewhat similar to that of the slope of the tangent in
rectangular coordinates. (See Problems 1 to 3.)

THE ANGLE OF INCLINATION 7 of the tangent to a curve at a point P(p, 6) on it is given by

pcos @+ p'siné
—psin @ + cos §

tan v =

(See Problems 4 to 10.)

THE POINTS OF INTERSECTION of two curves whose equations are p = f,(6) and p = f,(8) may
frequently be found by solving

f(8) =£,(6) (25.1)
EXAMPLE 1: Find the points of intersection of p=1+sin 8 and p=5—3sin 6.

Setting 1+sin@=5—3sin @, we have sin@=1. Then 6 = 37 and (2, ;#) is the only point of
intersection.

172
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Since a point may be represented by more than one pair of polar coordinates, the
intersection of two curves may contain points for which no single pair of polar coordinates
satisfies (25.1).

EXAMPLE 2: Find the points of intersection of p=2sin26 and p =1. Solution of the equation
2s8in26 =1 yields sin20 =3 and 8= 7/12, 57/12, 137/12, 177/12. We have found four points of
intersection: (1, w/12), (1,57/12), (1,13%/12), and (1,177/12).

But the circle p =1 also can be represented as p = —1. Now solving 2sin26 = —1, we obtain
0="Tn/12, 117/12, 197/12, 237/12 and the four additional points of intersection (—1,77/12),
(—1,117/12), (=1,19%/12), (—1,237/12).

When the pole is a point of intersection, it may not appear among the solutions of (25.1).
The pole is a point of intersection provided there are values of 6, say 6, and @,, such that

£1(6,) =0 and f,(6,) =0.

EXAMPLE 3: Find the points of intersection of p = sin § and p = cos 6.

From the equation sin § = cos 6, we obtain the point of intersection (3V2, }). The curves are,
however, circles passing through the pole. But the pole is not obtained as a point of intersection from
sin 6 = cos @, since on p =sin # it has coordinate (0, 0) whereas on p = cos @ it has coordinate (0, 3 7).

EXAMPLE 4: Find the points of intersection of p = cos 26 and p = cos 6.

Setting cos 260 =2 cos” 8 — 1 =cos 0, we find (cos § — 1)(2cos 8 + 1) = 0.

Then 6 =0, 27/3, 47r/3, and we have as points of intersection (1, 0), (— 3,27/3), (—3,4m/3). The
pole is also a point of intersection. '

THE ANGLE OF INTERSECTION ¢ of two curves at a common point P(p, 8), not the pole, is
given by

tan ¢, — tan ¢,

1+ tan ¢, tan ¢,

where ¢, and ¢, are the angles from the radius vecor OP to the respective tangents to the
curves at P (Fig. 25-3).

tan ¢ =

C,

Fig. 25-3

The procedure for finding ¢ here is similar to that in the case of curves given in rectangular
coordinates; the use of the tangents of the angles from the radius vector to the tangent instead
of the slopes of the tangents is a matter of convenience in computing.

EXAMPLE 5. Find the (acute) angles of intersection of p = cos § and p = cos 26.
The points of intersection were found in Example 4. We also need ¢, and ¢,: For p =cos 6,
tan ¢y, = —cot 8; for p = cos 26, tan y, = — } cot 26.
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At the pole: On p = cos 8, the pole is given by 8 = m/2; on p = cos 26, the pole is given by 6 = 7/4
and 37/4. Thus, at the pole there are two intersections, the acute angle being /4 for each.
At the point (1,0): tan ¢, = —cot 0 = and tan ¢, = %. Then ¢, = ¢, = w/2 and ¢ =0.

+
At the point (- 1, 27/3): tan ¢, = V3/3 and tan ¢, = —V3/6. Then tan ¢ = Y3/3+V3/6 =3V3/5

1-1/6
and the acute angle of intersection is ¢ = 46°6".
By symmetry, this is also the acute angle of intersection at the point (— 3, 47/3).

(See Problems 11 to 13.)

THE DERIVATIVE OF ARC LENGTH is given by ds/df =Y p’+( p’)z, where p’ = dp/d6, and with
the understanding that s increases as @ increases. (See Problems 14 to 16.)

p’+2p’) —pp”
[p*+ ()"

THE CURVATURE of a curve is given by K = . (See Problems 17 to 19.)

CURVILINEAR MOTION. Suppose as in Fig. 25-4, a particle P moves along a curve whose
equation is given in polar coordinates as p = f(8). If the curve is represented parametrically as

x=pcos 6 =g(0) y = p sin 6 = h(8)
then the position vector of P becomes
r=OP=xi+yj=pic050+pjsinf)=p(icos6+jsin6)

and the motion may be studied as in Chapter 24.

Y

Uy

Fig. 254

An alternative procedure is to express r and, thus, v and a in terms of unit vectors along
and perpendicular to the radius vector of P. For this purpose, we define the unit vector

upzicosfH-jsinB
along r in the direction of increasing p, and the unit vector
u,=—isin@ + jcos @
perpendicular to r and in the direction of increasing 6. An easy calculation yields

du, dw,do 46 0 A, dO
i ae @ Mar dt Y dr

From r=pu,
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we obtain, in Problem 20,

_dr _ dp do

v—zi—t-—up:i—t-+pu9~a}~—vpup+vgu9

_dv [dzp (de)z] [ de _dp dG]
and a= =, o P\ +u,| p 0 +2 o

=a,u, +au,

Here v, = dp/dt and v, = p d6/dt are, respectively, the components of v along and perpendicu-

. d’p (d0)2 d’0 _dp de
—_ —_— —_— — — 4 —_—
lar to the radius vector, and a, > —p and q, i ar dr

dr are the correspond-

ing components of a. (See Problem 21.)

Solved Problems

1. Derive tan ¢ = p df/dp, where ¢ is the angle measured from the radius vector OP of a point
P(p, 0) on the curve of equation p = f(8) to the tangent PT.

In Fig. 25-5, Q(p + Ap, 6 + A8) is a point on the curve near P. From the right triangle PSQ,

sin A8
aaoSP_ SP_ psindg p sin A9 P Thg
MATS0 " 00-05S p+Ap—pcosAl  p(l—cosAf) +ap R Y
Y AB
Now as O — P along the curve, A0—0, OQ— OP, PQ— PT, and ZA— 2.
in A 1 - cos A8
As A¢—0, o 6’—>1 and L—)O (see Chapter 17). Thus,
Y Ad
_ __p _ 48
tan = lim tan A= 27% =P 4p

o /|

Fig. 25-5-
In Problems 2 and 3, find tan ¢ for the given curve at the given point.
2, p=2+cos8; 8 =/3. (See Fig. 25-6.)

T 1 5 , V3 P
Ate—g.p—2+§—2,p = s1n0——7,andtandf—?—~—

Sl
(98]
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P
v g ?Z
. x
OJ N\ o
T

Fig. 25-6 Fig. 25-7

3. p =2sin30; 6 = w/4. (See Fig. 25-7.)
T, b = - (__1_)__ _p 1
At9—4.p—2\/§—\/§,p =6cos30=6 7 3V2, and tan ¢ o 3
pcos @+ p'sinf
—psin@+p'cos @’
From Fig. 25-5, =4 + @ and

4. Derive tan 7 =

dg sin 8

tan ¢ + tan 8 PE;+coqe

= +6)= = h
tan 7 =tan (Y + 0) 1 — tan 4 tan 1— df sin @
pdpcos()

dp .
+_
pcosf dﬂsme_ p cos @+ p'sin@

—psin@+p'cosd

dp .
Ecos()-—psmﬁ

5. Show that if p = f(#) passes through the pole and 6, is such that f(6,) = 0, then the direction of
the tangent to the curve at the pole (0, 8,) is 6,. (See Fig. 25-8.)

Fig. 25-8

At (0,6,), p=0and p’' = f'(8,). If p’ #0, then
pcos@+p'sing O+ f'(6)sing 0
—psin@+p cos® 0+f(6)cosg %

(8)sin 8
f—( ) sin =tan @,

tan 1t =

It p =0, tanT:e!l—[E]f’(B)cosf)

In Problems 6 to 8, find the slope of the given curve at the given point.

6. p=1-cos@; 8=m/2. (See Fig. 25-9.)
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Fig. 25-9 Fig. 25-10

At 0 =m/2; sinf=1,cos0=0,p=1, p’=sinf =1, and
pcosd+p’'singd  1-0+1-1 _
—psin@+p'cos@ —1-1+1-0

tan 7 =

7. p = cos 36; pole. (See Fig. 25-10.)

When p =0, cos3¢=0. Then 36 = w/2, 3mw/2, 57/2, and 0 = /6, /2, Sw/6. By Problem 5,
tant =1/V3, o, and —1/V3.

8. pl=a; 06=17x/3.
At 6 =m/3: sin0=V3/2, cos 0 = 1, p=3a/m, and p' = ~a/#> = —9a/mw> Then

pcos@+p'sin@  7-3V3
—psing+ p’ cos @ V37 +3

tan 7 =

9. Investigate p =1 + sin @ for horizontal and vertical tangents. (See Fig. 25-11.)

. ).
ke

Fig. 25-11
At P(p, 0):
tan (1+sin #) cos @ + cos 6 sin # cos 8 (1 +2sin @)
T= =— -
—(1 +5sin @) sin  + cos” ¢ (sin @ + 1)(2sin 6 — 1)

We set cos 8(1+ 2sin 8) =0 and solve, obtaining 8 = 7w/2, 37/2, 7m/6, and 11#7/6. We also set
(sin 8 +1)(2sin 6 — 1) =0 and solve, obtaining @ =37/2, /6, and 57/6.

For 6 = /2: There is a horizontal tangent at (2, w/2).

For 6 =77/6 and 117/6: There are horizontal tangents at (1/2,7x/6) and (1/2, 117/6).

For 8 = w/6 and 57/6: There are vertical tangents at (3/2, «/6) and (3/2, 57/6).

For 6 =3m/2: By Problem 5, there is a vertical tangent at the pole.
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Show that the angle that the radius vector to any point of the cardioid p = a(1 — cos 0) makes
with the curve is one-half that which the radius vector makes with the polar axis.

At any point P(p, 8} on the cardioid, p' = asin § and

p _l1—cos@ _

t : 8 50 ¥ =
== - an 5 6, =
tan ¢ p' sin 8 2

In Problems 11 to 13, find the angles of intersection of the given pair of curves.

11.

12.

13.

p=3cos® p=1+cos8. (See Fig. 25-12.)

3
Fig. 25-12

Solve 3cos @ =1+ cos # for the points of intersection, obtaining (3/2, #/3) and (3/2, 57/3). The
curves also intersect at the pole.

For p =3 cos 0: p'=-—3sind and tan ¢, = —cot §
. 1+cos@
For p =1+ cos 8: p'= —sinf and tan %:_W

At 8 =m/3, tan ¢y, = —1/V3, tan ¢, = — V3, and tan ¢ = 1/V3. The acute angle of intersection at
(3/2, w/3) and, by symmetry, at (3/2,5m/3) is 7/6.

At the pole, either a diagram or the result of Problem 5 shows that the curves are orthogonal.

p =sec’ 10, p =3csc’ Lo,

Solve sec” 38 = 3 csc” 180 for the points of intersection, obtaining (4,27/3) and (4, 47/3).
For p =sec” 19: p' =sec’ 10tan 16 and tan ¢, = cot 50
For p =3csc” 16: p’=-3csc” 0cot 10 and  tan 4, = —tan 46

At 0 =27/3, tan ¢, = 1/V3, tan &, = —V3, and ¢ = 17; the curves are orthogonal. Likewise, the
curves are orthogonal at @ = 47/3.

p =sin 26, p = cos 0. (See Fig. 25-13.)
The curves intersect at the points (V3/2, /6) and (—V3/2, 57/6) and the pole.

For p =sin 26: p' =2cos20 and  tan y, = } tan 20
For p = cos 0: p'=—sin@ and tan ¢, = —cot @

At 0 =m/6, tan ¢y, = V3/2, tan ¢, = — V3, and tan ¢ = —3V3. The acute angle of intersection at
the point (V3/2, 7/6) is ¢ = arctan 3V3 = 79°6". Similarly, at 8 = 57/6, tan ¢, = - V3/2, tan ¢, = V3
and the angle of intersection is arctan 3V/3.

At the pole, the angles of intersection are 0° and 7 /2.

N

In Problems 14 to 16, find ds/d@ at the point P(p, 6).
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Fig. 25-13

14. p =cos?26.

d 3 : 3
p'=-2sin20  and d—;:\/p2+(p’)“=\/005220+4sm2 20=V1+3sin>26

15. p(1+cosh)=4.

Differentiation yields —p sin 8 + p’(1 + cos 6) = 0. Then

, sin 8 4sin @ ds - "2
p'=-F = and -2 =Vp 4 (p') =

~ 1+cos@  (1+cos@)’ " (1+cos 9)*"?

16. p=sin’ 6. (Also evaluate ds/d@ at 6 = 17.)

) ds : ; .
p'=sin’ 16 cos 16  and 7 =V/sin® 10 +sin® 10 cos® 10 =sin® 18

At 0= 37, ds/dd =sin* iz =}

p’+2(p')’ = pp"
7+ (V1"
By definition, K = dr/ds. Now 7= + ¢ and

17. Derive K =

dr _do dy_ d§ d_‘/’@_ﬂ’( d_‘/’> - 3
ds “ds T ds s " dgds ds\!Tgg) Where ¢=arctan 3
Also,
dy _[(p')’ —pp"1/(p') _(p') —pp" . ay _ ('Y —pp" _p +2p') —pp"
e N2 ) ne so 1+ =1+ 5 e 2 N2
do 1+ (plp") p +(p") dé p +(p") p +(p")
™ Kﬁ@@ d_«[;)=1+dq;/d9_ 1+dplde  p° +2(p') — pp"
us, = ds do ds/de T /p"z T ('p,)z' - [p2 T (p,)z]axz

18. Let p =2 +5sin 6. Find the curvature at the point P(p, 0).

_p +2p') —pp" _ (2+5sin6)’ +2cos’ 6 +(sin6)(2+sinf) _ 6(1+sin 9)
[p>+(p)]" [(2 + sin 8)* + cos® 0]>"* (5+4sin 9)*"?




180 POLAR COORDINATES [CHAP. 25
19. Let p(1 —cos#)=1. Find the curvature at § = /2 and at § =47/3.
—sin 8 —cos # 2sin” 0 ., 8
= d p'= + K=sin’
P (1= cos 8)° an P T 1=cos 8  (1-cosb) 50 2
At 8 =m/2, K=(1/N2Z) =V2/4; at 6 =4x/3, K=(V3/2)’ =3V3/8.
20. Fromr=pu, derive formulas for v and a in terms of u, and u,.
Differentiation yields
_dr _dp du, dp de
V=@ TN w P a T TP
] v A dedd L dpdd | (db)
an A= =W g T g TP g e @ T P\
_ [dp (de)z] [ d’e dp de]
“u[GE-o(F) Jrule G 2T G
21. A particle moves counterclockwise along p = 4sin 26 with db/dt = 3 rad/sec. (a) Express v
and a in terms of u, and u,. (b) Find |v| and |]a| when 6 = 7/6.
o dp _ do dp .
We have r=4sin26u, p7in 8 cos 20 a =4cos 20 i 4 sin 20
dp de .
(a) veu, + pu, @ = 4u,, cos 26 + 2u, sin 26
_ [d% (dﬂ)z] [ d’e dp dﬂ] _ )
—up[dtz—p i +u, pdt2+2EE = —5u,, sin 20 + 4u, cos 20
V3 5
(b) At 8 = 7/6, u, =?i + %j and u, = —%i +?'. Then v =-2—i +§j and |v| = V7T,
a= B i— ﬁj and |a| = V91/2.
4 4
Supplementary Problems
In Problems 22 to 25, find tan ¢ for the given curve at the given points.
22. p=3-sinfat§=0,0=3w/4 Ans. =3;3V2-1
23, p=a(l-cos@)at 8=m/4, 6 =37/2 Ans. V2—-1; -1
24. p(l-cos@)=aat@=m/3,0=>57/4 Ans. -V3/3;1+V2
25, p>=4sin20 at 6 =57/12, 6 =27/3 Ans. —1/V3; V3
In Problems 26 to 29, find tan 7 for the given curve at the given point.
26. p=2+sinfatb=mx/6 Ans. -3V3 27. p*=9cos20at 8= /6 Ans. 0
28. p=sin®(0/3) at 6=7/2  Ans. —-V3 29. 2p(1-sin@)=3 at 6=m/4 Ans. 1+V2
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30.

In

31.

32.

33.

34.

3s.

36.

37.

38.

39.

40.

41.

42.

Investigate p = sin 26 for horizontal and vertical tangents.

Ans. horizontal tangents at § =0, 7, 54°44’, 125°16', 234°44’, 305°16’; vertical tangents at § = 7/2,
37/2, 35°16’, 144°44’, 215°16', 324°44’

Problems 31 to 33, find the acute angles of intersection of each pair of curves.

p =sin 0, p =sin 20 Ans. ¢ =79%" at 6 = /3 and 57/3; ¢ =0 at the pole
p=V2sin 6, p>=cos20 Ans. ¢ =m/3 at 6 =w/6, 57/6; ¢ = w/4 at the pole
p>=16sin26, p° =4csc26 Ans. ¢ = /3 at each intersection

Show that each pair of curves intersects at right angles at all points of intersection.

(a) p=4cosh, p=4sind b)y p=e’,p=e*
(¢) p*cos20=4, p>sin20=9 (dy p=1+cos8, p=1-cos 9
Find the angle of intersection of the tangents to p =2 — 4sin 4 at the pole. Ans. 2mw/3

Find the curvature of each of these curves at P(p, 8): (a) p=e¢% (b) p=sin8; (c) p° =4cos26;
(d) p=3sin 6+ 4cos 6.

Ans.  (a) 1/(V2e"); (b) 2; (c) 3V cos 28; (d) 2/5
Let p = f(#) be the polar equation of a curve, and let s be the arc length along the curve. Using
ds

¢ = pcosf, y=psin 0 and recalli tht(~>2—(511>2+(dﬂy>2d' (ﬁdE)“— 24+ (p')
x=pecos, y=psin0 and recalling that | ) ={— 46/ > derive {5 ) =p (p').

Find ds/d6é for each of the following, assuming s increases in the direction of increasing 6:
(@) p=acos8; (b) p=a(l+cos8); (c) p=cos26.

Ans.  (a) a; (b) aV2+2cos8; (¢) V1+3sin® 26

Suppose a particle moves along a curve p = f(8) with its position at any time t given by p = g(t),
6 = h(r).

. o\’ 2 2 2
(a) Multiply the relation obtained in Problem 37 by (——) to obtain v* = (ds) = p2<d0) + (d‘p) ,

de de/dt de a 1d a dt a
ang=p X o, 24 insinw="2% =24
(b) From tan s = p b p dpldt’ obtain sin ¢ o and cos ¢ S ar
du, de du, de

and ——- = —

Show that @ % @ P2 w,

A particle moves counterclockwise about the cardioid p =4(1+ cos@) with d8/dt= w/6rad/sec.
Express v and a in terms of u, and u,.

2 2

2 2
Ans. v:~—37—rupsin0+ —37‘Tu9(1+c059); a=-E9—up(l+2cos(})— Z;r

u, sin 8

A particle moves counterclockwise on p = 8 cos 6 with a constant speed of 4 units/sec. Express v and a in
terms of u, and u,. Ans. v=—4u,sin 0 +4u, cos §; a= —4u, cos 6 —du, sin §

If a particle of mass m moves along a path under a force F which is always directed toward the origin, we

have F=ma or a= p F, so that a, =0. Show that when g, =0, then p’ i k, a constant, and the

radius vector sweeps over area at a constant rate.

2

— , where k is defined in Problem

A particle moves along p = 5
p

43.

mwnh a, =0. Show that g, = —
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POLAR COORDINATES

In Problems 45 to 48, find all points of intersection of the given equations.

45,

46.

47.

48.

p=3cosh, p=3sind
p=cosB, p=1—cosf

p=0p=m

p = sin 26, p = cos 20

Ans,

Ans.

Ans.

Ans.

(0,0), (3V2/2, m/4)
0,0, (1/2, =13), (1/2, ~7=/3)

(7, m), (—7m, —7)

2 +
(0,0), (%_— Q"Tl)l’) forn=0,1,2,3,4,5

[CHAP. 25



Chapter 26

The Law of the Mean

ROLLE’S THEOREM. If f(x) is continuous on the interval a = x =< b, if f(a) = f(b) =0, and if f'(x)
exists everywhere on the interval except possibly at the endpoints, then f'(x) =0 for at least
one value of x, say x = x,, between a and b.
Geometrically, this means that if a continuous curve intersects the x axis at x = a and x = b,
and has a tangent at every point between a and b, then there is at least one point x = X,
between a and b where the tangent is parallel to the x axis. (See Fig. 26-1. For a proof, see
Problem 11.)

Y Y

i
|
|
|
|
|
: fla)
|

|

|

al———

0 'E (xo, 0) b‘ [

Fig. 26-1 Fig. 262

Corollary: If f(x) satisfies the conditions of Rolle’s theorem, except that f(a) = f(b) #0,
then f'(x) =0 for at least one value of x, say x = x,,, between a and b.
(See Fig. 26-2 and Problems 1 and 2.)

THE LAW OF THE MEAN. If f(x) is continuous on the interval a<x=b, and if f'(x) exists
everywhere on the interval except possibly at the endpoints, then there is at least one value of
X, say x = x,,, between a and b such that

b)— f(a
1@ )

Geometrically, this means that if P, and P, are two points of a continuous curve that has a
tangent at each intervening point, then there exists at least one point of the curve between P,
and P, at which the slope of the curve is equal to the slope of P, P,. (See Fig. 26-3. For a proof
see Problem 12.)

The law of the mean may be put in several useful forms. The first is obtained by
multiplication by b — a:

f(b)=f(a) + (b —a)f'(x,) for some x, between a and b (26.1)
A simple change of letter yields
fx)=f(a) + (x —a)f'(xy) for some x, between a and x (26.2)

It is clear from Fig. 26-4 that x,=a+ 6(b — a) for some 6 such that 0 <@ <1. With this
replacement, (26.1) takes the form

f(b)=f(a) + (b — a)f'[a+ 6(b — a)] for some 6 such that 0 <8 <1 (26.3)

183
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Pya, f(a))

Rj—— — ———— —

Fig. 26-3 Fig. 26-4

Letting b — a = h, we can rewrite (26.3) as

fla+ h)=f(a)+ hf'(a+ 0h) for some 8 such that 0<g <1 (26.4)
Finally, if we let @ = x and h = Ax, (26.4) becomes
flx +Ax) = f(x) + Ax f'(x + 6 Ax) for some 6 such that 0 <8 <1 (26.5)

(See Problems 3 to 9.)

GENERALIZED LAW OF THE MEAN. If f(x) and g(x) are continuous on the interval a=x = b,
and if f'(x) and g'(x) exist and g'(x)# 0 everywhere on the interval except possibly at the
endpoints, then there exists at least one value of x, say x = X,, between a and b such that

fb) —fla) _ f'(x,)
g(b) —gla) g'(xy)

For the case g(x) = x, this becomes the law of the mean. (For a proof, see Problem 13.)

EXTENDED LAW OF THE MEAN. If f(x) and its first n — 1 derivatives are continuous on the
interval a=x=»h, and if f"™(x) exists everywherc on the interval except possibly at the
endpoints, then there is at least one value of x, say x = x,,, between a and b such that

&) =@+ L -0+ B o —ap+ -

£ G :
+ (n—l()') (b"*a) 1+—n!—0)(b—a) (266)
(For a proof, see Problem 15.)

When b is replaced with the variable x, (26.6) becomes

f(x)=f(a)+f’(a) (x—a)+ﬂ2£f—)(x_a)2+...

1!
(n—1) (n)

for some x, between a and x
When a is replaced with 0, (26.7) becomes

(0 4y 2 ¢ -1 “xy)
f(x)=f(0)+f§!)x4rf§?)x“+"'+]c(7:%x" ol n(!x)x (26.8)

for some x, between 0 and x
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Solved Problems

Find the value of x, prescribed in Rolle’s theorem for f(x)=x"—12x on the interval
0=x=2V3.

f'(x) =3x>— 12 =0 when x = *2; then x, =2 in the prescribed value.

2 2

x“—4x x°—4x
= ?

P and (b) f(x) )

(a) f(x)=0 when x =0, 4. Since f(x) is discontinuous at x =2, a point on the interval 0=x =4, the
theorem does not apply.

(b) f(x)=0 when x =0, 4. Here f(x) is discontinuous at x = —2, a point not on the interval 0=x =4.
Moreover, f'(x) = (x> + 4x — 8)/(x + 2)* exists everywhere except at x = —2. Hence, the theorem
applies and x, = 2(V3 — 1), the positive root of x’ + 4x —8=0.

Does Rolle’s theorem apply to the functions (a) f(x) =

Find the value of x, prescribed by the law of the mean, given f(x) = 3 +4x—-3,a=1,b=3,

Using (26.1) with f(a) = f(1) =4, f(b) = f(3) =36, f'(x,) =6x,+4, and b — a=2, we have 36 =
44 2(x, +4)=12x,+ 12 and x, = 2.

Use the law of the mean to approximate V65.

Let f(x) =\6/i, a =64, and b =65, and apply (26.1), obtaining

f65) = fiey + 22 sa<x, <65

5/6
6x,

Since x,, is not known, take x, = 64; then approximately,\/6 65 =64 + 1/(6\/6 64°) =2+1/192 =2.00521.

A circular hole 4in in diameter and 1 ft deep in a metal block is rebored to increase the
diameter to 4.12 in. Estimate the amount of metal removed.

The volume of a circular hole of radius x in and depth 12 in is given by V= f(x) = 127x% We are to
estimate f(2.06) - f(2). By the law of the mean,

f(2.06) — f(2) = 0.06f"(x,) = 0.06(247rx,) , 2<x,<2.06
Take x, = 2; then, approximately, f(2.06) — f(2) = 0.06(247)(2) = 2.88 in’.

Apply the law of the mean to y = f(x), a = x, b = x + Ax with all conditions satisfied to show
that Ay = f'(x) Ax approximately.

Wehave  Ay=f(x+Ax)~f(x) = (x + Ax—)f'(x)), x<xp<x+Ax
Take x, = x; then approximately Ay = f'(x) Ax.

Use the law of the mean to show sin x < x for x > 0.

Since sin x = 1, obviously sin x < x when x > 1. For 0 = x = 1, take f(x) = sin x with @ = 0 and apply
(26.2):
sinx =sin 0 + x cos x, = x cos x, , 0<x,<x

Now on this interval cos x, <1 so x cos x, < x; hence, sinx <x.

x
1+x

Use the law of the mean to show <In(l+x)<x for —1<x<0 and for x >0.
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10.

11.

12.

THE LAW OF THE MEAN [CHAP. 26

Apply (26.4) with f(x)=Inx, a=1, and h = x:

In(l+x)=Inl+x 0<o<1

1+6x 1+6x°

1 1 X X
Wh >0,1<1+86x<1+x;h > —— > —
en x Ox x; hence, 1 170 1+ andx>1+0x>l+x.

1 X D¢
When —1<x<0, 1>1+68x>1+x;h < < —
X X x; hence, 1 l+0x T+ x and x > 1+0x>1+x‘

X x x
I h case, ——— < d ln(1+x)=-—r— N =
) n each case, {——— <x an n(l+x) 1+0 <x; also, 1+0x>1+x and In(1+x)

X
—_— —— —
150 1 . Hence, ] <In(1+x)<x when —1< x <0 and when x > 0.

Use the law of the mean to show V1+ x <1+ jx for —1<x <0 and for x > 0.
Take f(x) = vx and use (26.4) with a=1 and h = x:

VIiFrol+ —tee . 0<6<1
2V1+ 6x

When x>0, \/i+0x<vl+x and 2‘\/Tx—m>2\/%7;; when —1<x<0, V1+6x>V1+x and

x
> .
2V1i+6x  2V1i+x

In each case, VI+x=1+ 2——1x—+~0; >1+ Z*IX\/_T? Multiplying the outer inequality by V1 + x>

0, we have l +x>VI+x+ ixor VI+x<1+ ix.

Find a value x, as prescribed by the generalized law of the mean, given f(x) =3x +2 and
g)y=x’+1, I=x=4.

We are to find x,, so that

fby-fla) fH-f1) 14-5_3 _f'x)_ 3

gby—gla) g@-g() 17-2 5 glx) 2x,
Then 2x, =5 and x, = 3.

Prove Rolle’s theorem: If f(x) is continuous on the interval a = x < b, if f(a) = f(b) =0, and if
F'(x) exists everywhere on the interval except possibly at the endpoints, then f'(x) = 0 for at
least one value of x, say x = x,, between a and b.

If f(x) = 0 throughout the interval, then also f'(x) = 0 and the theorem is proved. Otherwise, if f(x)
is positive (negative) somewhere on the interval, it has a relative maximum (minimum) at some x = x,,
a<x,<b (see Property 8.2), and f'(x,) =0.

Prove the law of the mean: If f(x) is continuous on the interval a=x < b, and if f "(x) exists
everywhere on the interval except possibly at the endpoints, then there is a value of x, say

I

f(b)Reft(er) to Fig. 26-3. The equation of the secant line P P, is y=f(b)+ K(x —b) where K=

. At any point x on the interval a < x < b, the vertical distance from the secant line to the

~a
curve is F(x) = f(x) — f(b) — K(x — b). Now F(x) satisfies the conditions of Rolle’s theorem (check this);
hence, F'(x) = f'(x) — K =0 for some x = x, between a and b. Thus,

f(b) f(a)

X = x,, between a and b such that

K=f'(x,)=

as was to be proved.
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13.

14.

Prove the generalized law of the mean: If f(x) and g(x) are continuous on the interval
a<x=b, and if f'(x) and g'(x) exist and g'(x) # 0 everywhere on the interval except possibly
at the endpoints, then there exists at least one value of x, say x = x,, between a and b such
f(b) = f(a) _ f'(xy)

g(b) —gla)  g'(xo)’

Suppose g(b) = g(a); then by the corollary to Rolle’s theorem, g'(x) = 0 for some x between a and
b. But this is contrary to the hypothesis; thus g(b) # g(a).

Now set %%%((aa)) = K, a constant, and form the function F(x) = f(x) ~ f(b) — K[ g(x) — g(b)].
This function satisfies the conditions of Rolle’s theorem (check this), so that F'(x) = f'(x) — Kg'(x) =0

for at least one value of x, say x = x,,, between a and b. Thus,

K= f'xo) _ f(b) — fla)
g'(x,) 8(b)—gla)

that

as was to be proved.

A curve y = f(x) is concave upward on a<x<b if, for any arc PQ of the curve in that
interval, the curve lies below the chord PQ; and it is concave downward if it lies above all
such chords. Prove: If f(x) and f'(x) are continuous on 4 = x =< b, and if f'(x) has the same
sign on a < x < b, then

1. f(x) is concave upward on a < x < b when f"(x) > 0.
2. f(x) is concave downward on a <x < b when f"(x) <0.

The equation of the chord PQ joining P(a, f(a)) and Q(b, fb))isy=f(a) +(x—a) ﬂ%}’?.

Let A and B be points on the arc and chord, respectively, having abscissa x = ¢, where a < ¢ <b (Fig.
26-5). The corresponding ordinates are f(c) and

fla) + (e - o HOLZL@) _ 0= Of@ e = fE)

b—a
Y
y = f(x)
P(a, f(a))
B
: QUb, /(b))
| l
I |
I | [
o
| | i x
(4] [ c b

Fig. 26-5

(b —c)f(a) + (¢ ~ a)f(b)

We first must prove f(c) < when f“(x) >0. By the law of the mean,
fle) — fla)

— =f'(¢), where £ is between a and ¢, and @%2
Since f"(x)>0 on a<x<b, f'(x) is an increasing function on the interval and f'(£)<f'(n). Thus

fle) = fla) _ flb) — f(c)
c

c—a b—

= f'(n), where 7 is between ¢ and b.

, from which it follows that

(b= (@) + (c = Q)f(h)
fle)< S

as required.
The proof of the second part is left as an exercise for the reader.
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15.

16.

17.

18.

19.

20.

THE LAW OF THE MEAN [CHAP. 26

Prove: If f(x) and its first (n — 1) derivatives are continuous on the interval a<x <b, and if
F(x) exists everywhere on the interval except possibly at the endpoints, then there is a value
of x, say x = x,, between a and b such that

f'(@) (a) f'(a) A ) M) f(x)
21

+ —a)’ +- —a)" '+ —=>(b—a)
(b-a) (b-ay+ o+ =5 (b= a) 2 (b~ a)
For the case n = 1, this becomes the law of the mean. The following proof parallels that of Problem

12. Let K be defined by

f'(a " 2 [ Na
)(b a) + f,g’)(b—a)+- (_1)?

fb)=fla) + =7~

f(b) =f(a) +

and consider

(b—a)" '+ K(b—a) (1)

£ gy 7 gy L0

F(x) = fx) — f(by + 1577 (b =) + H T

Now F(a)=0 by (1), and F(b) = (0. By Rolle’s theorem, there exists an x = x,, where a <x, < b, such
that

(b—x)""+K(b—x)

[f "(x0)

F'(xo) = f'(x0) + ["(x)(b — xo) = f'(x0)] + (b )z—f"(xo)(b—xo)]

. [{;)_("10)), (b—-x) "~ féTi)%?—) (b - x(,)""z] — Kn(b — x,)"
_ {;)_(xl")), (b —x, )" = Kn(b—x,)" " =0
Then K =L (n;(,x"), and (1) becomes
6y =i+ L2 b gy + LD ooyt oo e D g L) e

Supplementary Problems

Find a value for x, as prescribed by Rolle’s theorem, given:

(@ f)=x"—4x+3,1=<x=3 Ans. x,=2
(b) fix)=sinx, 0=x=<m Ans. x,=;m
(¢) f(x)=cosx, w/2<x<3w/2 Ans. x,=m

Find a value for x, as prescribed by the law of the mean, given:

(@) y=x>,0=<x=6 Ans. x,=2V3

(b) y=ax’+bx+c,x;,=x=<x, Ans. x0=%2(x1+1x2)
e —

(c) y=lnx, 1=x=<2e Ans. *=1+ma

Use the law of the mean to approximate (a) V15; (b) (3.001)°; (c) 1/999.
Ans. (a) 3.875, (b) 27.027, (c) 0.001 001

(c) x <Arcsinx < 0<x<1.

x
Vl—xz’

Show that | f(x) — f(x,)| =|x — x,|, x, being any number, when (a) f(x) =sin x; (b) f(x) = cos x.
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21.

22.

23.

25.

26.

27.

Use the law of the mean to prove:

(a) If f’(x) = 0 everywhere on the interval a <x < b, then f(x) = f(a) = ¢, a constant, everywhere on the
interval.

(b) On a given interval a < x < b, f(x) increases as x increases if f'(x) > 0 throughout the interval. (Hint:
Let x, <x, be two points on the interval; then f(x,) = f(x,) + (x, — x)f'(x,), x, <x,<x,.)

Use the theorem of Problem 21({a) to prove: If f(x) and g(x) are different but f'(x) = g’(x) throughout an
interval, then f(x) — g(x) = ¢ #0, a constant, on the interval.

Define a bend point of f(x) to be a critical point x = x, for which f’'(x) changes sign as x increases
through x = x,. Let x, <x, <---<x,, , <ux,, be the distinct bend points of f(x). Show that f(x) =0 has
at most one real root on each of the intervals x <x, x, <x<x,,...,x,, <x<x,,x>x,,.

Prove: If f(x) is a polynomial of degree n and f(x) = 0 has n simple real roots, then f'(x) = 0 has exactly
n — 1 simple real roots.

Show that x’ + px + g = 0 has (a) one real root if p >0, and (b) three real roots if 4p° + 274> <0.
Find a value x, as prescribed by the generalized law of the mean, given:

(@ fx)=x"+2x-3,g(x)=x"—4x+6;a=0,b=1 Ans. %
(b) flx)=sinx, g(x)=cosx; a=nw/6, b= 7/3. Ans. i

-

Use (26.8) to show:

(a) sinx can be approximated by x with allowable error 0.005 for x <0.31. (Hint: For n=3,
sinx = x — §x’ cos x,. Set L|x” cos x,| = L|x*| <0.005.)

(b) sin x can be approximated by x — x”/6 with allowable error 0.00005 for x < 0.359.



Chapter 27

Indeterminate Forms

THE DERIVATIVE of a differentiable function f(x) is defined as
I flx + Ax) — f(x)

Py’ (x +Ax) —x

(27.1)

Since the limit of both the numerator and the denominator of the fraction is zero, it is
customary to call (27.1) indeterminate of the type 0/0. Other examples are found in Problem 6
of Chapter 7.

o .. i x—2
Similarly, it is customary to call lim

(see Problem 7 of Chapter 7) indeterminate of

x

the type ®/». These symbols 0/0, «/«, and others (0-%, ©—owo, 0" »° and 1) to be
introduced later must not be taken literally; they are merely convenient labels for distinguishing
types of behavior at certain limits.

INDETERMINATE TYPE 0/0; L’HOSPITAL’S RULE. If a is a number, if f(x) and g(x) are
differentiable and g(x) # 0 for all x on some interval 0 < |x — al < 8, and if lim f(x) =0 and

. . ()
lim g(x) =0, then, when lim =
x—a g( ) x—a g (x)

S € R 1 €))
e R g

exists or is infinite,

(L’Hospital’s rule)

4

EXAMPLE 1: lim >

is indeterminate of type 0/0. Because

x—=3 X — 3
d
5 (x4 - 81) 4
dx —_
im & imdx’=108, we have  lim *—_or =108
x—3 d x—3 x—3 X — 3
a (x - 3)

(See Problems 1 to 7.)
Note: L'Hospital’s rule remains valid when lim is replaced by the one-sided limits im or

. x—sa*t
lim .

x—a

INDETERMINATE TYPE /. The conclusion of 'Hospital’s rule is unchanged if one or both of
the following changes are made in the hypotheses:

1. “lim f(x)=0 and lim g(x) =0" is replaced by “chi_r.rcll f(x) = and lim g(x) =.”
2. “ais a number” is replaced by “a =+, —», or @ and “0<|x — a| <8 is replaced
by “lxl >M.”

2

EXAMPLE 2: liry x_x is indeterminate of type ®/. Then I'Hospital’s rule gives

x—+w @
2 2 2
lim % = lim 23 = lim = =0

x>+ € x—> -+ € x—4+x £

(See Problems 9 to 11.)

190
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INDETERMINATE TYPES 0-~ and « — . These may be handled by first transforming to one of

the types 0/0 or »/». For example:
2

Lim xe " is of type 0+  but lim ::; is of type o/
) 1 ) , , ( X —sin x) )
‘l‘l_l"l(ll (cscx YR of type o — but £l_1‘&l) oinx /S of type 0/0

(See Problems 13 to 16.)

INDETERMINATE TYPES 0°, =°, and 1. If lim y is one of these types, then lim (In y) is of the type
0- .

EXAMPLE 3: Evaluate lim (sec’ 2x)°°t 3
This is of the type 1. Let y = (sec’ 2x)°°" >*; then In y = cot® 3x In sec’ 2x =
of the type 0/0. L’'Hospital’s rule gives

M and lim In y is
tan® 3x Y

im = lim = lim
x—0 tan’3x  x—0 6tan3xsec’ 3x x—0 tan3x

3lnsec2x . 6 tan 2x . tan2x

since linz] sec’3x =1, and the last limit above is of the type 0/0. L’Hdspital’s rule now gives

tan2x .. 2sec’2x 2
im = lim ——— = =
x—0 tan3x  x—0 3sec’3x 3
. . . . 23
Since limIn y = %, lim y = lim (sec’ 2x)*"" ** = ¢**
x—0 x—0 x>0

(See Problems 17 to 19.)

Solved Problems

1. Prove I'Hospital’s rule: If a is a number, if f(x) and g(x) are differentiable and g(x) # 0 for all
x on some interval 0 <|x — a| < §, and if lim f(x) =0 and lim g(x) =0, then

. flix) . : [
If lim & exists, lim fx) = lim &
—a g'(x) e g(x)  xa g'(x)
When b is replaced by x in the generalized law of the mean (Chapter 26), we have, since
fla) = g(a) =0,

fo) - fl@) _ fx) _ f(xo)
g(x)—gl@) glx) g'(xy)

where x, is between a and x. Now x,— a as x— 4; hence,
6 W A€ I 1)
e T A ) )

2
+ —
2. Evaluate lim fz—x—6
=2 x"—4

When x—2, both numerator and denominator approach 0. Hence the rule applies, and
i x2+x—6_1, 2x+1 5
xl—>InZ x2 — 4 xl—-n} 21 4 ’
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x +sin 2x
Evaluate 11m —_—
x—0 X —sin2x

When x—0, both numerator and denominator approach 0. Hence the rule applies, and
x+sin2x i 1+2cos2x 1+2

xl—rpo x—sin2x x——O 1—-2cos2x 1-2 =-3.
Coe—1
Evaluate lim
x—0
L’Hospital’s rule gives i -l i s
ospital’s rule gives lim e lim —— .

- 2
et e t—x"-2
Evaluate lim —5 .
x—0 sin“ x — x

When x— 0, both numerator and denominator approach 0. Hence the rule applies and

€ te T—x*—-2 . e -et-2x
lim — — =hm —————F—
=0 sin“x — x -0 sin2x —2x

Since the resulting function is indeterminate of the type 0/0, we apply the rule to it:

i e +e " —x*-2 . e —e *—2x . e+e -2
im - =lim ——————— =lim ————
x>0 sin® x — x° x—0 SIn2x —2x x—0 2C082x —2

Again, the resulting function is indeterminate of the type 0/0. With the understanding that each equality
is justified, we obtain, in succession,

i ef+e " —x*—2 | e—-e-2x . €e+e*-=-2
im - =lim ————— =lim ———————
—0  sin®x —x° 0 SIN2x —2x  x-0 2€082x —2
im ef—e I e"+e © 1
= - =lim ——— =-
—o0 —4sin2x x—o0 —8cos2x 4
2
X-xr-x-2 . 3x"=2x-1 . 6x—2

6
D 322 43x—2 3 —6x+3 522 6x—6 lim =1

Criticize: hm 3 = lim

The given function is indeterminate of the type 0/0, and the rule applies. But the resulting function
is not indeterminate (the limit is 7/3); hence, the succeeding applications of the rule are not justified.
This is a fairly common error.

. X=X —x+1 3P -2x-1 _ 6x-2
Criticize: lim —5 3 = —3 =2.
=1 x —2x"+x 3x"—4x+1 6x—4

The correct statement is lim X ox —x+l im 3x” —2x—1 = lim 6x —2
== 1 —_—
=1 X =2x*4+x x=13x>—4x+1 -1 6x—4

limit is correct does not justify the series of incorrect statements in obtaining it.

= 2. The fact that the

Evaluate i sin x
vajuate 1im ——.
ot VX — T
sin x COS X . 1/2
hm T =lim ———— = lim 2(x— ) “cosx=0
x—at x>t -1 X — T 1z x— ( )
2

Here the approach must be from the right, since otherwise (x ~ 7)'" is imaginary.

|
Evaluate lim % }

x— + oo
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When x— +, both numerator and denominator approach +w®. Then I'Hospital’s rule gives

lim X - gim YX g
xX— + o X X—+ x 1
) In sin x
10. Evaluate lim ——

r—ot Intan x’

In sin x . cosx/sinx . 2
1m = lim ———— = lim cos* x =1
0% INtanx o+ sec” x/tanx  io+

. cot x
11. Evaluate lim .
x—0 cot 2x

2
cotx ..  cscix _ csc’ x cot x

im im ——— = lim
x—0 COt2x  x—0 2¢csc’ 2x  x—0 4csc? 2x cot 2x

We have

Here each application of the rule results in an indeterminate form of the type =/, Instead, we try a
trigonometric substitution:

cotx . tan2x . 256c22x_2

1m = 1m im 3
=0 COt2x 50 tanx x>0  sec” x

12.  Let lim f(x)=0 and liIP g(x)=0. Prove: If lim fx) = L, then lim fx) _ L.

Am s+ g'(x) st g(x)
+ . fx) . f(17y)
Letx=1/y. Asx—>+c, y—>0" and lim == = lim =-"2<. Then
Y Y e g(x) o g(1/y)
L fy)
' ' _f -2 I
I = lim f,(x) - lim f’(ify) - lim f’(lfy)y_2= im &
s B(x) asor (1Y) ymor —g'(11y)y y—0+ d
p g(1/y)
y
- fy) . f(x)

= |lim = lim
yoot g(1/y)  x—v= g(x)

13.  Evaluate lim (x°Inx).

x—0*
In x
Ix*

As x—0", x*>0 and In x— —, Then has an indeterminate limit of type oo/,

1
In x 1/x 1
Jim (Flnx)= lim 7% = lim — s = lim (-5 x

In Problems 14 to 16, evaluate the leftmost limit.

. . l—tanx ) —sec’ x
14. lim (1-tanx)sec2x= lim ——— = lim ——— =
x4 x—mid  COS2X x—w/4 —28in2x
15 K (1 1 ) I e —1-x ” e —1 B e 1
. im | - — =lm —==lim ————=lim —— = =
=0\x € =1/ x-0 x(e"—1) isoxe*+e —1 x50xe" +2e° 2
. . l—cosx . sinx
16.  lim (csc x — cot x) = lim ———— = lim =(
x—0 0  sinx x—0 COS X

17.  Evaluate lim x""®7D (This is of the type 1%)
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18.

19.

20.

21.

INDETERMINATE FORMS [CHAP. 27
Ligx—1) Inx . ) .. 0 .
Lety=x . Then In y = -1 has an indeterminate limit of type 0 The rule gives
. . oInx . 1/x
fimIny=lm —7=m 7 =1

Since In y— 1 as x— 1, it must be that y— e as x—> 1. Thus the required limit is e.

Cos x

Evaluate lim (tan x)**. (This is of type =)

X357

Intan x

COos x

Let y =(tan x)*””. Then In y =cosx Intan x = has a limit of type ; The rule gives

2
Intan x ) sec” x/tan x ) coS X
= lim —— = lim -—
seC X 1 - secxtan x 1 - SIN° X

x—»gar’ x—3T

lim Iny= lim

x—zw" x—=3w "

Since In y— 0 as x— j= , y— 1. Thus, the required limit is 1.

Evaluate lim x*"*. (This is of type 0")

x—0*
sin x . ln X . . .. o0
Let y=x""" Then In y =sin x In x = —— has an indeterminate limit of type =
CSC X
. 2 .
. . Inx 1/x . sin” x ) 2810 x cos x
lim Iny= lim ——=1lm ———— = lm ——— = lim ———— =
r0* r0t CSCX gt —CSCXCOLX ,ot —XCOSX ..o+ XSIDX—COSX

Since In y—0 as x— 0", y— 1. Thus, the required limit is 1.

V2 + x°

Evaluate lim

xX—>»+ ® X
By repeated lication of I’'Hospital’s rule, lim 2+ li a hi 202
ed applicati i ule, lim ———— = lm ———== llm —-
y p pp p x—» + ot X x—+ 2+ x- X+ > X
. . V24Xt 2+x°
Obviously, the rule is of no help here. However, we have lim - e lim \—5— =
X+ oC X=—> 4+ = x

The current in a coil containing a resistance R, an inductance L, and a constant electromotive

—Re/L

force E at time ¢ is given by { = R (1—e ). Obtain a suitable formula to be used when R

is very small.

... Eq-e®hy t _rur _ Et
fim i = lim = MM E et =

Supplementary Problems

In Problems 22 to 63, evaluate the limit on the left to obtain the result on the right.

22,

+_ 4 _

. X —256 . X —256
lim %22 =256 L. lim =32
2_ x _ 2
fim 2 _ 1 25,  lim &5 =2

x—3 x2—9 2 x—>2 x'“2
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. xe' -1 1
26- 111% 1—-¢ 1 27. P—»né tan2x 2
. In(2+x) cosx—1 1
28. xl—1>[P1 x+1 29. A cos2x—1 4
2x -2x x x
- -2 1
0. limS——°% =4 1. lim S =>1n2
x—0  sinx -0 4x 2
- 1 2
. lim 2 arc tan x. x 1 1. i nsec2x _
i—0 2Xx —arcsinx x—0 Insecx
In cos x 1 . COS2Xx —COSXx 3
4 }(—-0 x2 - 5 35 ,l‘l_l‘g sin2 X T 5
. Inx _ . cschx 1
3. lm 7 =0 37. xl_l,n;;ﬁ csc2x 3
. 5%x+2Inx x*t+ X7
R S T S N
. Incotx e +3x* 1
R T R B Py
42.  lim(e"~1)cosx=1 43.  lim x¢ =0
4. linzl xcescx=1 45, lin} cscamxIlnx=—-1/x
46. lim e ™" *sec’ x=0 47.  lim (x - arcsin x) csc’x=—1
1 - x—>
x—5
) 4 1 ) _ 1 ) (1 1 ) _
48. Einz(x?_a; x~2/ 4 49.  lim x sinx =0
) 1 X 1
50. 1 3y —tan® x) = i (m__ _ ) _ 1
Xin; (sec” x —tan” x)=oc 51 11_12 oy x =1 5
) 4 2 ) _ 1 ) (lnx 1 ) N
52. PL% (xz 1-cosx/ 3 53. XETW X vx/ 0
54, lim x* =1 §5.  lim (cos x)'"=1
x—0" xr—*
56.  lim (" + 3x)' " = ¢ 57. lim (1- e ) =1/e
58. lim (sinx —cosx)*" " =1/e 59. lim (tanx)**"=1
60. lim x™" i =g 2" 6. lim (1+1/x) =e
x—1 x—+ x
) e'(1—¢") . et - .2 )
62. (@) JIIIE}] (1+x)In(1-x) P——l;r(]] 1+ x 11_[3(1) In{(1—x) 1; () xEIPm 3+ =0; () lim

5 1000

1
63. (a) lim “x2’5=0; (b) lim —= =0

X—» 4+ 0C x

195



Chapter 28

Differentials

DIFFERENTIALS. For the function y = f(x), we define the following:

1. dx, called the differential of x, given by the relation dx = Ax
2. dy, called the differential of y, given by the relation dy = f'(x) dx

The differential of the independent variable is, by definition, equal to the increment of the
variable. But the differential of the dependent variable is not equal to the increment of that
variable. See Fig. 28-1.

Yy
| Qz+az,y+ay) ddy = xdr o
S(ax+dzx, y+dy ez e S 3
s // =)
r=Ax R
/ y=2* x| |a |T
a— X
x X g x
0
Fig. 28-1 Fig. 28-2

EXAMPLE 1: When y =x? dy=2xdx while Ay =(x + Ax)> — x* =2x Ax + (Ax)* =2x dx + (dx)*>. A
geometric interpretation is given in Fig. 28-2, where you can see that Ay and dy differ by the small square
of area (dx)”.

THE DIFFERENTIAL dy may be found by using the definition dy = f'(x) dx or by means of rules
obtained readily from the rules for finding derivatives. Some of these are:

d(c)=0 d(cu) = c du d(uv) = udv + v du
d(%) - M d(sin u) = cos u du d(ln u) = dTu
v

EXAMPLE 2: Find dy for each of the following:
(@) y=x"+4x"—5x+6

dy = d(x’) + d(4x*) — d(5x) + d(6) = (3x" + 8x — 5) dx
(b) y=(2x+5)*"
dy = 3(2x* +5)"2 d(2x* + 5) = 3(2x° + 5)"%(6x” dx) = 9x*(2x> + 5)"/% dx

(See Problems 1 to 5.)

APPROXIMATIONS BY DIFFERENTIALS. If dx = Ax is relatively small when compared with x,
dy is a fairly good approximation of Ay.

196
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EXAMPLE 3: Take y=x"+x +1, and let x change from x =2 to x =2.01. The actual change in y is
=[(2.01)> +2.01 + 1] — (2> + 2 + 1) = 0.0501. The approximate change in y, obtained by taking x =2
and dx=0.01, is dy = f'(x) dx = (2x + 1) dx = [2(2) + 1]0.01 = 0.05

(See Problems 6 to 10.)

APPROXIMATIONS OF ROOTS OF EQUATIONS. Let x = x, be a fairly close approximation of a

root r of the equation y = f(x) =0, and let f(x,) =y, #0. Then y, differs from O by a small
amount. Now if x, were changed to r, the corresponding change in f(x,) would be Ay1

AT
An approximation of this change in x, is given by f'(x,) dx, = —y, or dx, = ~F ( )’ Thus, a
second and better approximation of the root r is i
Y1 f(x,)
x,=x,+dx,=x,— =X T mroy
R A C2) B A O
: Lo _ fx3)
A third approximation is x; = x, + dx, = x, — ) )’ and so on.
2
y

- Q(xy, f(x1))

(1, 0) z
o //s,0)

Fig. 28-3

When x, is not a sufficiently close approximation of a root, it will be found that x, differs
materially from x,. While at times the process of finding these approximations is self-correcting,
it is often simpler to make a new first approximation. (See Problems 11 and 12.)

Solved Problems

1. Find dy for each of the following:

_x3+2x+1.
(@) y= ©+3
dy=(x2+3)d(x3+2x+12—(x3+2x+1)d(x2+3)
(x* +3)°
_ (x? +3)(3x% +2) dx — (x> +2x +1)(2x) dx _ x*+7x*-2x+6 dx
(x> +3)* (x* +3)*

(b) y =cos’2x + sin 3x:
dy =2 cos 2x d(cos 2x) + d(sin 3x) = (2 cos 2x)(—2 sin 2x dx) + 3 cos 3x dx

= —4sin 2x cos 2x dx + 3 cos 3x dx = (—2 sin 4x + 3 cos 3x) dx
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3x . 2
c = ¢”" + arcsin 2x: dy = (3e3‘r + ———) dx
€ ! Vicar

In Problems 2 to 5, use differentials to obtain dy/dx.

xy+x—2y=35
We have d(xy) + d(x) — d(2y) = d(5) or xdytydc+dx—2dy=0
- dy __yt1
Then (x—2)dy+(y+1)dx=0  and - x.3

x’y* — 2x2y +3xy’ —8xy=6
Here 2x’y dy + 3x*y* dx — 2x* dy — 4xy dx + 6xy dy + 3y’ dx —8x dy — 8y dx =0

dy _8y-— 3y? + dxy — 3x°%y°
dx  2x’y —2x*+6xy — 8x

SO

2x 3
2 3y
y X
_ _ 2 + 3
Here 2(ydx 2acafy)_?’(xdy 2ya'x)=0 and d_y=2x)2z 3y3
x dy  3xy’ +2x

y

x=3cos 6§ —cos 36, y=3sin 6 —sin 30

_ . . _ dy  cos @ —cos36
dx = (—3sin 8 + 3sin30) d6 dy = (3cos 6 — 3 cos 30) db Ir = —sind *sin38

Use differentials to approximate (a) V124, (b) sin 60°1".
1 -1

S V) _ 1 _ — &3 —_ _ _ — [ —
(a) For y=x"", ¢:!y—-————3x2,3 dx. Take x=125=5" and dx = —1. Then dy = 3(125)2,3( 1= 75 =

—0.0133 and, approximately, V124 = y+dy=35-0.0133 = 4.9867.
(b) For x =60° and dx =1'=0.0003 rad, y =sin x = V3/2=0.86603 and dy = cos x dx = 1(0.0003) =
0.00015. Then, approximately, sin 60°1' = y + dy = 0.86603 + 0.00015 = 0.86618.

Compute Ay, dy, and Ay — dy, given y = 1x* +3x, x=2, and dx =0.5.
Ay =[1(2.5)° +3(2.5)] - [1(2)* + 3(2)} = 2.625
dy=(x+3)dx=(2+3)(0.5)=2.5

Ay —dy=2.625-2.5=0.125

Find the approximate change in the volume V of a cube of side x in caused by increasing the
sides by 1%.

V=1x’ and dV =3x" dx. When dx =0.01x, dV = 3x%(0.01x) = 0.03x> in®.

Find the approximate weight of an 8-ft length of copper tubing if the inside diameter is 1 in
and the thickness is 1/8 in. The specific weight of copper is 550 Ib/ft’.

First find the change in volume when the radius r = 5; ft is changed by dr = & ft:

11 = _;
796 144 &

This is the volume of copper. Its weight is 550(7/144) = 12 1b.

V=8xur’ dV=16mrdr = 167w
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10.

11.

12.

13.

14,

For what values of x may V% be used in place of Vx+ 1, if the error must be less than 0.001?

When y =x'>and dx =1, dy = —x_‘”5 de = $x7*"
If : x¥° <107 then s <5(10° ) and x~ <5 (10‘15).
4

10" 10
If x7* < 10(5°)(107'%), then x* > =~ and x > ——— =752.1
(5" ) 31250 ° V/31 250

Approximate the (real) roots of x* +2x~5=0 or x’ =5 — 2x.

On the same axes, construct the graphs of y = x* and y =5 — 2x. The abscissas of the points of
intersection of the curves are the roots of the given equation. From the graph, it may be seen that there
is one root whose approximate value is x, = 1.3.

A second approximation of this root is
f(xy) (1.3’ +2(1.3) -5 -0.203
Ao =13— =13- =13+0.03=1.33
f(xy) 3(1.3)° +2 7.07
The division above is carried out to yield two decimal places, since there is one zero immediately
following the decimal point. This is in accord with a theorem: If in a division, k zeros immediatety follow
the decimal point in the quotient, the division can be carried out to yield 2k decimal places.

A third and fourth approximation are

X, =X~

f(x,) (1.33)° +2(1.33) -5
=x,— =1.33- =1.33-0.0017 = 1.3283
BTN ) 133 3(1.33)% +2
X =X, f2) _ 1 3283 —0.000 031 14 = 1.328 268 86
¢ f(x;)

Approximate the roots of 2 cos x — x* =0.

The curves y =2cos x and y = x” intersect in two points whose abscissas are approximately 1 and
—1. (Note that if » is one root, then —r is the other.)

. 2cos1-1 2(0.5403) ~
i = =1- = +0.02=1.02.
Using x, = 1 yields x, =1 sni=2 2(0. 8415)+2 =1+0.02=1.02
2 cos (1.02) — (1.02)° 0.0064
= - =1. —— = + = Thus, to f
Then x” =1.02 2 sin (1.02) — 2(1.02) =1.02 + 37440 =1.02 +0.0017 = 1.0217. us, to four
decimal places, the roots are 1.0217 and —1.0217.
Supplementary Problems
Find dy for each of the following: R R
@ y=05-xy Ans. —3(5-x)’ dx (b) y=e* Ans. 8xe*™ dx
y
(¢) y=(sinx)/x Ans, XEBXZSOX . d) y = cos bx? Ans. —2bx'sin bx® dx
2 y
_ -2 _ 2dx
(e) y =arccos2x Ans. Viis dx (f) y=Intanx Ans. pr
Find dy/dx as in Problems 2 to 5:
s aa _2y(y* +3x%) o cos(x—y)—y
(a) 2xy” +3xy=1 Ans. 332y + %) (b) xy=sin(x —y) Ans cos(x —y) ¥ x
2x +y
(c) arctan < =In(x*+y%) Ans. — 2y

_(2x'Iny+y*)y

d)x*Iny+y*lnx=2 Ans.
(@) x"In y +y"In x s 2y’ Inx + x%)x
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15.

16.

17.

18.

19.

20.

21.

22,

23.

25,

DIFFERENTIALS [CHAP. 28

Use differentials to approximate (a) V17 , (b)\/5 1020, (¢) cos 59°, and (d) tan 44°.
Ans. (a) 2.03125; (b) 3.99688; (c) 0.5151; (d) 0.9651

Use differentials to approximate the change in (a) x’ as x changes from 5 to 5.01; (b) 1/x as x changes
from 1 to 0.98. Ans. (a) 0.75; (b) 0.02

A circular plate expands under the influence of heat so that its radius increases from 5 in to 5.06 in. Find
the approximate increase in area. Ans. 0.6 =1.88 in’

A sphere of ice of radius 10 in shrinks to radius 9.8 in. Approximate the decrease in (@) volume and (b)
surface area.  Ans. (a) 807 in’; (b) 167 in®

The velocity (v ft/sec) attained by a body falling freely a distance # ft from rest is given by v = V64.4h,
Find the error in v due to an error of 0.5 ft when A is measured as 100 ft. Ans. 0.2 ft/sec

If an aviator flies around the world at a distance 2 mi above the equator, how many more miles will he
travel than a person who travels along the equator? Ans. 12.6 mi

The radius of a circle is to be measured and its area computed. If the radius can be measured to 0.001 in
and the area must be accurate to 0.1in% find the maximum radius for which this process can be
used. Ans. approximately 16 in

I pV =20 and p is measured as 5+ 0.02, find V. Ans. V=470.016
If F=1/r* and F is measured as 4 = 0.05, find r. Ans. 0.550.003

Find the change in the total surface of a right circular cone when (a) the radius remains constant while
the altitude changes by a small amount; (b) the altitude remains constant while the radius changes by a

2 2
small amount. Ans. (a) wrhdh/Vr®+ h*; (b) fn[ h t2r

*——,-—rz T + Zr] dr

Find, to four decimal places, () the real root of x> + 3x + 1=0; (b) the smallest root of e * = sin x;
(c) the root of x* +In x = 2; (d) the root of x — cos x = 0.

Ans.  (a) —0.3222; (b) 0.5885; (¢) 1.3141; (d) 0.7391



Chapter 29

Curve Tracing

SYMMETRY. A curve is symmetric with respect to

U
.

The x axis, if its equation is unchanged when y is replaced by —y

The y axis, if its equation is unchanged when x is replaced by —x

3. The origin, if its equation is unchanged when x is replaced by —x and y by —y
simultaneously.

4. The line y = x, if its equation is unchanged when x and y are interchanged

o

INTERCEPTS. The x intercepts are obtained by setting y =0 in the equation for the curve and
solving for x. The y intercepts are obtained by setting x =0 and solving for y.

EXTENT. The horizontal extent of a curve is given by the range of x, for example, the intervals of x
for which the curve exists. The vertical extent is given by the range of y.
A point (x,, y,) is called an isolated point of a curve if its coordinates satisfy the equation
of the curve while those of no other nearby point do.

ASYMPTOTES. An asymptote of a curve is a line that comes arbitrarily close to the curve as the
curve recedes indefinitely away from the origin (that is, as the abscissa or ordinate of the curve
approaches infinity).

The maximum and minimum points, points of inflection, and concavity of a curve are
discussed in Chapter 13.

Solved Problems

1. Discuss and sketch the curve y*(1 + x) = x*(1 — x). (See Fig. 29-1.)

x*(1-x)
1+x °
Symmetry: The curve is symmetric with respect to the x axis.
Intercepts: The x intercepts are x =0 and x = 1. The y intercept is y = 0.
Extent: For x =1, y =0. For x = —1, there is no point on the curve. For other values of x, y* must
be positive so 1 + x and 1 — x must have the same sign; hence, for points on the curve, x is restncted to
—1<x<1. Thus, —1<x=1.

We may write the equation of the curve as y’ =

2
1 _—
Asymptotes: y* = :t—g_f_—xxl Hence, y— as x— —1. Thus, x = —1 is a vertical asymptote.
xV1-x
Maximum and minimum points, etc.. The curve consists of two branches y = ——== and
y=- xV1-x For the first of these e
T VI Ex ’
d 1-x—-x° d’ -2
2 >3 and Y - x—2

F" (1+x)5/2(1_x)3/2
(—1+\/§ (—1+\/§)\/\/§—2).
2 " ) 1s a

dc (1+x)°°(1-x)""?

The critical values are x =1 and (—1+V5)/2. The point
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CURVE TRACING [CHAP. 29
| Y \ Y
| N
| N
! AN
| M2
= 2 x ™ x
.
—FI 1 0 2. 4 6
|
| .
| N
| (1 +a) = x*(1 — =) N
22+ y*—6x2 = 0
Fig. 29-1 Fig. 29-2

maximum point. There is no point of inflection. The branch is concave downward. By symmetry, there is
~1+V3 (-1+V35VV5-2
2 2
The curve passes through the origin twice. The tangent lines at the origin are the lines y = x and
y=-x

a minimum point at ( , and the second branch is concave upward.

Discuss and sketch the curve y* — x*(6 — x) = 0. (See Fig. 29-2.)

We may write the equation of the curve as y° = x*(6 — x) =6x° — x°.

Symmetry: There is no symmetry.

Intercepts: The x intercepts are x =0 and x = 6. The y intercept is y = 0. y is negative when and only
when x > 6.

Extent: The curve is defined for all x. As x— +%, y— —; as x— —x, y— +o. Hence, there is no
horizontal asymptote.

. , d 4- d’ -8
Maximum and minimum points, etc.: We have Ey = F%TXW and Ex—}; = W The

critical values are x =0, x =4, and x =6. When x =0, y =0. Since y >0 to the left and right of the
origin, (0, 0) yields a relative minimum.

The point (4, 2\3/3) is a relative maximum point by the second-derivative text. The point (6,0) is a
point of inflection, the curve being concave downward to the the left of (6, 0) and concave upward to the
right.

Asymptotes: There are no horizontal or vertical asymptotes. There is an oblique asymptote
y=mx +b. To find m and b, we expand (mx + b)’ to obtain m’x’ + 3m°bx* + 3mb°x + b’ and set the
two leading coefficients, m® and 3m’b, equal to the corresponding coefficients of —x” + 6x° This gives
m® = —1 and 3m’b = 6. Hence, m = ~1 and b =2, and the asymptote (on the right and left) is the line
y=-x+2.

Discuss and sketch the curve y*(x —1) — x* = 0. (See Fig. 29-3.)
3

We may write the equation as y* = x_ T

Extent: Clearly, the origin is on thexgraph. At other points, the left side y* must be positive, and
therefore x* and x — 1 must have the same sign. Hence, x>1 or x 0.

Symmetry: The curve is symmetric with respect to the x axis.

Intercepts: The only intercepts are x =0 and y = 0.

Maximum and minimum points, etc.: For the branch y=x\/-i— we have dy = ! (2x —3)-
[ ]1/2 dzy 3 ’ ’ . x—1 .dx 2 \/_ )

x=1) and i - The critical values are x = 0 and 3/2. The point (3/2, 3V3/2) is

a minimum point. There is no point of inflection. The branch is concave upward. By symmetry, there is a

maximum point (3/2, -3V3/ 2) on the branch y = —x , and that branch is concave downward.

X
-1
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Asymptotes: There is a vertical asymptote x = 1. Since y— % as X, there is no horizontal

asymptote. To find oblique asymptotes y = mx + b, we set (mx + b)’ = obtaining

x—1"
(m® = 1)x’ + (2mb — m*)x* + (b = 2mb)x — b*> =0

Setting m*—1=0 and 2mb —m>=0, we obtain m =+ 1, b==1/2m. Thus, the asymptotes are

y=x+jzand y=—x— i

Discuss and sketch the curve y*(x* —4) = x". (See Fig. 29-4.)

Symmetry: The curve is symmetric with respect to the coordinate axes and the origin.
Intercepts: The intercepts are x =0 and y = 0.
Extent: The curve exists for x* >4, that is, for x >2 or x < — 2. plus the isolated point (0, 0).

. . . . x” d x*—8x
Maximum and minimum points, etc.: For the portion y = ——\/2—_4 , X >2, we have XX
-

d’y  4x*+ 32 de (x"—4)"
and i (xz—_zﬁm The critical value is x = 2V2. The portion is concave upward, and (2V2.4) is a
relative minimum point. By symmetry, there is a relative minimum point at (—2V2,4), and relative
maximum points at (2V2, —4) and (—2V?Z, —4).

Asymptotes: The lines x =2 and x = 2 are vertical asymptotes. For the oblique asymptotes, we
replace y with mx + b to obtain

(m* = 1Dx* +2mbx* + (b* — 4m*)x*> — 8mbx — 4b> =0

Solving simultaneously m’ -1=0 and mb =0, we obtain m=1, b=0 and m= —1, b=0. The
equations of the oblique asymptotes are thus y = x and y = —x. They intersect the curve at the origin.

Discuss and sketch the curve (x + 3)(x* + y*) = 4. (See Fig. 29-5.)

+ +2+ +2 -
dy | _x12)xt2 \/gg(x 2 \/§)' When x = -2, y =0 and — has the indeterminate form
dx (x +3)y dx

g. But if we let x = X -2 and y = Y, the equation becomes Y*(X + 1)+ X* —3X2=0.
Symmetry: The curve is symmetric with respect to the x axis.
Intercepts: The intercepts are X =0, X =3, and Y = 0.
Extent: The curve is defined on the interval —1 < X =3 and for all values of Y.

dy

. .. . AXVv3i—-X
Maximum and minimum points, etc.: For the branch Y = _“X—+1—’
ay 3-Xx° a’y -12

and

Z’? - (3-—X)”2(X+ 1)3/2 dx? - (3_ X)3/2(X+ 1)5/2
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(x+3)x*+ ¢ = 4
Fig. 29-5

The critical values are X = V3 and 3. The point (V3, V6V3 —9) is a maximum point. The branch is
concave downward.
By symmetry, (V3, V6V3 —9) is a minimum point on the other branch, which is concave upward.
Asymptotes: The line X = —1 is a vertical asymptote. For the oblique asymptotes, replace Y with

mX + b to obtain (m” +1)X’° + -- - =0. There are no oblique asymptotes. Why?
In the original coordinates, (V3 —2, V6V3 —9) is a maximum point and (V3 -2, -V6V3-9)isa
minimum point. The line x = —3 is a vertical asymptote.
In x

Discuss and sketch the curve y = ~ (See Fig. 29-6.)

Symmetry: There is no symmetry.
Intercepts: The only intercept is x = 1.
Extent: the curve is defined for x > 0. ,
d 1-1 d 2Inx -3
Maximum and minimum points, etc.: We have d—i = an an ;i_yz = n—x3— Hence, the
x x x

critical point is (e, 1/¢). At that point, d’y/dx* = —1/¢’ <0; so we have a relative maximum.
There is a point of inflection for 2 In x = 3, that is, at (¢*'?, 3/2¢”'?). The curve is concave downward
for 0<x <e’’? and concave upward for x > ¢*'>

- . ) In x .
| Asymptotes: The y axis is a vertical asymptote, since T Teas x—0". By ’'Hospital’s rule,
nx » - .
~ — 0 as x— +x. Hence, the positive x axis is a horizontal asymptote.

(e,1/e)

Fig. 29-6
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In Problems 7 to 38, discuss and sketch the curve.

7.
10.
13.
16.
19.
22,
25,
28.
31.
4.
37.

(x —2)(x — 6)y =2x"
xy =(x*~9)°

y:=x(x’> —4)
(x*=2x=3)y’=2x+3
y: =4x*(4 - x%)

Y’ =x(3-x)

(x—6)y* =x*(x—4)
(xZ + y2)3 — 4x2y2

v = x(x - 3)°
x3y3 — (x _ 3)2
y=eéelx

8.
11.
14.
17.
20.
23.
26.
29,
32.
3s.
38.

x(3-xY)y=1
2xy=(x"-1)°

y =0 -1 -4)
x(x-1Dy=x"-4
y?=5x*+4x°
(x*=1)y* = x*
(x*=16)y*=x’(x - 2)
y4 _ 4xy2 = x4
y?=x(x-2)°

y= lenx

y =27 — x52

Supplementary Problems

12.
15.
18.
21.

27.

33.
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(1-x*)y=x*

x(x* —4)y=x*~-6
xy’=x*+3x+2

(x + 1)(x +4)°y* = x(x* - 4)
y' =x*(8-x%)
(x—3)y’=x*

(¥* + y*)* =8xy

(x* + y*)’ = dxy(x® - y?)
3y* = x(x*-9)°
y=1/x—Inx



